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Lectures on the Theory of Beciproeants. 

By Professor Sylvester, F. R. S., Savilian Professor of Geometry in the University 

of Oxford. 

[Reported by James Hammond, M. A.] 



LECTURE XXXIII. 
In this Lecture it is proposed to investigate the differential equation of a 
cubic curve having a given absolute invariant -= . 

Since the value of -=, is the same for any homographic transformation of 

the cubic as for the original curve, the differential equation in question must be 

o e orm Plenarily absolute principiant = ^ . 

This equation is (as we see at once by differentiating it) the integral of another 
of the form Principiant = , 

which is satisfied, independently of the value of the absolute invariant, at all 
points on a perfectly general cubic. 

Now, the differential equation of the general cubic is of the 9"* order, and 
when expressed in terms of 4, -B, (7, ... . contains no letter beyond E, Hence 
the integral of this equation, which we are in search of, will be of the 8*^ order 
and will contain no capital letter beyond D. 

When no letters beyond D are involved, all plenarily absolute principiants 
are functions of the two fundamental, or protomorphic, ones, 

AC— S^ A^D — ZABC+2S^ 
A'^ ' A' 

Thus the differential equation of a cubic with a given absolute invariant is of the 
form ^/ AC—E' A^B—ZABG-^-^ff ^ _ S^ 

^\Ai' A' ; ~ r • 

Vol. X. 
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M. Halphen actually integrates the differential equation of the general 
cubic, which he shows (on p. 52 of his Th^e sur les Invariants Diff^rentiels) may 
be put under the form 

where, in our notation, 

^~ A' ' ^— A' ' 

The integral of this equation, which M. Halphen obtains partly from geometrical 

considerations, involves an arbitrary parameter depending on -=^ . His result is 

as follows: IP=ih(^j 

where 

2'R = 2'^ + 2«. 3 [(^ — 3»)» + 2K 3^] ^ + 2». 3 (^ + 3«)«(^ - S\ 5) f + (^ + 3')*, 

2'Q = 2«C + 2^ a + 3«)a - 3^ 5) ^ + (^ + 3^)^ 
and r — 64A/S'=0. 

(Two misprints, which are here corrected, occur in the expression for B as given 
on p. 54 of the Thfese.) 

In this result the invariant S differs in sign from the invariant usually 
denoted by that letter. Thus the discriminant is !P— 6iS* instead of 7^+ 6^S\ 

When A = 1 the discriminant vanishes and the differential equation becomes 

This is divisible by a numerical multiple of ^; in fact, 

ii?= g»+2^3^^P, 
where 2«P = (2«^ + f — 2.3»^ — 3^)* + 2«.3f = 

is the differential equation of a nodal cubic, previously obtained by Halphen. 

It is from a knowledge of the fact that P = and another algebraic rela- 
tion between ^ and f, which he finds by trial to be ^ = 0, constitute two 
particular integrals of the differential equation to the general cubic, that he 
arrives, not by any regular method but by repeated strokes of penetrative 

genius, at the general integral 

Ii? = hQ\ 

In establishing the relation T* — 64ihS^ = he supposes that, by means of 
the equation to the cubic and its differentials as far as the 8^^ order inclusive, 
the coeflBcients of the cubic have been expressed in terms of the variables x, y 
and the derivatives of y with respect to x up to the 8*^ order, and that the 
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values thus obtained for the coefficients have been substituted in Aronhold's 
iS'and T. 

The abbreviations introduced by the use of our notation enable us to 
actually perform this calculation, which would otherwise be impracticable in 
consequence of the enormous amount of labor required ; and we shall use this 

method to obtain the plenarily absolute principiant which, equated to -=^ , gives 

the differential equation to a cubic with a known absolute invariant. 

Using the symbolic notation explained in Lecture XXXII^ the equation of 
the cubic and its first eight differentials are 

vF = 0, 

2i^{ + euttyiL^ + v^u^ = , 

3t^!(2.1) + 6t^w(3.1) + 3wi(3.2) + 3w*(4.l) + 3ti(4.2) + (4.3) = 0, 
3t^(3,l) + 6wiw(4.1) + 3wi(4.2) + 3w»(5.l) + 3ia(5.2) + (5.3) = 0, 
31^(4.1) + 6Miw(5.1) + 31*1 (6. 2) + 3t*«(6.l) + 3w(6.2) + (6.3) = 0, 
3t^(5..l) + 62^w(6.l) + 3Wi(6.2) + 3M»(7.l) + 3w(7.2) + (7.3) = 0, 
3i4(6.l) + 6Miw(7.l) + 3ui(7.2) + 3i*»(8.1) + 3w(8.2) + (8,3)^ 

where w=i> + g'a; + y, t^ = g' + 't ti»=2a, Wg=66; 

as usual, /— ^ /, — i_^ h— — ^ 

^~ dx' ^~ 2'(ic»' ^~ 6 'da?' .' 

{m.fi) denotes the coefficient of ^* in {ah^+ bh^ + ch^+ • • • O**? ^^^ if? as in 
Salmon's Higher Plane Curves (2d edit., p. 187), the equation of the cubic is 
taken to be 

r+SOfps + 3aiy + U^ + 6bixy + Sb^y^+c^ + S(^7?y + Sc^i^ + c^=0, 

then, in the above equations, the symbols 

y, p^q, p\ p<f, pq, p, ^, ^, q , 1 
stand for ^) ^ i ^n ^o » ^i » ^Sf Co> <^ii <hf ^s* 

These nine equations are sufficient to determine the values of the coeffi- 

cients of the cubic which have to be substituted in -= in order to obtain our 

differential equation, which will be, as we have seen, of the form 



^( 
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Since this equation contains nothing which involves x, y^ or t, these letters 
must have disappeared spontaneously in the process of forming it, and conse- 
quently we may, at any stage of the work, give a?, y, and t any arbitrary valves 
toUhouU thereby affecting the result. Let, then, 

a; = 0, y = 0, <= 0, so that u:=p^ ^ = ?> ^2= 2a, tXj = 66, 
and the first four equations become 

v?z=ip^ = r = , 
v^ui = ]^q = Oq = , 

-^ {2ul + 6uiLiU^ + u^u^ = 3^ + &pqa + 3^6 = Co + 6bia + ZaJ) = 0. 

Writing in the last five equations 
i4 = g* =Ci, 

w=^ =5,, 

1 =Cs, 

we have 

3ci(2. 1) + 66i (3. 1) + 3ci (3. 2) + 3aa (4. 1) + 36, (4.2) + 03(4.3) = 0, 
3ci(3.l) + 66i(4.l) + 3c8(4.2) + 3ai(5.1)+ 3fe,(5.2) + C8(5.3) = 0, 
3ci(4.l) + 66i(5.l) + 3c8(5.2) + 3ai(6.1) + 36,(6.2) + C8(6.3) = 0, 
3ci(5.1) + 66i(6.1) + 3c8(6.2) + 3ai(7.1) + 3&,(7.2) + C8(7.3) = 0, 
3ci(6.1) + 66i(7.1) + 3c8(7.2) + 3ai(8.1) + 3&,(8.2) + ci,(8.3)==0^ 

Substituting in = for r, ^o, 601 ^0 their values given by the equations 

r=0, 00=0, 6o + «i« = 0> Co+ 661a + 3ai6 = 0, 

and for the mutual ratios of ai, 61, 6,, Cj, c,, C3 their values found by solving the 
last five equations, we obtain the differential equation required. 

* These equations are only set out for the sake of distinctness ; when our abbreviations are intro- 
duced, only two terms survive in the first three, and only three terms in the last two of these five 
e<}uations. 
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Referring to Salmon's BQgher Plane Curves, p. 188, we see that, when r = 0, 

S={M) + {cb'a)-(V)\ 

T= 4 {c'a^) — 3 (c*5V) — 12 {b^){cb'a) + 8 (6«)^ 

where {c?a^), (cb^a), .... are functions of Oq, a^ &o» *i> hi ^o» ^i» <^» ^3» which, 
when do = » become 

(c»a») = (coCa — (i)al, 

(c6*a) = (JJcg — 36o6iC, + 6oVi + 26Jci — JAco) ai, 

(6») = 6A-«^, 
(c'a') = (c5c3 — ScoCjCg + 2cJ) aj , 
(c*6V) = (46» — ic^Cibib^ — ^c^CfbJb^ — Ac^ajbl + ic^Jbi 

We have now reached a point at which the work will be greatly facilitated 
by the introduction of the capital letters A^ B, Gj D. This is usually done by 

writing for a, 6, c, d, e, /, ^, 

25 
1, 0, 0, A, B, G, D+ — AI 

But in the present instance we may make a further simplification by writing 

.4 = 1, 5=0, a= oi, 2) = A, 

for the only effect of this will be to make the final result take the form 

J'(Ci,A) = ^ 

instead of / AG—B' ^D—SABC±2^\ _ 8^ 

^\ Ai ' A* J~ T*' 

The form of the function will not be aflfected by writing in it J. = 1 , 5 = , and 
the letters A, B can be restored at pleasure by making 

^ _ AG— IP r. __ AW—SASG-\-2& 

Hence we may write for 

a, b, c, d, e, /, g, 

1, 0, 0, 1, 0, Ci, A + ^. 

Instead of the coefficient of 

hr in (aA» •\-bh^ + ch*'+ Y, 
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(m.fi) will now signify 

CO. ^« inj A» + h'+ G^ + (a + ^) ^* }'*• 
Thus we have 



(2.1)=1 






(3.1) = 


(3.2)= 




(4.1) = 


(4.2)= 1 


(4.3) = 0, 


(5.1)= 1 


(5.2) = 


(5.3) = 0, 


(6.1) = 


(6.2) = 


(6.3) = 1, 


(7.1)= Ci 


(7.2) = 2 


(7.3) = 0, 


(8.1)= A+^ 


(8.2) = 


(8.3) = 0. 



Hence the equations which give (l\^\^^%^^^ ^^<h become 

cii + ai=0, 

Ci + ai(7iH- 2&, = 0, 

26i(7i+ 2c, + ai(A + ^) = 9- 

From the first four of these, coupled with the equations 

&o + «i = 0, Co + 66i = , 
obtained by making a = 1 and 6 = in the original equations which give 6o» ^o 
we find Co= C3= — 66i, 

ci = — 6, = — (7i*, 
c,= 6o=— «i=<^i» 
by assuming ai = — Ci (which we are at liberty to do since any one of the 
coefficients may be chosen arbitrarily). 
The last equation then gives 

*^-"2- + l6-- 
Substituting these values in the previously given expressions for i&c?')^ (ch^d), .... 
we have 

(c»a») = -(6J, + (70^. 

(ci»a) = — (4^ — 96x — CD 01 

((?a^) = (21 66? + 186i Gl + 2 Gt) 01 
{<^b*a*) = (312^ + 20^C?— 2ibiO! + 9C? + 4C?) C?. 
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Hence S = (c»a») + (cl^a) — (6»)» 

= — (7/ + 3&iC? — 26JC? — J}, 
and r= 4 (c»a») — 3 (c»6V) — 1 2 (6»)(c6»a) + 8 (ft»)» 

= _ 8(7» — 3 (86} — 126j + 9) Ci« — 12^ (26i — 3) C? — 8&f . 

To express ^S^and Tin terms of A, B, C, D, we write 

^ _ AC—B> _ A . _?_ _ -^'-D--3^.g(7+2.B* ^ 
Oi- ^} , 6i_- 2 + 16 - 2A« *^ 16 ' 

or, if we use Halphen's notation in which 

^_ 288(^g— ^)» 24 {AW — 3^.8(7+ 2^) 

we have 2».3»(7f = ^ 2*.36i = ^+3», 

and consequently, 

2».3 (2&1— 3) = | — 3».5, 

2». 3» (861 — 1 26i + 9) = (2*. 36a — 2». 3»)» + 2*. 3* = (^ — 3»)» + 2*. 3^ 
Hence 

— 2". Z*S = 2". 3*Ci« + 2". 3*6i (26i — 3) C? + 2". Z*bi 

= 2«^+ 2«(^ + 3«)(^- 3«.5)^ + (^ + 3»)*, 

— 2*^3«2'= 2".3«C?+ 2»^3^(8^ — 126i+ Q)C^+ 2»».3'6?(26i— 3)(7f+ 2»*.3«6; 

= 2»^ + 2«. 3 [(^ — 3»)» + 2*. 3*] ^ + 2». 3 (^ + 3»)»($ _ 3». 6) ^ + ($ + 3«)«, 

where the expressions on the right-hand side are 2'Q and 2'B in Halphen's nota- 
tion. Thus —2^\S*S=Q,—2^.S'T=R', 

, _Q» _ 2".3"/g« _ 648» 
so that ^- 2„ guy, — y, . 

This result agrees exactly with Halphen's, if we remember that his S is 
taken with a different sign from ours. 

Since a — A a. J_ — A*D—SABC+2ff ^ 

*i — 2 "^ 16 ~ 2A* "^ 2« ' 

we may write 

^ = 2U*6i = 2* {A*D — SABG + 2B>) + 3U^ 

and in like manner 

ii=A*Gl = {AG—B')\ 

Now 2^" (6? + CD = <!>» -I- 2»»P , 

which is divisible by .4*. Hence if 
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we have = '2? A* {h\ + CI) 

= 2« (^«Z>» — QAB CD + ^AC^ + 4B'D — SB* C*) 
+ 2*. Z*A* iA*D — 3.15 C + 25«) + S'A: 

The equations which give S and T in terms of 6, and Ci may be written 

-S = {I^ + C!y-3b^C!, 

— ?'= 2* (6? + (^f)" — 2». 3» (6» + C?)hGl + 3»(7i«, 
and consequently, 

— 2^*A"S= & — 2". 34)* , 

— 2"^"?'= 0* — 2". Z*e^9 + 2*^. Z'A*V', 

where 0, 4>, * are the rational integral principianta 
= 2« (^»Z>» — 6ABCD -\-4AG' + iB'D — SB*C*) 

+ 2*. 3M* {A*D — ZABC + 2S») + 3M«, 
<D = 2» (^»D - 3il5C + 25") + 3''il*, 
'P = (^C — £»)», 

which, as we have seen, are connected by the relation 

*» + 2"P = ^«0. 
The differential equation of cubics with a given absolute invariant is 

(0»— 2".34>»P)» _ 2^ 

(03_2".3*04>* + 2»\3»Jl***)»~ T* * 
or, as it may also be written, 

(0* — 2". 34>*)»r» + 2«iS" (0» — 2».3»04>'P + 2«. Z'A*^)* = 0. 

For a nodal cubic, the discriminant T* + 2'S^ vanishes. Hence the differential 
equation of a nodal cubic is 

(0S _ 2}\ 3*0<I)'P + 2»'. 3'^«'P»)* — (0» — 2».3<I>«P)» = . 

When expanded, and divided by 2^, S'*?*, this reduces to 

A*& — 0«*» — 2". 3»^*0** + 2>*4>»'P + 2»». 3'A*^ = , 

which (since A*Q — <!>*=: 2**) divides out by 2''P, giving 

0* — 2*. 3'^*©<l> + 2*^ + 2". 3'A*V = , 

or, what is the same thing, 

0» — 2». 3.*A*e^ + 2«^ + 2*. Z'A* {A*e — 4)») = . 

This may also be written in the form 

(0 — 2*. 3U** + 28. 3U«)» + 2« (<|»— 3U*)» = , 

or, replacing and <I> by their values in terms of A, B, C, D, 
\2?{A*iy—6ABCD-\-4AC''+4B»D+SB*C*)-2^.3*A\A*D—BABC+2B')-3'A'\* 

+ 2» {A*D — SAB C + 2B'f = . 
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For a cubic whose invariant S vanishes, the differential equation is 

and for a cubic whose invariant T vanishes, 

& — 2^\ 3?^e^^f + 2". 3U»** = . 

For the cuspidal cubic, both S and T vanish, so that the algebraic equation of 
the cuspidal cubic is a particular solution of each of *these equations. We can, 
however, replace the system 

03_2".34)* = O, (1) 

0» — 2^^ 3«0<D* + 2». 3«^*** = , (2) 

by another pair of equations, for one of which the cuspidal cubic is a particular 

solution, and for the other the complete primitive. 

Multiplying the first equation by and subtracting the second from it, we 

have, after dividing by 2". 3* , 

0<j)_2i^3U»* = O. (3) 

From (1) and (3) we obtain 

e^ =z 2^. 3<I)»* = 2^^ 3'A'V\ 

Hence 4>«=2«.3U**. (4) 

But ^»0 = <I)* + 2«*, 

so that A^e^ = ^+ 2»** . 

Substituting in this the values of 04> and 4)* found from (3) and (4) and dividing 

by *, we have 2^^3U^ = 2«.3U* + 2«<I), 

which gives 4) = 3*-4*. (5) 

Substituting this value of 4) in (4) and rejecting the factor S^A\ we obtain 

3^J.®=2^*; 

u; = C— 3— ) • 

In the course of the work we have only rejected powers of V (i. e. of 
AG — B^) and of J., of which neither corresponds to the cuspidal cubic. 

Since * = 3^A\ it follows that A^D — 'iABG + 22? = . The equation to 
the cuspidal cubic above obtained is a particular solution of this, its complete 
primitive being (see Lecture XXXI) y = X^Z^~\ where % is an arbitrary 
constant. 
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LECTURE XXXIV. 

The preceding 88 lectures contain the substance of the lectures on Beciprocants actually delivered* 
entire or in abstract, in the course of three terms, to a class at the University of Oxford. 

A good deal of material remains over which the lecturer has lacked leisure or energy to throw into 
form, which he hopes to be able to recover and annex to what has gone before as supplemental matter 
in the convenient form of lectures numbered on from those which have already appeared. 

The one that follows is entirely due to Mr. Hammond, who has rendered invaluable aid in compiling, 
and in many cases bettering, the lectures previously published. 

It constitutes probably the most difficult problem in elimination which has been effected up to the 
present time. J. J. S. 

The problem in question is to obtain the diflferential equation corresponding 
to the complete primitive 

{Ifx + m!y + rJ) = {Ix + my + nfi^x + m"y + n'O*"^ 

(say F= JT^Z^"^) by the process of eliminating all the arbitrary constants 
except ^. 

The eliminations to be performed become greatly simplified by aid of the 
following Lemma. If Xbe any linear function of x and y, and M^ the absolute 
pure reciprocant corresponding to Jf; then 

^3—4^4^1 = 0, 

where S=^*-^^' S' = ^*-^»' S' = ^*^«- 

For if we suppose X= ?x + wiy + n, 

two successive differentiations give 

and afXg + ar^bXi = 2ma. 

Writing the second of these equations in the form 

and differentiating again, we find 

JTs — a-*6X, + a-ihX^ + (4ac — 56«) a" *Xi = , 

or, since 4^4 = (4ac — 56*) a~^ 

N. B, — Throughout the following work all letters with numerical suflSxes 
are to be considered as derived from the corresponding unsuffixed letters in the 
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same way as, in what precedes, Xi, X^^ and X^ are derived from X; viz. by 
successive differentiations, each of which is accompanied by a division by aK 

Writing the equation r= JT^Z^-^ 

(in which X, F, Z denote any three linear functions of a, y) in the form 

log Y=X logX+ (1 — ;i) logZ, 
we obtain by differentiation and division by a*, 

-^ = ;i§ + (i-a)4. (1) 

Let now Xi = wX, 

Zi = toZ, 

so that (1) takes the form 

v = ^u +{1 — X)w, 
and consequently Vi = Xvri + (1 — X) t^i , 

v, = ;it/, + (1 — X)w^. 

By means of the Lemma it can be shown that 

u^ + Zuui + v^ + 4MaU = , (2) 

tr' + Swi +v^ + 4:MaV = 0, (3) 

V^ + ZlDU>i+Wi+ 4:MaW^=^0. (4) 

For, since Xi = Xu , 

we have JT, = XiU + Xt^ = X{u^ + t^) 

and X^ = X^u + 2XiUi + Xv^ = X(w' + Stm^ + iiji). 

Substituting these values for Xi and X, in 

X, + 4if«Xi=0, 

we obtain w* + 3wt^ + Wj + 4l^t« := 0, 

which proves equation (2). The equations (3) and (4) connecting t?, Vi, t?g and 
w, WifWi are similarly established. We now write 

u — to = 32 J 
These, combined with v = ;i'W + (l — ;i)ti?, 



W=61 — (X— 2)2 \ 

v = o — {i — 2X)zy 
w = (^ — (X+ l)z 3 
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give w=6i— (X— 2)2 

(1 — 2a] 

which, when operated on by a"*-r-- twice in succession, jrield 

Wi = 6)1 — (X — 2) 21 ^ tA| = 0), — (;i — 2) 2, J 

Vi=G^—{l — 2X) ZiV t?, = 6), — (1 — 2;i) 2, y 

^i = % — (^+ 1)2^1 3 «£?a = o, — (A,+ l)2g 3 

When expressed in terms of o, Oi, c), and 2, 2^, a^, equations (2), (3), and (4) 
become transformed into 

P — {2.— 2)Q +{?i—2yB — (;i— 2)V =0, (5) 

p— (1 — 2x) g H- (1 — 2xyR—{i — 2;i)v = 0, (6) 

P-{^+l)Q +{X+iyR -{X+lfz^ =0, (7) 

where, for the sake of brevity, we write 

3o*2 + 3g)2i + 3g)i2 + 2j + 4if«2 = Q, 

3q^ + dzzx = B. 

In order to simplify (5), (6), and (7), we multiply the first of them by ;i, 
the second by — 1, and the third by 1 — X, and take their sum, which is 
obviously independent of P, and from which it is easily seen that the terms con- 
taining Q and ^ will also disappear. For 

^{X—2)^{1 — 2X) + (1—X){?.+ 1) =0, 

and ;i (X — 2)3— (1 — 2Xy+ (1 — X)(;i + 1)8 = . 

We are thus left with 

{x{x— 2y—{i — 2xy + {1 —x){x + iy\E = o, 

which, on restoring the value of R and reducing, becomes 

X(;i— 1)2(02 + 2i) = 0. 

X Y Z 
Now the values of u, v, w, which are equal to -^ , -^ , -y- respectively, being 

distinct from each other, 2 cannot vanish; for 2 = would imply w = t? = to. 
Hence, considering ^ to have any finite numerical value except 1 or 0, we may 
write ca2 + % = 
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in equations (5), (6), (7), which will then become 

P — {7i—2) (3qi2+ e, + 4ifaz) - {X— 2)¥ = 0, (8) 

P— (1 — 2X){S(^z + 28 + 4M^z) — {l — 2;i)¥ = 0, (9) 

p— (;n- 1) (36)12 + % + 4Maz) — (;i + i)V = 0. (10) 

Adding these together, we find 

3P= {(;i— 2)» + (1 — 2X)' + {7i+lf\:^ 
= 3 (;i — 2)(1 — 2X)(;i +1)^. 

Restoring the value of P, and writing for shortness 

(;i_2)(^+l)(2;i-l)=^, 
there results w^ + Soxji + % + 4Jf«o + jpz' = . 

From any pair of the equations (8), (9), (10) we obtain by subtraction 

Soiz + z^ + 4MaZ + S{^^ — ^ + 1)2^ — 0. 
Thus, for example, subtracting (10) from (8), we have 

3 {3g>^z + 28 + 4Maz) =:{{X—2y — {X + 1)'} 2^ = — 9 (;i* — ;i + l)^^. 

Collecting our results, we see that equations (5), (6), (7) may be replaced by 

(a« + 3o(.)i + ^ + 4if^w+X =0, (11) 

3oi2 + 28 + iM^z + 3j2^= 0, (12) 

oz + zi = 0, (13) 

where jp = (A, — 2){X + l)(2;i — 1) 

and q = yi^ — ^+ 1 . 

Differentiating (13), we obtain 

C3l2 + CJ2i + 2, = . 

Subtracting this from (12) and adding (13) multiplied by o, the result divides by 

2, and we find 

o* + 20)1 + 4ifa + 3j2» = 0, (14) 

which, when multiplied by o and subtracted from (11), reduces it to 

<^^ + ^ +p^ — 3^2*0 = 0. (15) 

Now it has been shown in Lecture XXX that 
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whence it follows that (14) gives on diflferentiation 

OG)i + (.H + lOAa + Zqzzi = 0. 
Combining this with (15) we have 

10 Aa =jp2^ — Zqz{(dz + 2i), 
or, finally, since oa; + s^i = 0, 

DiflFerentiating this, we have 

i.e. 25^ + A^=0, (16) 

whence, by diflferentiation, 

14C7, + 2J4^ + 65«o + ^«Oi = . 

Subtracting (14) multiplied by A^ from the double of this, we have 

28 Ga — A^o^ + 125^6) — ZqsfA^ = 0. 

2-B 

Substituting in this for q its value j^ , found from (16), there results 

2i{A,G^ — Bi)-Zq^A\. 
But it has been shown that 

10j1«=X. 
Hence the elimination of z gives 

28 V (^a 0^-&af = sy/zM* = 10»3V^« . 
Or restoring for 2> and q their values in terms of Jl, and replacing the abso- 
lute reciprocants A^, B^^ Ga by the non-absolute ones Aj B, G (which is eflfected 
by merely multiplying throughout by a power of a) , we have 

2*.7« {7i — 2)»(;i + l)\27i — 1)\AG— &y = 3». 5» {X^ — X+ IfA^ (17) 

For other methods of obtaining this diflferential equation see Halphen's Th&se 
sur les Invariants Diflf^rentiels, p. 30, and Lecture XXX of the present course. 
It corresponds in general {i. e. unless Jl = 0, 1 , oo ) to the complete primitive 

When X = 0, 1 , oo , the diflTerential equation (17) becomes 

2%\AG— B^y = 3».5U», (18) 

which corresponds to the complete primitive 

Y=Xe^. (19) 

This case has been discussed in the Thfese and in Lecture XXX. 
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We may obtain (18) from (19) by a method of elimination similar to that 
employed in deducing (17) from its complete primitive. Thus the first diflferen- 
tial of (19) may be written 

JL\ ^_^ Xi ZiX — juXi 

which becomes v = w + 3z 

when we assume 

X^=Xu, Yi=Yv, Zi = Zu + ZXz. 

By means of the Lemma we obtain 

U^ + 3uUi+ Mji + 4MaU = 0, (20) 

v^ + Swi+v^ + UfaV = 0, (21) 

Su*z + Ztiiz + Zuzi + Zg + 4-3^2 = 0. (22) 

The first two of these are identical with (2) and (3) previously given; the third 
is found as follows. Since 
Zi = Zu + 3Xz, 
Z2=ZiU+ Zuy + ZXiZ + SXzi 
= Z{u^ + ui) + SX{2uz + 2i). 
Hence 

Zs = Zi {u^ + u{) + Z{2uu^ + w,) + 3Xi {2uz + Zi) + SX{2ujZ + 2w2i + 2,) 
= Z{u^ + 3w% + t^) + 3X(3w*2; + Su^z + Suzi + z»). 
Thus we have 

Zs + ^MaZi = Z{y? + Suu^ + U2+ 4M^u) + SX{Suh + Zti^z + 3^% + z, + 4M^z). 
But Z^ + "iMaZi = , and u^ + Suu^ + t^ + ^M^u = , which shows that 

Suh + Suyz + 3uzi + z^ + ^M^z = 0- 
Equations (20), (21), and (22), of which we have just proved the last, are 
merely convenient expressions of the fact that X, F, Z are linear functions of 
Xf y. We combine them with the first, second, and third difiierentials of the 
primitive equation (19) by writing 

v=u + 3z 

Vi = Ui + Szi^ 

Vg = tij + 3z2 . 
When this is done (21) becomes 

{u^i- Suu^+U2+ 4MaV) + 3{3i^z+Suzi + Su^z + 2^+ iM^z) + 27z{uz + ^ +21) =0, 

which, in consequence of the identities (20) and (22), reduces to 

{u + z)z + Zi=^0. 



;1 
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Let now t« = q — Zj (so that 02 + s^ = 0). Substituting in (20) and (22) we find 

cf + Z(Mi + CH+ 4MaO — 3 (O — z){(dZ + Zi) — ^ — 3Qi2 — 2S| — AMaZ = , 

and (3(1) — 6z){(dz + Zi) + Ss? + Sc^z + z, + 4J42 = 

respectively. Adding both equations together, and remembering that oz + «i= , 
we obtain q^ + Sooj + 6), + 4Jf«G) + 22* = 0, (23) 

3oiZ + z» + ^MaZ + 3z» = 0, (24) 

which, combined with qz + Zi =0, (25) 

replace the system (20), (21), (22). 

Comparing these equations with (11), (12), (13), we see that the two sets are 
identical if we make ;i = 0, when p becomes 2 and g = 1 . Hence, by perform- 
ing exactly the same work as in the previous case, we shall find 

5A^ = ^ (instead of 10^„ = p^) 
and 28 {A^Oa— B^a) = ^^A (instead of 3gz»^J). 

And, finally, eliminating z between this pair of equations, at the same time 
replacing the absolute reciprocants A^, B^, G^ by the corresponding non-abso- 
lute ones A, B, O, we have 

2S'{AC—ffy = B\6^A\ 
which is what (17) becomes when X has any of the values , 1 , or oo . 



Algebraic Surfaces of which every Plane- Section is 
Unicursal in the Light of n^-Dimensional 

Geometry. 

By Eliakim H. Mooeb, Jr., Evanston, III 



Picard, in a recent memoir,* established the following theorem : 

Lea seules surfaces algSbriqvea dorU toutes les sections planes sont unicwrsales, 
sent les surfaces r6glSes tmicursales et la surfojce du quatri^me degr6 de Steiner. 

In the present article I wish to give another proof of the same theorem, and 
to develop several allied propositions in the geometry of n-dimensioris. 

Picard notices at once that a surface of the kind under consideration, viz., 
of which every plane-section is unicursal, must be itself unicursal, and, accord- 
ingly, that there is a 1.1 correspondence between a point of the surface and a 
point of a plane (determined respectively by the homogeneous coordinate-sets 
(», y, <, 1^), (a, i3, y)) defined by the equations 

(1) aj=/i(a, /?,y), y =/2 (a, /?, y), z=f^{a, ^, y), t=f{a, 13, y), 
where the /are integral homogeneous functions of a, ^, y of, say, degree n. 

It is shown, 1. c, pp. 77, 78, that there is no loss of generality in assuming 
that all the multiple points common to the triply-infinite system of curves 

(2) Af,{a, |3, y) + 5/, (a, /3, y) + (7/, (a, /3, r) + DA{a, /?, y)= 0. 

are ordinary multiple points, and that in these points the curves have no common 
tangents. Let Xj^ be the number of &-ple points common to the /-curve-system. 
To every curve of the system of curves (2) corresponds, in virtue of (1), the 
plane-section of the surface lying in the corresponding plane of the triply-infinite 
system of planes 

(3) Ax + By+ Gz+Dt=0. 

Every plane-section is unicursal; so every curve of system (2) must be unicursal. 

* *^ Sur les surfaces alg^briques dont toutes les sections planes sont unicursales '' (Kronecker's 
Journal d. Math., 1886, C, pp. 71-78). 
Vol. X. 
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If N is the degree of the surface, two planes intersect in a straight line which 
meets the surface in N points; any two plane-sections intersect in iV points; so 
any two curves of the system must intersect in N points (distinct from the 
common base-point system common to all the curves). In this way we have the 
intersection- and unicursality-equations 

(4) XJ^x, = n'-N, 

(5) 2 ^HJc- 1) x,= -i- {n-l){n- 2), 

where in (5) the justifiable assumption is made that the arbitrary curve of the 
system (2) has no multiple point outside of the common base-point system. 
Subtracting, we have 

(6) ^^k{k+l)x,= ^nin+3)-{N-\-l). 

In order that a point should be a k-p\e point on a curve, -j^ jfc (& + l) conditions 

must be imposed on the curve. A curve of order n is determined by -^ n (n + 3) 

conditions. So from (6) the curves of order n passing through the common 
base-points of the system (2) contain N+ 1 arbitrary parameters; that is, are 
determined by iV+ 2 linearly independent curves (7" of the system. 

Here we cease to follow Picard, and notice that a surface of order N of 
which every plane-section is unicursal may he regarded as the projection of a two- 
dime7isional surface of order N in a JkU space of N+ 1 dimensions. 

After Clifford, for two-dimensional surface we shall say two-spread, and for 
flat space o/iV'+ 1 dimensions simply {N+ l)'flat. 

Let yi, ^27 • • • • y^-hi ^® ^^^ homogeneous coordinates of a point in an 
(-^^4- l)-flat Rjr^i. Then the equations 

(7) y.=f{^. /?, y), (^= 1, 2, . . . . ivr+ 2), 

where /^ (a, /3, y) = for x = 1 , 2, . . . . N-\- 2 are the equations of any N+ 2 
linearly independent curves of the system (7^ of which the first four are, how- 
ever, the/i,/i,/3,/4 of the preceding investigation, give the point-point repre- 
sentation on the (a, /3, y)-plane of a certain two-spread in the {N+ l)-flat jB/^r+i- 
This two-spread is met by the {N — l)-flat of intersection of the two {N+ l)-flats 

in a number of points equal to the order of the two-spread ; these points corre- 
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spond to the iV' points of intersection of the two curves of the system 
?al/;(a,/3, y)=0, 2a:7,(a,/?,y) = 0. 

Hence the two-spread is of order N. 

The equations (7) show at once that the two-spread may be projected from 
the (N — 3)-flat passing through the coordinate vertices 6, 6, • . . . iV'-f 2 on the 
3-flat 2^5 = yj = .... = y^+s = into the surface under consideration, 

yi=/i(a, /?, y), yi=/2(a, /?, y), y3=M(^^ /?, y), t/i^^Aia^ /?, y), 

if for X, y, z, t of equations (1) we write yi, y^, yj, ^4. 

Conversely, a two-spread of order N in an {N+ l)-flat is unicursal and every 
iV-flat section of it is unicursal. For by successive projections from points on 
the spread it is projected into a two-spread of order N — 1 in an JV-flat, of order 
N — 2 in an {N — l)-flat • . . ., of order 2 in a 3-flat and then into a plane. In 
like manner a curve of order N (in which the twoHspread is cut by an iV-flat Bj^^) 
in an iV-flat may be projected into a line.* 

Thus a two-spread of order iV'in an {N+ l)-flat is itself unicursal and every 
flat-section of it is unicursal ; and clearly, however projected, the spread retains 
these characteristics ; in particular, it is projected from an {N — 3)-flat not inter- 
secting it upon a three-flat into a unicursal surface of order N every plane- 
section of which is unicursal. 

The 1 . 1 Correspondence between a Two-spread of Order N in an (iV+ lyjlat and a 

Plane. 

yi» y»> • • • • y^r+g ar® ^^^ homogeneous point-coordinates in the {N •\' l)-flat 

^N-^i- Choose N — 1. points, ^1, ^,, ^n-i^ ^f the spread at random ; that is, 

so that the {N — 2)-flat passing through them meets the spread in no other point. 

Let Z' = 2?^y, = 0, Z" = 2Zr.y. = 0, L" = l.VJ'y^ = Q 

be three asyzygetic iV-flats through these points A . Then 

(8) |3Z' — aZ"=0, (9) yZ' — aZ'" = 

is an Bs^\ meeting the spread in N points ; that is, in the N — 1 fixed points A 
and in one other point P depending on the ratios a:/3:y. In fact, by a suitable 
choice of coordinate axes of a, /3, y in a fixed plane in the {N-\' l)-flat, the 
point of intersection P of the jBj^-.! with this plane will have the homo- 

* Clifford : ^' On the Classification of Loci,^' Mathematical Papers, pp. 805-881. 
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geneous coordinates a, /3, y. This is the 1.1 correspondence by projection 
between the points of the two-spread and those of a plane. 

Consider the system of equations formed by joining to (8) and (9) the 
equations of the two-spread (equivalent to N — 1 independent equations) and 
the equation of a variable iV^-flat 

(10) Wy = Wiyi + ««y« + + «^/r+»yj^+8 = 0. 

Prom these equations— one more than sufficient to determine yi, • . . . yw+% — we 
may eliminate yi, . . . . yj^r+j- The eliminant equated to zero is the condition 
that the iV'-flat Wy = pass through some one of the N points common to (8), (9) 
and the spread, is in fact the tangential equation of these iV^ points, and so is of 
degree iV'in the u. The eliminant is of degree iV in a, /3, y also, because, con- 
sidering a : /? and the u as constant, there will be N values of a : y which will 
make the equations consistent, or, what is the same thing, make the eliminant 
vanish, viz., the iV values for every one of which the iV-flat yL' — aL"' = passes 
through one of the N points common to fiL' — aZ" = , the spread and the 
N-&B.tVy = 0. 

The eliminant is then a homogeneous function of the N^"^ degree of the u, 
and also of a, /9, y. Considered as a function of the u and equated to zero, it 
is the tangential equation of the N points common to (8), (9) and the spread ; 
i. c, of the N — 1 fixed points A and of the one variable point P depending upon 
a:^:y. Hence the eliminant may be separated into the product of iV — 1 
factors linear in the u and independent of a , /?, y (the tangential expressions for 
the N — 1 fixed points A) , and one factor linear in the w and of degree N in 
a, ^, y (the tangential expression of the point P). Prom this last factor we 
have the tangential equation of P, 

(11) ihF,{a, (3, y) + u,F,{a, /3, y) + . . . . + Uy^,F^^,{a, ^3, y)= 0, 
which must be identical with 

(12) u^i + u%!/% + +^i^+»yj^+»=0, 

where the y are the coordinates of point P. 

Hence the coordinates of a point P of the spread are proportional to homo- 
geneous functions of degree N of the coordinates of P the projection of P on 
the (a, /3, y)-plane ; that is, 

(13) y. = pF,(a, /3, y), {x= 1,2 N+ 2), 

where p is an arbitrary constant, the proportion-factor. 
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There is a 1.1 correspondence between the points on the imicursal curve of 
intersection of the spread with the iV^flat jB^^, 

(14) a^yi + a^i + + a^f^^^y^.^^ = 0, 

and the points of the curve of order N in the correspondence-plane 

(15) aiFi(a, /3, y) + aM<^^ i^. /) + +a^+,F^^,{a, /3, y)= 0. 

Hence this curve, in fact every curve of the system determined by the N+ 2 
fundamental curves F^{a, P, y)=^ i), must be unicursal. Two curves of this 
system must meet in and only in N points (aside from the points common to all 
curves of the system), for these points are to correspond to the N points where 
the spread is intersected by the Rj^^i of intersection of the two B^f correspond- 
ing to the two curves. In JBj^+i the system of R^ is {N+ l)-ply infinite, hence 
the corresponding system of curves must be {N+ l)-ply infinite. 

Suppose the system of curves of order N has a^ common r-ple points (for 
the moment assumed to be without further singularity). The intersection- and 
unicursality-equations may be written 

(I) Xr^ar-N^ — N, 

(II) 24^(^- l)a.= ^{N-l){N- 2). 

The base-point system cannot contain two multiple points the sum of whose , 

orders is greater than N] otherwise every curve of the system would break up 

into the line joining the two multiple points and a supplementary curve, which 

N 
is impossible. Hence, either all the a* for )fe> — equal 0, or if one equals 

unity all the remaining ones equal 0. 

Prom (II) we have what is the same thing, 

(II) ^r{r—l)ar = IP — SN+2 = {N—l){N—2), 
which, subtracted from (I), gives 

(III) 2m, = 2N— 2=2{N—1). 

There is a general, say the general, solution, 

air-i=l, ai = iV^— 1, a, = (ivr_i>r>l). 

There is no other solution with a multiple point of order >► — , say of 

N 
order N — 8, where l<fi<— . For, suppose there were such a multiple 

point, the multiple point of next highest order might be of order s (so that sum 
of orders shall just equal but not exceed N). 
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In (II), (III) substitute for aj,_, 1 , and for a, {8-<Cr:^N — s) 0, aad expose 
outside the summation signs the leading terms, and we have 
(Ila) s{s—l)a, + I,t{t—l)at={«— l)(2iV— « — 2), 

t<s, 
(Illa) sa,-\-Xtat = N-\-s—2. 

Multiplying (Ilia) by « — 1 and subtracting (Ila), one has 

(IVa) (« —l)Xtat — Xt {t — J) a, = (» — 1)(— iV+ 2«) . 

N 
Now since «>► 1 and also « > < , the left side is positive or zero, while since 8<i -^ , 

the right side is negative. That is, the assumption that there is a solution — ^in 

addition to the general solution — with a multiple point of an order > -^ leads 

to an absurd equation. 

Any other solution must then have the order of the multiple point on 

highest order, say «, ^ — N. The equations become, where ^ <[«, 

(life) 8{8—l)a, + Xt {t - 1) a, = {N— i){N— 2) , 

(III6) 8a, + 2to, = 2 {N— 1) . 

Multiplying (Illfe) by « — 1 and subtracting (116), one has 
(IVfe) [s — 1) 2ta, — 2< (< — 1) a, = {N— l)(2s — N) . 

Here the right side is negative when 8<i-^N, 
or zero when — JL at 

and not positive, since by hypothesis s'^—N. 

The left side (^<[«) is positive unless either «= 1, and .-. < = 0, or a^=: for 
every < <]«, when it is zero. 

Thus there are only two possibilities : « = -^ iV and either « = 1 or (« >► 1 , 

but) a< = for every t<^8. In the first case. 

From (UK) 8a, = ai= 2{N— 1) = 2. 

This is, however, in fact, the general solution for iV'= 2, 

tti qua ajy-i = 1 and ai qvA ai = N — 1=1; or ai = 2. 
In the second case, 

8=- — N and a^ = for every t<^8. 
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Equation (III6), with which (IK) in view of (IV6) is identical, becomes 

8a,= 2(JV^— 1) = 45— 2, 

*(4 — a,) = 2. 

Since 5 > 1 , « = 2, .',4 — a, = 4 — a, = 1 , /. 0, = 3 , and N=^ 2^ = 4 . 

This exceptional solution, iV'= 4, a, = 3, gives the 1-1 correspondence between 

an exceptional two-spread of order iV= 4 in five-flat R^ and the (a, /3, y)-plane, 

(16) y. = pi^.(a, i3,y), (^=1, 2, ....6), 
where the F are homogeneous functions of a, /3, y of fourth degree, and such 
that 

(17) a,F^{a, /3, y) + (hF, (a, /?, y) + . . . . + a,F,{a, (3,y) = 

is the equation of the 6-ply infinite system of unicursal quartic curves through 
three double points. By a quadratic transformation in the (a, /3, y) -plane of 
which the three double points are the fundamental points, this system of quartic 
curves transforms into the general (5-ply infinite) system of plane conies, say 

(18) F^{a, /?, y) = p'(y,(a', ^\ /), {x= 1,2,.... 6), 

where the G are homogeneous functions of a', /?', / (the new coordinates) of 
the second degree, and p' is a proportion-factor. Thus the correspondence is 
given by 

(19) y^=fG^{a\ /?', /), {x= 1,2,.... 6), (p" = ppO. 
I call this spread Steiner^a quartic two-spread in a space of five dimensions. 

For it projects by the planes passing through a fixed line on a fixed three-flat 
into an ordinary Steiner's quartic in three dimensions. The coordinate-system 
Vii y%t ' ' ' ' Vb is as yet perfectly general. We may specialize by taking the 
coordinate-vertices 5, 6 on the line from which we project, and by taking for 
2^5 = and y^=0 two R^ passing through the i^g on which we project. Then 
the two-spread will be projected into a unicursal surface in the R^ whose point 
for point correspondence with a plane is given, after suitable choice of planes of 
reference, by the equations 

(20) y. = p"««(a', /?', /), {x=l, 2, 3, 4); 
or, in fact, Steiner's quartic. 

The general solution 

a^_i=l, ai = N—l 

gives the 1.1 correspondence between a two-spread of order iVin an {N+ l)-flat 
and the (a, /3, y)-plane, 

(21) 2/. = pi^. (a, /?,/), U=i. 2, . . . . iV^-h'2), 



24 Moore : Algebraic Surfaxxa of which every Plane-Section is 

where the ^are homogeneous functions of a, |3, y of degree N, and such that 

(22) a,F^{a, fi, y) + a^F^{a, ^ , y) + +<^N-^%F^+^{oi. /?./) = 

is the equation of the {N+ l)-ply infinite system of curves of order N through 
one {N — l)-ple point and N — 1 simple points. A line through the {N — l)-ple 
point is met by a curve of the system in N — {N — 1) = 1 effective point. The 
curve on the two-spread corresponding to this line must then itself be a line, 
being met in only one point by the Rj^ meeting the two-spread in the curve 
corresponding to the curve of the plane-system. That is, all two-spreads of 
order iV'in an {N^ l)-flat are ruled. 

It is now necessary to remove the restriction in singularity made with 
reference to the common multiple points of the system of curves of order N in 
the (a, /3, y)-plane. Olebsch (Vorlesungen uber Gteometrie, pp. 491-496) has 
shown how an i-ple point, as complicated as may be, may be considered as an 
i-ple point which has absorbed a certain number of other multiple pointe of 
definite order ; of these, every /ij-ple point is equivalent (in questions relating to 

the class or the deficiency of the curve) io-^h{k — 1) double-points of which 
a certain number are cusps. Now, from this standpoint, let y,. denote the 
number of r-ple points common to all curves of the system (that is, yr = ar + /3ri 
where a,, is the number of explicit r-ple points common and /?,. is the number of 
r-ple points absorbed by the various explicit multiple points common to all 
curves of the system) ; and let c denote the number of cusps. In the unicur- 
sality-equation a cusp plays the role of an ordinary double-point. In the inter- 
section-equation a A-ple point {whether explicit or absorbed), common to the two 
curves, counts for a number of intersections equal to A? + the number of cusps 
it contains -|- the number of intersections in multiple points absorbed by it. 
(Olebsch, to be sure, discusses only one curve, and not at all the intersec- 
tion of two curves ; but the truth of the statement made will appear from the 
discussion of Olebsch, when one bears in mind that in an ordinary quadratic 
transformation with a fundamental point at the A;-ple point common to the two 
curves, T^ of the intersections at the A>ple point disappear, but all others remain 
as intersections of the transformed curves.) Thus the base-point system is 
equivalent to 2r*y,. + c intersections of two arbitrary curves of the system. 
The general intersection- and unicursality-equations are then 

(I) 2rVr + c = iV^ — iV^, 

(II) X \^r{r- l)y,.= 4- (^- ^K^" 2), 
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whence 

(III) Xryr + c—2N—2. 

The general solution is 

^2^-1= li yi + c = iV'— 1. 

The base-point system cannot contain two multiple points (explicit or 
absorbed) the sum of whose orders exceeds N; for if so, every curve of the 
system would degenerate, which is not admissible. This will be proved 
presently ; but with its aid we can show, as before, that aside from the general 
solution just given, there is the single exceptional solution corresponding to 
Steiner's quartic twonspread, 

c=0, ^=4, yg=3. 

The equations (IVa), (IVi) are in this case, where the 6 and t have the same 
meanings as before, 

(IVa) c{8 — l) + {8— l)Xtrt-Xt{t- l)y,= (5- 1)(- iV^+ 2^), 

which is, as before, an absurdity ; 

(IVfe) c(8-l) + {8-l)Xtyt-Xt{t-l)yt={N-l){^-N), 

which furnishes two possibilities : first, 

^=1, iV'zr 2, c=0, 

since only multiple points contain cusps, yi= 2, which is a particular case of the 
general solution ; second, 

5>1, s= — N, c = 0, 8=2, N=4, y,= 3, 

which corresponds to a Steiner's quartic two-spread as previously defined, as will 
be shown later. 

We return to the proof that if the sum of the orders of two multiple 
points (explicit or absorbed) on a curve of order N exceeds N, the curve degen- 
erates. The order of an absorbed multiple point is not greater than that of the 
absorbing multiple point. The theorem is evident, then, except in the case where 
an explicit multiple point, say of order t, absorbs an ?i-ple point where i -f- ?i]>^- 
By reference to Olebsch (Vorlesungen ii. Geom., p. 493), whose notation we 
use, such an absorption occurs as follows : 

Vol.. X. 
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Let the i-ple point be at Xi = oc^:=0, where I tangents (?^i) fall together 
in the line hiXi + k^x^:=0, say a = 0. The equation of the curve may be 
writteu 

G=g^^i{xi, Jr2)a'ajf-<+/<+i(xi, Xi)x^'*-^+ +/i+t(ai, Xi)xi[''*''^ 

+ +A(a?i, Xi)=0, 

where the /, g denote homogeneous functions of the arguments of degree equal 
to the subscript-numeral. 

Now let/<+,.(a;i, arj) for r = 1 . . . . Zj (where h^l'^i) contain a as a factor 
at least l^ — r times. Then the equation may be written* 

+ +a'*"Vi-i. + »r(aa,ai)a?f~*"'' + etc, = 0. 

This i-ple point (cf. Clebsch, 1. c.) has absorbed an ?i-ple point (and also, with 
which we are not at present concerned, I — l^ cusps). Now, the hypothesis of 
our theorem is that 

and the last term on the left in the equation of the curve is, for r = N — i (in 
fact <?a)» 

and in fact the curve breaks up, consisting of the line a taken Ix + i — N times 
and a supplementary curve. 

Corresponding to the general solution 

yN^i= 1, yi + c=N—l, 

there is, as before, a unicursal ruled two-spread of order Nin {N+ l)-flat. 
The exceptional solution 

N=4, y, = a, + /?,= 3 
has three cases. 

(A), oa = 3, ^g= 0. Three explicit double points. This is the case pre- 
viously discussed which led to the definition of Steiner's quartic two-spread in a 
five-flat, 

(B). a«= 2, /?8= 1. Two explicit double points, say {xi, a:,), (a,, otj), of 
which one, say (xi, x^), has absorbed a third double point along the line jci. The 
equation of the system of quartic curves is 

C= axjarl + XiX^x^ {biXi -f b^) -f a^ {cixi + c^XiX^ + c^) = 0. 
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By the quadratic transformation, 

Zi :z^ : 2, = a| : X1X2 : XiX^ ) 

which has a fundamental point at (x,, x^) and two coincident ones at {xi, a:,) 
along the line Xi, this system of quartic curves transforms into 

C' = a4 + hz^zs + b^ZiZ^ + Ci4 + Cg^iZg + CgzJ; 
that is, into the 5-ply infinite system of plane conies. Hence the two-spread 
given by case (B) is a Steiner's quartic two-spread as defined under case (A). 

(0). ag= 1, P%= 2. One explicit double point {xi, x^) which absorbs a 
second along the line x^, which has in turn absorbed a third (along the conic 
argXg — a^). Endeavoring to construct the system of quartic curves having in 
common a singular point of this nature — after the discussion of Clebsch, a clear 
though rather long problem — we find that, by suitable choice of reference lines 
and constants, the equation may be written 

C=a {x^Xs — a^y — hxyp^ {x^x^ — Xif + a^ (ca^ + dxiX^ + eoi +/x^x^) = . 
By the quadratic transformation, 

a^i : Xg : arg = ZiZj, :4'h^n +4) 
Zi iz^ iz^ =^ XiX^ : a| : XgXg — a:? ) 

which has three consecutive fundamental points at (xi, x^) along the conic 
arjXg — a:i, this system of quartic curves transforms into 

G' = a4 — bziZs + c4 + dziz^ + e4 +/{z^3 + 4) = ^') 
that is, since the six quadratic expressions are asyzygetic, into the 5-ply infinite 
system of plane conies. Hence the two-spread given by case (0) is a Steiner's 
quartic two-spread as originally defined. 

The principal results of the article may be collected in the following 
theorems : 

An algebraic ttoo-spread [two-dimensional surface] of order N in a flai spa^ce 
of any number of dimensions of which eoery flat section is unicursal, is tlie prelection 
of a two-spread of order N in an {N+ ly/lat [flat space o{ N+ I dimensions]. 

A two-spread of order N in an {N + lYJlat is unicursal and every N-fiat section 
of it is unicursal. 

All swch two-spreadsy with the exception of Steiner^s quartic two-spread in a 
five-flaty are ruled. 

Projections of these spreads have corresponding properties. 
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In a memoir by Veronese, ** Behandlung der projectivischen Yerhaltnisse 
der Raume von verschiedenen Dimensionen durch das Princip des Projicirens 
und Schneidens" (Math. Annalen, 1882, XIX, pp. 161-234), in V, §4, p. 224, 
unicursal ruled two-spreads of order N in an (iV'+ l)-flat are considered, and 
further by the writer, ** Extensions of certain Theorems of Clifford and of 
Cayley in the Geometry of n-Dimensions"* (Trans. Conn. Acad., VII, 1886), 
who proved there that all two-spreads of order N in an (^^1^+ l)-flat are unicursal, 
and in this article that all, with the exception of Steiner's quartic, are ruZccZ. 

EVANSTON, Iix., July 2, 1887. 

* I take thifl opportunity of saying that when the article ^^ Extensions,'* etc., was written I had not 
seen the article of Veronese, and that my theorems A of I» p. 10, and 1 of IV, p. 24» are given hy 
Veronese on p. 167 and p. 192 respectively, and further in a note, p. 228, he gives my first abbildung- 
system of p. 12. 



On Professor Cay ley ^s Extension of ArhogasVs Method 

of Derivations. 

By Morgan Jenkins, M. A. 



Professor Oayley's Extension of Arbogast's Method of Derivations (Trans- 
actions of the Royal Society, received October 18, read December 13, 1860) 
gives a method of formation and arrangement of all the combinations of a 
given degree and weight in the letters a, J, c, d,...., the weights of the 
successive letters being 0, 1, 2, 3, etc., by derivation from one term, namely, 
the most expanded term of the system. The principle of the arrangement is 
that the smallest change in the index of the power of any letter prevails over 
any number of changes in the indices of the powers of any subsequent letters j 
that is, any term containing c? will precede any term containing c* accompanied 
by the same, or by lower powers of the preceding letters, irrespective of any 
changes which may occur in the subsequent letters. If we adopt Professor 
Cayley^s comparison of this arrangement to a genealogical tree of descent in 
tail male, we may perhaps call it the genealogical arrangement. 

I propose to make some remarks with a view to facilitate Professor Oayley's 
process ; but, as it would still be subject to the dilBSculty referred to in the last 
two lines of his memoir, namely, " that a considerable amount of practice would 
be required before the process could be readily made use of," I propose to 
explain another process which will, I hope, be considered to have some advantage 
in respect of facility and certainty of formation, apart from the saving of time 
and space arising from the use of associated collections. 

Following Professor Oayley, we describe the final distinct letters of the term 
considered as the ultimate letter, the penultimate letter, the antepenultimate 
letter, and the proantepenultimate letter ; the words ultimate, penultimate, ante- 
penultimate, and proantepenultimate denoting the powers of those letters which 
exist in the given term. The last letter, the last but one, etc., denote the final 
letters of the series from which the letters of the term are taken. 

Arbogast's method of derivation consists in advancing a letter of the ulti- 
mate one place, if possible, that is, if it is not the last letter, and also a letter of 
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the penultimate one place, provided it is the contiguous letter or the immediate 
antecessor in the alphabet of the ultimate letter : thus, if h be the last letter, 

from df^^ we derive df^gh and df^^ 

from de^ ** " only de^h^ 

from d^ifh ** " only cPgr/i*. 

This process is a process of dragging by means of which from one term we may 
obtain either one or two terms of one greater weight. 

A corresponding process may be applied to the beginning of a term, the 
words primary, secondary, . . . . , first, second, .... taking the place of ultimate, 
penultimate, . . . . , last, last but one, etc., respectively ; thus, 

from df^^ we should derive only c/*gr*, 

from deg^ " " " ce^ and cPgf^, 

fromc?gr% '* ** " only cdg^h, 

the terms so derived being of one less weight than the terms from which they 
are respectively derived. 

The reverse of the dragging process will be a pushing process ; but whilst 
the constituents which are affected by the dragging process are the not-last 
ultimate and the contiguous penultimate, the constituents affected by the pushing 
process are the last-ultimate with the simple penultimate or the simple not-last 
ultimate alone, suitable changes being made in the names of the constituents 
aflfected if we operate on the beginning instead of the end of a term. 

If we have a combination of powers of arranged letters divided into any 
two collections, as h&d^ . . . .] [gr^W . . . . ; and we call an end of either collec- 
tion which is also an end of the whole combination an outside end, and the 
other ends of the collections inside ends ; then, if we either drag the two 
inside ends or push the two outside ends or push the outside end of one- 
collection, and drag the inside end of the other collection, we obtain a 
contraction; if we reverse the pushing and dragging we shall obtain an 
expansion. The eflfect either of a contraction or of an expansion is to produce 
a fresh combination having the total weight unaltered, because the weight of one 
collection is increased by one, and the weight of the other collection is decreased 
by one. In order to avoid the complication which would arise from the trans- 
ference of letters from one collection, we may make the restriction that if the 
extreme letters of the inside ends of the two collections are contiguous letters 
of the alphabet, they may be treated as final letters of their collections, and. 
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therefore, not movable out of their collections ; thus, from b^c] [fPf^g, considered 
as a combination of two collections between a and c and between d and h 
respectively, we may, by pushing the two outside ends, or, what is equivalent, 
by contracting b with g, obtain 6V][c?/'; by dragging the two outside ends we 

obtain L ,^ J — L^/^l' *^^ meaning of the connection being that either one of 

one collection may be associated with either one of the other collection. Again, 
by pushing the inside end of the right-hand collection, instead of dragging the 
outside end, we may add de/^ to the derived right-hand collection. But we do 
not, at any rate at present, suppose c or c? to be pushed or dragged out of its 
own collection. 

In Professor Cay ley's memoir, Z7, P, J., and P are used to denote the ulti- 
mate, the penultimate, the antepenultimate, and the proantepenultimate respec- 
tively ; and the rules for the application of the contractions known as reversible 
contractions are given in the following table, transcribed from the memoir : 





p 


A 


£f 


u 


Cr, P, non-contiguous let- 
ters. The ultimate a simple 
letter, or a power of the last 
letter. 


P, At contiguous letters. 
The ultimate a simple letter, 
or a power of the last letter. 


^ 


p 




P, ^, non-contiguous let- 
ters. Penultimate a simple 
letter. Ultimate the last let- 
ter, or a power thereof. 


A, P', contiguous letters. 
Penultimate a simple letter. 
Ultimate the last letter, or a 
power thereof. 



This table will be found equivalent to a combination of the pushing and 
-dragging rules when the given term is divided into two collections in two 
difiFerent ways, first by cutting off Z7, and then by cutting oflf P, Z7from the given 
term ; if we then push U or P, U from the outside end, and drag .... PAP 
or PA from the inside end, attending to the restriction above stated in regard 
to inside ends, we shall obtain the rules of the table. 

For, from .... J.P][Z7 we shall obtain the contraction ZZPif U, P satisfy 
the conditions of the left-hand column of the table. From .... P'^][PZ7we 
shall obtain the contraction UA if U^ P and A satisfy the conditions of the 
upper portion of the middle column of the table ; and so on through the other 
two cases of the table. 
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No proof of the rules is offered because they are proved in the memoir 
from which the table is taken. 

The chief difficulty in practice, in forming the genealogical arrangement by 
means of reversible contractions, will probably be found in correctly applying 
the general direction which follows the table ; that is to say, " The contractions " 
(not more than 3 in number, because the conditions for the contractions UA^ PA 
are mutually exclusive) "are to be applied in the order UP, UA, PA, PP ] 
but all the contractions originating in a prior contraction of a given term are to 
be exhausted before proceeding to a posterior contraction of the same term," 

The last part of this direction will be found equivalent to the statement 
that where the last part of a combination is incontractible in consequence of it 
containing only powers of two contiguous letters, or less than this as a limiting 
case, we must go back to the earliest preceding term which contains the previous 
part of this combination unaltered, and contract the last letter of this previous 
part, with the nearest non-contiguous letter. 

Examples may be taken from the following complete genealogical arrange- 
ment of combinations of letters having total weight equal to 17, degree equal to 
6, and extent equal to 7. 



a'dh* 


ab'h* 


a(?d^h 


6»oey 


egh 


aJ^cgh 


deg 


Vd?g 


fh 


d/h 


df 


d^ef 


fg" 


dg» 


a&^f 


<fe« 


a*hc7i* 


ih 


acd?g 


h(?dh 


a*bdgh 


efg 


d?ef 


eg 


e/h 


aWf 


d^ 


r 


eg" 


ah<?fh 


ad^f 


h<?d?g 


fg 


^ 


ad?^ 


def 


d*<?g'h 


abcdek 


h*gh 


e» 


cdfh 


fg 


b'c/k 


hcd?f 


edf 


ahc^g 


g" 


d»e» 


c^h 


ef 


¥deh 


hd*e 


cefg 


ahcPh 


fg 


<*h 


cf 


d^eg 


i?<?g 


<^dg 


a*cPeh 


dy» 


ef 


ef 


d^/g 


ahd^f 


V<?eh 


(?d?f 


d^g 


ah^ 


fg 


d^ 


def 


a^eh 


b'cd'h 


<?d?e 


a'e'f 


fg 


deg 
df 


cd^ 
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If we take the term aV/, «•/ cannot be contracted, the earliest preceding 
term containing a* is a^bch\ from which, by contraction of a with c, we obtain 
aJ'A*, which is the next term ; or again, if we take the term ajy, /* cannot be 
contracted, being a limiting case of a sequence in powers of e and/, the earliest 
preceding term containing ah^ is ah^cgh, from which, by contraction of b with g, 
we obtain aMfh^ which is the next term. 

The contractions made according to the rules of the table are called rever- 
sible because, by expansion of the last two letters exclusive of the last, in the 
derived terms we revert to the generating term. Thus the individual denoted 
by d^cdfh has 3 sons denoted by cfcd^^ afc^h^ and cf^eh^ because, by the rules 
of the table, 3 contractions can be made on cfcdfTi ; and it is indicated that these 
3 are brothers by the fact that, by expansions performed upon ^, ^ and de 
respectively, we revert to the same term cfcdfh. 

But we may not have the preceding terms written out, and may desire to 
obtain the next succeeding term to a given term without resort to the preceding 
terms. For this purpose we may either use an arithmetical formula or combine 
a non-reversible contraction with the greatest amount of expansion of the latter 
part of the term on to which the earlier letter of the contracted pair is thrown, 
which is consistent with the non-disturbance of the letters of the former part 
from which the earlier letter of the contracted pair is taken. To obtain the 
requisite arithmetical formula we must note that if W be the total weight of a 
given combination of letters, S the sum of the indices or degree, and E the 
extent or weight of the last letter when the weight of the first letter is zero, the 
most contracted term is expressed by the formula 

and the most expanded term by the formula 

where / and B are used to denote the integral quotient and the remainder in 
the division expressed by the fraction which follows those letters. 

To apply these formulae, suppose we take the term a6c*; here 6* being 
incontractible, we wish to expand it to the utmost extent consistent with the 
non-disturbance of ah. Therefore, taking c for first letter, the weights of e and 
h are 2 and 5 respectively. Hence, using accented letters for the weight, degrcQ 

VOL. X. 



34 Jenkins: On Profesacr Gayley^a Extension of 

and extent of 6^ when ah is rejected, W is equal to 8, ^9' to 4, £' to 5, 

^(t) *^ ^' ^(* ~ t) *^ ^' ^ (t) *^ ^' '^'^^^ ^^^®® ^-^^ ^ ^® ™^®* ^^" 

panded term between o and h which is to be derived from ^. Hence €^fh is 
the earliest term containing ah) and from it, by contracting h with/, we obtain 
ax^ehj which is the next term to aJe*. 

Or we maj expand e^ to the utmost extent between c and h by any expan- 
sions in any order. Thus from ^ we should obtain in succession cfey, c?/*, &^j 
<?/hj and then proceed as before. It may be noticed that the most contracted 
term formula shows what is also evident from the method of contraction, that 
the most contracted term is the same whatever the first and last letters may be, 
and may therefore be obtained from the formula most conveniently by consider* 
ing the primary letter to be the first letter and the ultimate letter to be the last 
letter. 

Also, in the formula for finding the most expanded term in general, 

I(S =-) and /f -^J are together equal to aS^ — 1, and, with the interme- 

(TITv 
-yjf make up the degree S; but if TT is a 

(W\ 
S wj and 

/T-^-J are together equal to S. 

I now go on to another mode of arrangement, illustrated by an example in 
the form of a table preceding the explanation. 
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ftc«d» 



ae 
6* 



ab 



a» 



d" 



d'e 

dV 
dV 






d^e 



6» 



d'^e* 



a6» 



d^ 

d«e/ 

d»e» 







d»i!t 

d'egr 

d«/» 

d'e^f 

d*e* 


a>& 


— 








bc«d«e 









ate> 



d^g 

d^ef 

d*e» 



ab*o 
5* 



d«ft 
d»6flr 

d«/* 

d*e»/ 

d»^* 







d>eli 

d'fg 

d*e*g 

dUP 

d*e»f 

d«e» 


a«6c 













d^fh 

d^g^ 

d*««A 

d*«/p 

d^P 

dH^g 

d*e*P 

d^e*f 

de« 


a»6« 


— 







a»6 
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c»c«»e 



be^ 


— 


d'f 
d*e» 












dVfc« 

d»flf«i!t 

dH*h^ 

d^^gh 

d*eg* 

d^f^h 

d^Pg* 

de*gh 

de^Ph 

de*fg* 

depg 

dp 

e^fli 

e'Pg 

e'P 












d^g 

d^ef 

d'e* 










— 




d*fc» 

d^egh 

d^Ph 

d'fg' 

d^e*fh 

dH^g* 

d^ePg 

d*p 

de*h 

de^g 

de^P 

0'P 














d»/i 

d^P 

d'^^f 

d»e* 














6«c» 


— 




a*5e 


— 




a*6 
































d«e;i 

d*eg 
d'ep 
d^a*f 
de» 




a6»c» 
6*c 


— 


















d*gh* 

d*efh* 

d*eg*h 

d*Pgh 

d'fg* 

de*h* 

de^fgh 

de^g* 

deph 

dePg* 

dPg 

e^gh 

e'Ph 

e'fg' 

e'Pg 

eP 








d»eh» 

d^fgh 

d*g* 

d^e^gh 

d*eph 

d^efg^ 

d*Pg 

de*fli 

de*g* 

de^Pg 

dep 

e'fg 

6V 














d*A 

d*g* 

d*^h 

dUfg 

d*P 

d*e*g 

d^e^P 

de^f 




6* 


— 












— 










a» 






























d^gh 

d^efh 

d^eg* 

d'Pg 

d^e^h 

dH^fg 

dHP 

de*g 

ds*p 




















oft* 


— 
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6e» 








d^h 
d*eg 
d*P 
d^e^f 















d«c«fc 

de*g 
de^f* 


a6»c» 













d*g^ 

d*eg* 

d^Pg 

de'h 

de^fg 

djep 


a*6c» 
a6»o« 
6*0 


— 









d*e*g 
d^ep 
de^f 
«* 












a»6c» 
a*6»o 


6»c» 














d«i!t* 








d^gh^ 


d>esr^ 




defh^ 


d^Ph 




deg*h 


dV9' 
de*fh 








dPgh 

dfg* 




a^he 




de^g^ 




a»6» 




e»fc« 


d^^g 
dp 








e^fgh 








e*h 




eph 


eVg 




epg^ 


e^P 




rg 








d*eh* 




d«fc» 


dVgh 




degh* 


d*g* 




dph* 


de^gh 
dtf^h 








dfg'h 
dg^ 




a^e 




defg^ 




a*6« 




e»y7i» 


dPg 
e^fh 








e*g*h 
epgh 








C'flf* 




efg* 


e'Pg 




f'h 


eP 




/V 








d*fh* 




defc» 


d*g^h 




iVgh* 


de^h* 
d^gh 








dg*h 
e^gh* 




a^b 




deg* 
dph 








€ph* 
efg'h 








dPg* 




eg< 


e*gh 




Pgh 


e*ph 




Pg' 












dfh^ 
dg^h* 










efgh* 




a* 










eg*h 
Ph* 










Pg'h 










fg' 
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d'h 
d*eg 
d*P 
de^f 

6* 


bc^ 


— 










d^eh 

dVo 
de*g 
der 






d*fh 
d^g* 

defg 
dp 

e*P 



db*c^ 



d*gh 
defh 
deg* 
dPg 

eVg 

ep 







d'h* 
degh 
dph 
dfg^ 
e*fh 


ab*e* 
6*c* 












a*bc* 
a^b^c^ 
ab^c 
6» 



a6» 









a»6c 



dflr» 

eph 
efg' 

Pg 



dpi* 
dg^h 
e*h* 
efgh 

Ph 



dgh* 
e/7i» 
eg^h 
Pgh 

fg' 



dh* 
egh* 
Ph* 

fg'h 
g^ 



eh* 

fgh* 

g*h 



fh* 

g*h* 



?. -EH 



a«?) 



HZ 



bc^ 








d/% 
dg* 
e*h 
efg 
P 











abc^ 



dgh 
efh 
eg' 
Pg 



ab*c^ 



dh* 
egh 
Ph 

fg' 



a*bc^ 
db*c^ 



eh* 
fgh 

g' 



a*c^ 
a*b*c^ 
ab*c* 
b^c* 



g*h 



a'bc* 

ab^e* 
6'c 








gh* 







a*c* 


a'b^c^ 


a^b*e^ 


ab^c 


6« 



eh 

fg 



be* 



g' 



ae* 



— I gh 



abe'' 
b*e* 



~ h* 
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In this table 

Tr=29; ^=11; ^=7; /Q = 2j IiQ) = T, ll-i2(n) = 4. 

Hence the most contracted term is c^d^. 

The system of combinations of different letters of given weight, degree 
and extent (which is equivalent to a system of partitions, when multipliers are 
substituted for the indices) is arranged in what is intended to be eight columns ; 
but some of the columns, on account of their length, are broken up, the original 
columns being separated by divisional lines. 

The column first formed is not that placed at the left-hand side, but the one 
which is headed c^cT. This is supposed to be divided into two collections which 
are considered to be quite distinct* The outside ends of these are dragged 
simultaneously according to Arbogast's method of derivations, and the derived 
terms are put down in associated collections, as in the table. All the left-hand 
collections are between a and c, of degree 4; all the right-hand collections are 
between d and k, of degree 7. All the collections so formed are complete 
collections, because they are formed from complete collections by Arbogast's 
method, c^ is a complete collection of its own weight and degree between the 
letters a and c; and, being a power of the highest letter in its own collection, all 
terms of lower weight having the same degree and extent can be derived from 
it by Arbogast's method, that is, by dragging towards the lower end ; similarly 
for ^, interchanging lower and higher, etc. The total weight of the associated 
collections is unaltered, because at every simultaneous double derivation the 
weight of one collection is increased, and the weight of the other is decreased 
by one. 

If we started at the other end of the column and had given a* as one com- 
plete collection, and also all the terms of the associated complete collection 
between its most expanded term c?7i' and its most contracted term e*/, we could, 
by the reversal of Arbogast's method, that is, by double outside pushing, obtain 
the whole column in reversed order. 

We have next to explain and prove the method of formation of the adjacent 
columns. 



Let 



TF' + l, S' 



W, S^ 



- TF''-1, ^" 



- TF", /y" 



represent two associated pairs of complete 
collections of letters, the capital letters inside the boundary lines expressing the 
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weight and degree of the respective collections, the boundary lines themselves 
expressing that the collections are complete ; and, for brevity, let o be taken for 
the last letter of the left-hand collection, d for the first letter of the right-hand 

collection, as in the table. If we remove a letter d from 



W", S" 



we may 



balance this by adding c to W+lj S'\ , because c + 1 is equivalent to d, and we 



shall thus have obtained a portion of W + c + 1, S' + 1 ^ W" — d, S"—l 



but only a portion, because, though the right-hand collection is a complete collection, 
yet the left-hand collection only includes those terms which actually contain c. 
That the right-hand collection is a complete collection follows from the fact that 

there is no term of W" — d, S" — 1 which cannot be obtained from some term 



of 



TF", /S" which does contain d by the removal of a letter d. 



To obtain those terms of W + c + l, S' + 1 which do not contain c, we 



go back to the next higher left-hand collection in the previous column, namely, 
to W'+ 2j S\ pick the terms in it which do not contain b and add 6 to them ; 

which 



we thus obtain those terms of\W' + o+l, S'+ 1 or [TT^ + d, S'+l 



do not contain c, but which do contain 6; there are still required to be found 
those terms which contain neither b nor c, but which do contain a; for these we 

take those terms in I TT'+S, S' which contain neither b nor c and add a to them, 



and so on. In this way we should obtain an associated pair of complete collec- 
tions, \W'—d, S'+l\ -- \W" + d, ^^^— l] ; and from this, by double outside 



dragging, we could complete the portion of the column in which the left-hand 
collection has its weight less than W'—d, and the right-hand collection has its 
weight greater than W" + d. The other portion of the column may be obtained 
by double outside pushing instead of dragging. It will be most convenient to 

take for | Tr^+ 1, S'\ that left-hand collection which has the greatest weight for 

etc., having no existence, we 



the degree S'. For, in this case, TF'+ 2, S' 



need only add letters to one left-hand collection. Thus, in the table, from 

d* d' 

hf ePe' ^y cutting off d from ^e and attaching c to t^, we obtain (fd^e] and from 

this, by double outside dragging, the whole of the remainder of the column 
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headed by &d^e. The collections of this column have the degrees 5 and 6 
respectively instead of 4 and 7 respectively, 
c* 6^e 



Again, from 



6c* - 



6^^ 



, by removing a letter d from 






and adding a 



letter c to c*, we obtain c* 



d?^ 



, and from this, as before, we can obtain the 



whole of the remainder of the column. 

Similarly, from the column whose collections are of degrees S' and S^' 
respectively, we can form the column whose collections are of degrees 8' — 1, 



8" + 1 respectively, by removing a letter c from TT', /S" and adding a letter 
d to W" — 1, 8" with the corresponding additions where necessary. Thus, in 



4 J7 

the table, from , « ^ , by removing a letter c from 6c" and adding a letter d to 

eP, we obtain 6c*cP; and from this, as before, we can obtain the rest of the 
column whose collections are of degree 3 and 8 respectively. 

It may be considered easiest to obtain independently as much as possible 
of one column from a contiguous column, and then obtain the rest, if necessary, 
by dragging. Thus, from the bottom pair or expanded end of the column 
whose collections are of weight 6 and 5 respectively, by removing d from those 






, which is a 



terms of the right-hand collection which contain d, we obtain 
complete right-hand collection in the next column. 

To obtain the associated left-hand collection we add c to a^b ; also 6 to a*^^ 
the term in the preceding left-hand collection which does not contain c. The 



next preceding left-hand collection 
Hence 



a^6c 






a^hc 



has no terms containing neither 6 nor c. 



is the associated pair which is formed in the next column. 
All the rest of the column which is towards the top or contracted end may be 
formed in a similar manner; but the remaining two pairs 



a'b 


— 


h* 



must be obtained by dragging. 






gh' 



and 
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Properties of a Complete Table of Symmetric Functions. 

By Captain P. A. MacMahon, K. A,, Eoyal Military Academy, Woolwich. 



§1. In Vol. V, American Journal of Mathematics, Mr, Durfee has set forth 
the only complete and perfectly arranged table of symmetric functions in 
existence. 

I propose to establish some remarkable features of such a tabulation which, 
so far as my knowledge extends, have not as yet been noticed. 

If we represent the symmetric functions by partitions in ( ) and the literal 
products by partitions in ( )', Mr. Durfee's table exhibits each partition ( ) in 
terms of the partitions ( )', and inversely each partition ( )' in terms of 
the partitions ( ); say these constitute the first and second portions of the 
table; the secondary diagonal of the square is mainly composed of units, in 
the exceptional cases a zero replacing a unit. The first and second portions 
of the table lie, in the main, above and below the secondary diagonal ; the fact 
that this is not invariably the case being entirely due to the peculiar properties 
of the self-conjugate partitions; in both the 12*® and 13*® tables there are three 
such, with the consequence that the corresponding portion of the secondary 
diagonal becomes twisted about its middle point into coincidence with the 
principal diagonal of the square. 

The terminal units, whether lying in a principal or secondary diagonal of 
the square, are common to both portions of the table in such wise that any unit, 
together with the numbers in the same row or column lying left of it or above 
it, belong to the first portion, whilst the same unit, together with the numbers 
lying in the same row or column to the right of it or below it, belong to the 
second portion. 

It is important to observe that terminal units must lie either in the secondary 
or principal diagonal, and those in the principal diagonal correspond invariably 
to self-conjugate partitions. 

The number of partitions of the weight being uneven, the number of self- 
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conjugate partitioi^s is also uneven, and in this case one of the terminal units, 
corresponding to a self-conjugate partition, is at the point of intersection of the 
two diagonals, the remaining units being symmetrically distributed on the prin- 
cipal diagonal in adjacent squares ; on the other hand, if the number of parti- 
tions of the weight be even, so also is the number of self-conjugate partitions; 
and then there is no place for a number at the intersection of the diagonals, the 
self-conjugate units being now none of them in the secondary diagonal, but 
symmetrically placed about it in adjacent squares. 

§2, In the Quarterly Journal of Pure and Applied Mathematics, No. 85, 
1886, I gave the complete statement of the Cayley-Betti law of symmetry; viz. 
if any two results of the same weight be 



Ea..,.., 


..(^V-....) 


=^^j:v^-,....(xv"'....)', 


y . ■^x-'V'-' 


....(:iV ... 


.)=]^-»iv-....v"-..-y. 


^-^AV-... 


.^....... 


= 2^^ -^W"^. . . fik'^p.'^. . . . 



then 

I proceed to the application of this theorem. 

§3. Regarding the whole square as a matrix of order equal to the number 
of partitions of the weight, I consider a minor square matrix of any order 
whose secondary diagonal is coincident with that of the whole matrix; and for 
clearness I first suppose such a minor matrix to be situated so that its secondary 
diagonal contains only units, or, what is the same thing, so that it does not 
intersect or include the square matrix whose principal diagonal consists entirely 
of units. 

Represent any such minor of order s by 

an ai, a^ • • • a-i,#-5 %.#-4 <^,$s 
Oji otjj Oja ... Oj.t-B <H,$^i otj, #-8 
otji. a» ^88 ... as.t^B a8,#-4 <^Z,9-Z 

<^il Ct4j a48 . • • 0-4^,-5 <*4,#-4 ^ 

ttsi ttQ) a58 - • . Ot6,#-5 1 ^5, #-3 

ttji a^ aes ... 1 ^e, #-4 «6, #-8 

<*#-!,! 1 ^#-1. 8- • • ^#-1, #-6 ^#-1, #-4 ^•-l,#-8 ^#-1, #-8 ^•-1,#-1 ^tf-l.t* 
1 a«8 ^«8 • • • ^#,#-6 ^#,#-4 ^#,#-8 <*#.#-8 ^#,#-1 ^Mi 



«!..-. 


ai.«-i 


1 . 


a»..-i 


1 


Ou, 


1 


<h,*-i 


«8». 


O-i.t-t 


«4. »-l 


au, 


«6,.-» 


«»..-i 


«6». 


««. .-1 


««.«-! 


a«.i 
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wherein the a's and the a's belong respectively to the first and second portions 
of the table. 

Applications of the law of symmetry enable us to write down the e — 1 
relations : ^i , #-i + ^ = , 

ai, #-3 + «4, #-»ai, •-» + «4, #-iai, #-1 + a4, = 0, 

«!, #-4 + «5, f-sttl, #-8 + «5, #-jai, #-» + «5, #-iai. #-1 + «•• = f 
Oi, ,-5 + a«, #-4^1, #-4 + «e ,#-8^1, #-8 + ««, J-jOtl. #-8 + «6, J-l^l, #-1 + ^to = , 



ai8 + ^#-1. 8^13 + + «#-l, #-6ai, #-6 + «•-!, #-1^1, #-4 + «#-l. #-8^1, j-8 

«!! + a^au + a^s^is + +«#, t-Bai, #-6 + cr,, ,_4ai,,_4 + a#,#-8ai,t-8 

+ «#, #-8ai,*-8 +a#, f-iaLf-i +«## =0» 

which are very convenient for purposes of verification. Prom them is deduced 

— oj, 00....0 1' 

— as, 1 ^8, #-1 

— a^ .... 1 a^^ ,_, a^, ,_i 

— «5t ....0 1 Ob^^.j «5,#-8 «8.#-l 

— ««• ....1 ««.#-4 «6,#-8 Cf6,#-8 «6,#-l 



au = 



^M ^»8 ^»8 



^#-1. #-.5 ^'f-l. #-4 ^#-1, #-8 ^#-1. #-8 ^#-1, #-1 
<^#, #-5 ^».#-4 ^#,#-8 ^#,#-8 ^#,#-1 



-A, 



where A is a determinant of order « — 1 whose secondary diagonal consists 
entirely of units and having nothing but zeros above this diagonal ; so that 

and in the numerator, if we perform on the columns a cyclical substitution, so as 
to make the first column the last and then change the sign of the last column, 
we shall obtain a determinant multiplied by ( — )*~^; whence the sign of the 



fraction becomes 
and accordingly 



a„=(-)l'<-" 



( \«-i+J(»)(»+i)-i_ / \i«(»-« 

















. 





1 


<h* 


.0 


1 


«8. .-1 


<h. 


. 1 


«4, .-» 


«4..-l 


«4, 


. «5. .-8 


^5. .-1 


«5, .-1 


«6. 



a*~ 



'#-1.8 "»-l,4 



a. 



a* 



a, 



•i 



• ^»-l, #-3 ^#-1, #-8 ^tf-l.t-l «#-l,# 
•^#,#-8 ^#.#--8 ^'9,$-\ ^$$ 
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but the matrix of this determinant is, as regards the original matrix, none other 
than the matrix complementary to an, in which all the a's are put equal to zero; 
further, we shall find a^^ equal to the product of ( — )4«(«-i>+i+-' and the deter- 
minant of its complementary matrix, with the above convention as regards 
zeros. 

Again, consider any a element in the p*^ row and ^^ column a^, and in 
conjunction therewith the matrix obtained from the original matrix by deletion 
of the first p — 1 rows and the last p — 1 columns- 

The matrix now under view is of order s — p + 1 , and, by the theorem 
already established, the element considered is the product of ( — )4t«-p+i)(«-p)+«+i 
and the determinant of the matrix which is its complementary with regard to 
the matrix of order s — p + 1 . 

If we now form the complementary matrix of a^ with regard to the matrix 
of order s. we find that its determinant has the same numerical value as before, 
but that its sign is by the added rows and columns multiplied by 

/ \#4-#-l + .... + #-P+3— f \i(p-l)CU-P+»). 

whence the element a^^ is equal to the determinant of the matrix which is its 
complement with regard to the matrix of order s multiplied by 

( U(#-p+l)(#-p) + it + l+J(p-l)(2#-p + »)^ 

that is, by (_)i'(— i)+p+\ 

Similarly, the a's are expressed in terms of the a's, and we may enunciate 
the general theorem : 

" Given a complete table of symmetric functions arranged on the Durfee 
system, and isolating any square matrix of order s whose secondary diagonal, 
being coincident with that of the whole square, consists solely of terminal units, 
the value of any element belonging to the first or second portions of the table 
and situated in the p*^ row and x*^ column is equal to the product of , 

(_)it(t-i)+P+« 

and the determinant of its complementary matrix, when in such matrix all 
other elements belonging to the first or second portions respectively are replaced 
by zero." 

The theorem may be otherwise in part exhibited by writing down the 
identity 
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an 


ttu . . . . tti, ,_8 


ai..-i 


«1, .-1 


1 











1 


<!(« 





.... 


1 


««.«-l 


<h. 





1 


«4. .-» 


a*,, -I 


au 







1 .... a,_i, ,_j 


«»-!. «-l 


<»»-i.#-i 


a._i 


1 


««!•••• ««.»-8 


«#.#-l 


«...-! 


a„ 



= (- )*'^'"'Ma!i + a?»+ •..• + <•-« + a?,,., + of, •-1 + 1}. 
which follows at once from the foregoing results. 

§ 4. We might now investigate a similar theorem for those cases in which 
the matrix intersects or includes the matrix whose principal diagonal consists 
entirely of units, and the requisite modification of the determinant rule is easily 
reached. But, instead of doing this, I will indicate a slight modification of 
Durfee's arrangement whereby the law above established becomes universally 
applicable. 

It is well known, and moreover very easily proved, that a symmetric func- 
tion whose partition is self-conjugate contains one, and only one, term whose par- 
tition is self-conjugate ; the partition of this one term is identical with that of the 
symmetric function, and, as we know, its coefficient is a terminal unit; it hence 
follows that the matrix whose principal diagonal consists entirely of terminal 
units has every other element necessarily zero ; as a consequence, if we arrange 
the self-conjugate partitions of symmetric functions in any order and then place 
the self-conjugate partitions of the terms in the reverse order, we necessarily 
confine each portion of the tabulation to half a square and bring all the terminal 
units into the secondary diagonal. 

I therefore propose that Mr. Durfee's arrangement be modified in this man- 
ner, so that the self-conjugate partitions are arranged in only a quasi-symmetrical 
manner. The theorem of § 3 will then be applicable to each of the secondary 
diagonal matrices of the whole matrix. 

BOTAL HILITAB7 ACADBMT, Woolwich, England, July 8Ul 



On Binary Sextica with Idnear Transformations into 

Themselves. 

By Oskae Bolza. 



In the following investigation, which I have undertaken at the suggestion 
of Prof. F. Klein, I consider those binary sextics which remain unchanged (or 
are only changed by a constant factor) for certain linear transformations of the 
variables. In the first section 1 determine all the binary sextics of this special 
character; in the second section the relations are established which in these 
cases exist between the rational absolute invariants of the sextic; and a 
completion of a theorem of Clebsch^s is given, concerning the possibility of 
transformation of one sextic into another by linear substitution. Finally, in the 
third section I examine the corresponding relations between the transcendental 
absolute invariants, that is to say, between the ^-moduli Tu, r^, r^. 

The subject is of interest for the theory of the hyperelliptic modular func- 
tions ; for if we represent a system of values of the three complex magnitudes 
"^m '^iMi '^w l>y means of a point in a space of six dimensions, it can be shown 
that the aforesaid relations between the r,^ represent the edges* and vertices of 
the fundamental region ("Fundamentalraum") for the hyperelliptic modular 
functions. And the question, under what conditions a sextic can be transformed 
into another by linear substitution, is closely connected with the question 
whether the rational absolute invariants are single-valued ("eindeutig") func- 
tions of the variables Tu, t^, r,,. 

Section I. 

Determination of all (lie Binary Sextics with Linear Transformations into 

Themselves. 

§1. 

I say, for shortness, that a sextic /(ai, «») remains unchanged for the substi- 
tution xi = px[ + qx!, \ .J,. 



48 Bolza: On Binary Sextics with Linear Transformaticms into Tliemselves. 

if AXy,^)=f{x^,^) = cf{x[,xi), (1) 

c being any constant factor. 

It is clear that the entire system of the substitutions which leave a given 
sextic / unchanged, form a grcup^ O ; we shall show that this group is finite^ 
provided the substitutions /S'be reduced to the determinant 1; that is, 

p(]f-p'q=l. (2) 

Proof. The roots a< of the equation /(oti, ar,) = 0, which we suppose to be 
all different from each other, are connected with the roots a[ of the equation 
/ (zi, »ij) = by the relations 

«*'=4^'(^=''' '^' ^'^ 

accordingly each root a[ corresponds to one of the roots a^. Now, if the substi- 
tution S leaves the sextic / unchanged, the roots a< must be identical with the 
a<, only in different order; therefore, to each substitution 8 which leaves/ 
unchanged, corresponds a definite permutation, 



=(:i) 



of the roots a<, which is determined by the equations (3). 

It is easy to see that the permutations a corresponding to the linear substi- 
tutions S likewise form a group, r, which is isomorphic with the group (?, and 
to each substitution of Q corresponds a single permutation of P. 

Conversely, to the permutation 1 of the group V correspond all the substi- 
tutions of O which satisfy the conditions 

a[ = a< , 
that is, j'a* — q 

or, —A? + (2> — ?') tti + 2 = 0, 

for i = 1 , 2 6 . 

This equation, considered as an equation with the unknown a<, can be 
satisfied in two different ways : 

1). The coeflBcients may not be all = 0. In this caae the equation /= 
has only two distinct roots, and / is reducible by linear substitution to the form 

here the group of substitutions which leave / unchanged is evidently infinite. 
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2). All the coe£Scients may be = 0; that is, 

y= 0, i> = 3', ?=0; 
therefore, because of (2), 

p= + l, 5'=+!, or^= — 1, ^= — 1. 

That is to say, to the permutation 1 in the group T correspond in the- group 6? 
the two substitutions 

Xi=z + xi, xj = + cc,' , and Xi= —xi, X2=^ — «» • 
Excepting the trivial case where /= a^'a^, we have therefore the result: 

The group T, which contains certainly only a finite number of distinct 
operations, is hemiedrically isomorphic with the group 6? of homogeneous substi- 
tutions of the determinant 1, and it is holoedrically isomorphic with the 
corresponding group of non-homogeneous* substitutions. Thence follows 
immediately that the group (r is a finite group, which was to be proved. 

§2. 

The group O being a finite group of binary substitutions, must be one of 
the following well-known groups if 

1). The self-evident group xi= ± xi, x%= ±i Xf, 

2). A cyclic group. 

3). A diedron group. 

4). The tetraedron group. 

5). The oktaedron group. 

6). The ikosaedron group. 

The group Xi = d= a:i, ar^ = ± scj leaves every binary sextic imchanged ; to 
each of the other groups belong three canonical invariant groundforms ; deno- 
ting them in the notation of Klein by -F\, jP,, F^, any binary quantic which 
remains unchanged for the group in question is reducible by linear transforma- 
tion to the formj 

F^FiFgU, {A^'^Fl^ + 5W jv«) , (4) 

the A^^j Bf^ being any constant factors ; the a, ^, y , Vi, r^ being integers. 

* ConcerniDg the difiference between homogeneous and non-homogeneoas substitutions of. F. Klein, 
Vorlesungen fiber das Ikoeaeder, p. 44. 

t Cf. F. Klein, 1. c. p. 115. J Cf. F. Klein, 1. c. p. 49. 
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We have, then, only to seek, for each of the above enumerated groups, all 
the cases where the expression (4) represents a sextic. 

Excluding the cases where / has equal roots, we easily find the following 
result : 

Any binary sextic f with linear transformations into itself (except of course 
the transfonnations Xi = ± xf, a, = d= a^g), and whose roots are all different from 
each other, is reducible, by a linear substitution, to one of the following canonical 
forms : 

{Cyclic group n = 2) 
IL/=z,(«J + ^) 

( Cyclic growp n = 5) 
lll.f-z^z,{z\ + aM + 4) 

{Diednron group n = 2) 

{Diedron group n = 3) 

^.f=^ + A 

(Diedron group n = 6) 

{Oktaedron group) 

The inequalities for the parameters a, ^ which must be added in order to 
discriminate between the different cases, are given in the following section. 



(A) 



Section II. 



The Relations between the Rational Invariants. 



§3. 

We now purpose to find the necessary and suflBcient criteria that a given 
binary sextic be reducible by linear transformation to one of the above enume- 
rated canonical forms. 

These special sextics have been examined by Clebsch in his ** Theorie der 
binaeren algebraischen Formen," and more recently by Maisano in a paper 
"Sulla sestica binaria" (Atti della R. Accademia dei Lincei, 1883-84). 
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For the first two cases the criteria in question are completely given by 
Clebsch in the form of relations between the invariants of the sextic. Using 
Clebsch's notation,* they are 

I. /= 2j + a^:^ + PAA + A. 
i2=0, A^^A^ — A^^>0.'\ (5) 

ii./=«i(2! + ^), 

J[z=0, 5 = 0, (7=0, D>O.X (6) 

The criteria in the other cases are given by Maisano as the vanishing of 
certain covariants. But in these cases also they can be expressed by relations 
between invatiantSy as we shall show. 

The subject is closely connected with the determination of the conditions 
that a sextic / be transformable into another f by linear substitution. In 
general, the equality of the corresponding rational absolute invariants of / and 
f is necessary and sufficient^ as Clebsch has proved§ with the aid of the typical 
representation ("typische Darstellung") of the binary sextic by means of 
quadratic covariants. But whether the same condition is sufficient in those 
exceptional cases where the typical representation is impossible, has not yet 
been investigated, so far as I know. And as the canonical forms III to VI of 
our table (A) are the most important of these exceptional cases, I shall answer 
this question in what follows. We denote with Clebsch : 

/= aj = Officl + 6aixlxf + IdOfficipi + 2003x5^^ + ISa^oJxl + 605X10^ + a^i, ^ 
i = {aiyalbl = Ofpci + 4aiaja52 + eocgO^al + 4a3aia| + a^Q4i 



I = {aiyal , m = (t7)'i* , n = {imfil , 
A={aby, B=z{iiy, G={iiy{ii")\V^i)\ 
D — {nl)\ R = — {lm){mn){nl) . 
Moreover, ^^^^^j^y^^c+^AB, 

A,^ = {lmy=z-^{B'+AG), 
A,;, = {Iny = D= (mm') = A^^, 
A^^ = {mny = ^BA,^ + i- GA,,, 

A.n={nn'y=^BD + ^GA,^. 



(7) 



(8) 



* Cf . the f oUowing page. 



t Cf. Clebsch, 1. c. p. 455. 
i L. c. p. 421. 



t Cf. Clebsch, 1. c. p. 457. 
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The typical representation is then, and only then, impossible when the 
three quadratic co variants I, m, n have a common factor. According to the 
investigations of Clebsch and Maisano, this can happen in two different ways ; 
either I vanishes identically or, I being different from zero, m differs from I 
only by a constant factor.* 

§4. 
Let us first examine the case 

1=0. (9) 

We then have from the formulae (8), 

-4«=0, ^,,.= 0, D=0. (10) 

Conversely, from these three equations follows Z= 0. For Ay being = 0, we 
may put 1=7^. 

If 7o were different from zero, we should infer from 

that 7n, = 0, 

and from 2) = — 2mJ = 0, that nii = 0. 

Therefore we should have 

that is to say, m would differ from I only by a constant factor. Now, Clebsch 
has proved the two lemmas,t "If m vanishes identically, I must vanish also," 
and "If 771 = const. 7, and Z^ 0, Z cannot be a complete square." Thence follows 
that Zo must be = 0; we have.therefore the lemma : 

The covariant condition 1 = is equivalent to the invariant conditions 

Ai=0, -4,^=0, D=0. 

Now, if for a binary sextic / the covariant Z vanishes identically, the following 
cases are to be distinguished :J 

1), If at the same time -4 = 0, 

the sextic / has a quadruple, a quintuple, or a sextuple factor, and the three 

other invariants vanish also, 

5 = 0, C7=0, D = 0. 

2). On the contrary, if -4^0, 

* Clebsch, 1. c. p. 487, and Maisano, 1. c. p. 83. t L. c p. 445 and p. 441. 

t Cf . Maisano, 1. c. p. 82. 
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the sextic/is, by a linear substitution of the determinant 1, reducible to one of 

the two fonns « (^J + 2^) i ^ < j 

or QaziZ^ (2} + 2^), a < 0. 

In the former case we have besides jB ^ , in the latter, -8=0. 

Herewith are the criteria for the two cases V and VI of the table (A) 
reduced to relations between invariants, but they admit of further simplification : 

a) /=a(zJ + 24), a>0; 

then we may replace the equation Ai^ = of the system (10) by QB — A* = 0, 
and the inequality -B^ follows from J.^ 0, so that the criteria for this case are 

6jB — J[» = 0, 2G+\-AB = 0, jD=0, (11) 

here the criteria are jB = 0, (7= 0, 2? = 0, (12) 

§5. 
We pass to the case where ?^0 and m differs from I only by a constant 
factor ; that is, m = M, or, (?m) Z^w, = 0; (13) 

then, according to the two lemmas of Clebsch's cited in the foregoing paragraph, 
k is certainly ^ and the two factors of 7 are different from each other, there- 
fore -4« < ; besides, n = P7 ; thence follows 

DAii = -4^^, Aff^Aii = Ai^D. 

Conversely, from these two equations and the inequality -4«^0 follows the 
relation (13), 

For, All being ^ 0, we may write ^ 

Z= il^xix^^ and Ti^O. 
Thence follow 

7n = — 2^1 (oioi + 2a^x, + a^^, 

n= — 2?i((aoa8 — aia»)ai + 4(aia8 — (4)aia5|+ (ai^* — a«as)c4), 
All — — 2?, ^,^= 45a,, Ai^ = 85(aia8— a|). 

The equation DA^ = ^J^ then becomes 

aia8=0. 
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We may assume ai = , then we have 

Am = 45 (4a| + o^i), A,^ = — SZJoJ, 

therefore the equation A^A^ = AiJD 

becomes a^^=0, 

and the three covariants I, m, n have the common factor x^) ^ being at the same 

time ^0. Now, Maisano has proved,* "If 7, m, n have a common factor, they. 

have also the other factor common " ; we have then the lemma : 

The covariant conditions 

(?m)Z^w, = 0, Z^O (13) 

are equivalent to the invariant conditions 

DAn = AU, A,„A„ = A„Z), (14) 

Now, from the relations (13) follows that the sextic / is reducible by a 
linear substitution of the determinant 1 to one of the three forms f 

a {4 + oi44 + 4), oa (a» + 50) ^ 0,t 
Qazjz, {4 + a44 + 4), aa (9a» — 100) ^ . § 



In the first case we easily find ^, L ^s _ q 2AB 15 C7 = • 



6 



in the second case, G* — — J^=0, 2AB-15G>0; 



6 



(15) 



in the third case, ^, — B^> o 

Therefore the relations (14), together with (7«— -i jB»=0, 2AB—15C—0, 

are the necessary and sufficient conditions that a seztic be reducible by linear 
substitution to the form 

20a^4 + <^\4 + <^Aj 

and similarly for the two other cases. But these conditions can be further 
simplified. An easy calculation leads to the following results : 

*L. o. p. 84. t Cf. Maisano, 1. c. p. 84. 

t If a« + 50 were = , the sextio would be reducible to 6a'«i«'a {s^^ + ^'2*) • 
J If da» — 100 were = , the seztic would be reducible to a* (s^^ + «? ). 
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a). For f=^Oa^^-\-af^^-\-a^, (16) 

the necessary and sufficient conditions are * 

3 . 5». 5 = 2». A\ 3«. 5». C = 2*. J[», Z\ 6»2) = 2'. ^«, (17) 

Moreover, / A 

«» = v-^' 

Os and Of are completely independent of the invariants. 

I). For f=a{4 + oM-\-4), (18) 

oa (a* +50)^0, 

the necessary and sufficient conditions are 

(P — ^m — Q, 9)D — 2B{6G+AB) = Q, (19) 



D>0, 2AB—lbG%0 
Moreover, 1 /2AB—\bC 



3 



D^O, C» — -^^>0 



(20) 



" = ^QV l5(7-2^ j 
as from the conditions (19) follow: 

the expressions of a and a can never become infinite or indeterminate. 
Finally, we have for the covariant I the expression 

I = */— 2AuZiZt. (21) 

c). For / = eazyza (4 + a44 + 4) , (22) 

aa(9a»— 100)^0, 

the necessary and sufficient conditions are 

ZAB*—QBC + 4A*G—18D = 
4B'+6ABG+6G* —ZAD = o 



(23) 



In this case, the proof being more complicated, we shall indicate it in a few 
words. The two equations (23) can be written in the form 

6Z>= 2AAi^— BAu, 
AD=2BAt,+ CAu. 

* These conditions are given by Maisano, 1. c. p. 85. 
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Thence we deduce 

D being supposed ^ , we have also A^^ ^ , A^^^Q, and from DAu — A\^ also 
-^«< 0* W® niay then divide the two equations 

by each other; we thus obtain 

Therefore the three conditions (14) can be deduced from the two equations (23) 
and the inequality D^O. But the conditions (14), together with the inequality 

(7* ^ 5® ^ 0, are suflScient, as we have seen above. 

As to the parameters a and a , we have 

2V W^ \ (24) 



a =10^ 



JB'+AO 



2A}B—SAG—lSB^i 

For the covariant I we find 

l = \^—2AiiZiZ^. (26) 

§6. 

We can now answer the question proposed in §3. Suppose f or f io be 
one of the above enumerated exceptional sextics for which the typical repre- 
sentation is impossible ; and suppose it be possible to find a quantity r different 
from zero, such that between the invariants of the two sextics the relations 

exist: A = r^A, B = r^B, G' = 7^C, D=7^D, (26) 

we must then examine whether these conditions are sufficient for the possibility 
of transformation of / into f by linear substitution. 

We choose as an example the case where between the invariants of / the 
relations (19) exist: 

a*— -^5«=0, 92?— 25(6(7 + ^5) = 0, 
/)>0, 245—15(7^0. 
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We can then reduce /to the form 

From (26) we have also between the invariants oi f the relations 

G'^-^ B^= 0, giy— 2ff{6G' + A'B) = 0, 
iy>0, 2A'B — 15G'>0, 
and we can therefore reduce /' to the form 

»(• + a'^iV + «»•, 
where ^,^^^ rWr+A^ ^ 

^16a — 2A^B 
But from (26) we have a' = ± a. 

We may assume a' = + a; for, if a' were = — a, we should return to the former 
case by applying to the variables ziz^ the substitution »{ = »{', 2^ = — z^^. Thence 
we immediately infer that /can be transformed into/' by linear substitution. 

Exactly the same considerations are applicable to the cases where / is 
reducible to one of the canonical forms 

4 + 4. 

ziZi{4 + 4)- 

But the proof evidently fails in the cases where / has a quadruple, a quintuple, 
or a sextuple linear factor ; for it is impossible to discriminate between these 
three cases by invariant conditions, as in each case we have 

^ = 0, jB = 0, (7=0, D = o. 

Finally, in the case of a triple factor, 

/= 20082^21 + QaiZi4 + a^, 

the equality of the absolute invariants is likewise insuflBcient. For, as the 
absolute invariants are, in this case, completely independent of a^ and a^, the. 
three cases of— 

1). One triple and three simple factors, 

2). One triple, one double, and one simple factor, 

3). Two triple factors, 
give the same values of the absolute invariants of /. 

vol.. X. 
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The exceptional cases being thus completely discussed, we may express the 
theorem concerning the transformation of two sextics into each other in the 
following form : 

Two binary sextics which fuzve no triple, quo/dnruple^ quintuple, or sextuple 
factors, can he transformed into eaxJi other by linear substitution, if their correspond^ 
ing rational ahsolvie invariants are equal ; but the equality of the absolute invariants 
is not sufficient if one of the two sextics has such a multiple factor. 

§7. 

We now revert to the binary sextics with linear transformations into them- 
selves ; the criteria that a sextic be reducible to one of the canonical forms (A) 
being established in §§3, 4, 5, there still remains to determine the linear suhstitur 
tions by means of which this reduction is to be performed. 

In each of the four first oases of the table (A) there exists a quadratic 
covariant which, by introducing the canonical variables Zi, z%, takes the form 

Const. ZiZ^. 

We then obtain the substitution in question by putting Zi and z^ equal to the 
two linear factors of that quadratic covariant, multiplied by suitable constant 
factors. For the first case the quadratic covariant is (?m)?^m^;* for the second, 
7n;f for the third and fourth, l.% 

In the two last cases all the quadratic covariants vanish identically; a 
different method must therefore be applied, which is founded on the fact that 
the determination of the canonical variables Zi, z^ is identical with the solution 
of the form-problem (**Formenproblem"§) belonging to the group of linear 
substitutions in question. v 

In the case of the diedron group n = 6 (case V of our table), the absolutely 
invariant groundforms are|| 

*. = M. *. = (ip)'. *. = 55(^ . (27) 

* Cf . Clebsch, 1. o. p. 457 and p. 109. t /Met p. 467. 

tCf. the equations (21) and (25). 

i By the *^ Formenproblem '' belonging to a finite groap O of homogeneous linear substitutions of 
the variables ^i , 2, , Klein understands the following problem : The values of aU the invariant ground- 
forms of the group O being given, to determine the corresponding values of the variables Zi,z^. 

II Cf . Klein, Vorlesungen fiber das Ikosaed«r, p. 08. 
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They are found to be covariants of the sextic/, viz. 

where T={aH)alHl, 

To find the canonical variables Zi, Zt, we have therefore to solve the 
problem : The valaes of the invariant groundforms of the diedron group w = 6 
being given, to determine the corresponding values of the variables Zi,z,, and 
this is exactly the form-problem belonging to the group in question. 

The solution follows immediately from the equations 

i±4__j_ 

For the case of the oktaedron group (case VI of our table), the invariant 
groundforms are * 

^, = 4-1444 + 4, \ (29) 

^, = [s^ + SS44 — 33zM - ^[m (4 ■ 

they are covariants of the sextic/, viz. 

The determination of Zi and % can be performed with the aid of the 
resolvent of the third degree, 

16-4^^ + 6H^ — :^ = 0, 
3 

the three roots of which are 



z\ + 4W 



4>i= (%%)*, 4>a — J} , Y's — 



whence z^ and z^ can immediately be calculated. 

The same method is applicable to the determination of the canonical 
variables in the other cases of the table (A), but the formulae are rather 
complicated. 

*Cf. Klem,Lc. p. 68. 
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Section III. 
The Relations between the ^-Moduli. 

The conditions between the algebraic invariants of our special sextics being 
established in the foregoing section, we now proceed to determine the corre- 
sponding conditions between the transcendental absolvie invariants ; that b to say, 
between the ^moduli t^. 

Using homogeneous variables, we put, with Klein,* 

V7(«i^) I (31) 

^~J V7(W J 

the lower limit of the integrals being any fixed point in the Kiemann's surface 
belonging to the irrationality ^-^^aA' , Let 



'^-r- 



(32) 



«1 <*Uf <»1»> <^) <^i 
Uf Ogi, Oft, Ofg, On 

be a system of simultaneous normal periods f for the two integrals, and let K, 
be the path of integration for the periods Uu, (Osi- Putting, then, for shortness 

Pa = (^if^ik — «!»«»<. 
the ^moduli r^ of Weierstrass are defined by the equations 

T^=^. (33) 



Tu — — - , Tj, — — — — — - — T,i, 
Pa Pa Pu 



Pa 



In order to determine the relations which must exist between these magni- 
tudes T^, if the sextic /{ziz,) be one of our canonical forms (A), we first apply 
to the variables any linear substitution 

z,=jofzi + ^zi y (34) 



^/(2l, 2») 

Denoting, then, hj u{, u^, the integrals 



—m + q^ ) 



«i 



/ _ Pzii^d zj 



zjdej) 






(35) 



* F. Klein, Hyperelliptische Sigmafunotionen, Math. Annalen, Bd. 37. 

t'^Nonnale Periodicit&tsmoduln," according to Glebsch and Gk>rdan, or ^^P6riodes normales,^' 
according to Briot. 
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and by oii and 6)^« those periods of t^ and v^ which belong to the path of integra- 
tion Ki, corresponding to the path jffi, we have for the magnitudes rj^ the 
fundamental equations * '5ri^ = 'T.^ ; (36) 

that is to say, the r^ are transcendental absolute invariants of the binary 
sextic/. 

The equation (36) holds good whatever the sextic / and the substitution 
(34) may be. Let us now suppose / to be one of the six canonical forms (A) 
and (34) one of the substitutions leaving the function / unchanged, so that 

fKzD = c/{zi,zi). (37) 

Assuming for simplicity c = 1 , the magnitudes 

G)u, Ojj, 013, ^14 

are a system of normal periods o/tlie same integral i^i, differing from 

^ii> ^> ^1S> %4 
only by the path of integration. Therefore the periods Ou can be expressed by 
the 6)11 by means of a linear substitution, 

(^li = ^ii(^n + w<j%» + Wis^is + ^iif^if (s) 

and likewise c^ii = ntno^i + fnt^o^ + m^^c^ + ^<4^m» 

the integers m^ satisfying the known bilinear relations. 

Thence follows a system of formulae expressing ri^ by Tu, r^i r^, which, for 
shortness, we write * r!^ = ^afi (tu, r^, r^). (38) 

The r^ being homogeneous functions of order zero of the o^, we obtain the 
same equations (38) in the case where the constant factor c in (37) is different 
from unity. Combining the two equations (36) and (38) we have 

^^ = ^•^('rn, Tm,^^,); (39) 

that is, three relations between the moduli t^, and these are exactly the rela- 
tions we had proposed to find in the beginning of this paragraph. Interpreting 
the relations (39) in a little different way, we have the following proposition : 

If the sextic f remains unchanged for a group of linear svhstitutions of the 
variables Zi,z^, any system of ^-moduli Tn, Tj,, r^, belonging to ^s/f remains likewise 
unchanged for a corresponding group of linear transformationa of (lie periods. 

And we may add as a corollary: Of these linear transformations of the 

* Cf . Klein, HypereUiptische Sigmafunctionen, Math. Ann. Bd. 27, p. 487. 
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periods^ only thoee can be congruent to identity modulo 2* which correspond to 
the substitutions ei = ±2i» z%^:^±z^y 

as we easily infer from the conclusions of §1. 

§9- 

Conversely, if the system of 3^modttli t^ remains unchanged for a linear 
transformation b of the periods, not congruent to identity modulo 2^ the sextic/ 
remains unchanged for a corresponding linear substitution S of the rariables z^ , %, 
different from aj = db «i, a, = zh Zj|. 

To prove this we transform the sextic / into the canonicid form of Richelot 
belonging to the system of 3-moduli t^. If, to fix the ideas, we suppose the 
path of integration K^ to include the two branching points ("Verzweigungs- 
puncte") oi and a,, K^ the points a^ and a^, jKJ the points a, and ai, -K^ the 
points a^ and as, Richelot's moduli x*, 7?^ (i? are given by the formulae 

^ _ (gs — «4X««— «5) _ ^^ 

^ ~(as-a«)(a«-aJ-t?L^/ 
3. denoting a, = 3^(0, ; Tu, r^, Tm).. 

The sextic /is then transformed into 

F = Const, y^y^ (y, — yiXy, — «*yO(yi — ^Vi)(y« — i^Vi) 
by means of the substitution 

yi=(a8 — %)(«! — 04%) J /fm 

y2=(a8— a^X^ — asz,). 

Suppose, now, tu, rij, t» to be any other system of ^moduli belonging to the 
same sextic /and derived from t^, tu, t^ by means of a linear transformation 
8 of the periods, then the corresponding moduli of Richelot, x'*, ^l", il^^ can be 
derived from jc*, ^*, ^* by applying a certain permutation 



^_ /«!, a,, a,, a4, %, a^N 
\a^ ai, a^, o^, a^, a^/ 



*A linear transformation of the periods is said to be ^* congruent to identity modulo k^"^ if all the 
coefficients are divisible by ft except those in the principal diagonal, the latter being congruent to 
1 (modulo k). 
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to the roots a<, and the seztic/ passes into the form 

F = Const, yiyi (y', - yO(yi - i^iKKPi - ^"^^Pi - i^^yO 
by means of the substitution 

yi = (ai — a^(zi — a^) , ,™»k 

yi = (ai-ai)(2i-a^). ^ ' 

If, now, we suppose the transformation ^ to be one of those which leave the r^ 

unchanged, so that ''f'lp = '^.^i 

we have ^(0, 0; rj[i, t^, tn)a=^{^, 0; Tu, r^, r„)., 

and therefore x^ = x*, A,'* = 7.\ (i'^ = [i\ 

Thence we infer that the sextic / is only changed by a constant factor if we 
apply to the variables Zi, z% the combined substitution TT^^. Moreover, if the 
substitution s is not congruent to identity modulo 2, the permutation a is 
diflFerent from identity, and therefore the substitution TT^\ considered as non- 
homogeneous, is dififerent from identity too. Thence the substitution TT''\ 
considered as homogeneous and reduced to the determinant 1 , is different from 
2^ = rh Zi, 2^1 = db 22, as was to be proved. 

§10. 

We now proceed to the application of the method above explained to each 
of our canonical forms (A). 

I. Case : Using non-homogeneous variables 

we write f{z) = a* + az* + /^z* + 1 . 

The roots of /(z) being in pairs equal and of opposite signs, we choose their 

order so that 02 = — otj, a4 = — aa, a5 = — ag. 

The periods may be calculated in the following manner : 

Starting from the point ai, we join the branching points in their natural 
order by any line L nowhere cutting itself; and we call that side of the line 
positive which is on the left when we pass along the line in the direction from 
tti through og . . . . to a^. We choose as connections* ("Verzweigungsschnitte") 

* The expression " connection ^' has been introduced by Cole. 
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of our Biemann's surface T the portions aiOg, a^i, ascxj of the Ime Z, and we 
define as the upper leaf the one for which 

V7(o)= + i. 

Denoting, then, by F^^ either of the integrals 

r^ zdz Po^ dz 

taken along the positive side of the line L in the upper leaf of the surface, a^ 
being accordingly On or (d^^, we may write 

6)8= 2Fw, 04= 2F^. 
The substitution g' = — z 

leaves /{z) unchanged : /{^) =/{z) , 

and the line L is changed into the line B obtained by turning the whole plane 
through an angle of 180*^ around the point 2; == 0; by this operation the branch- 
ing points are interchanged according to the permutation 

<r={aia2){afi4){a^s), 
or 01 = 02,02 = Oi, etc. 

We now construct a second Riemann*s surface T with the connections 0^03, 0904, 
050e along Z', the upper leaf being again defined by 

v7(o) = + i, 

and we complete the correspondence of T and T determined by the substitution 
g' = — z by requiring that the point z = 0, \//(«) = + 1 of T corresponds to the 
point 2^ = 0, V7(?) = + 1 of 2^. 

Denoting by -»// {z) the value of vy(z) in the point z of the upper leaf of T, 
and by 4^ (2) the value of \^/{z) in the same point z of the upper leaf of 2^, 
we easily find the plane of the variable z to be divisible into four annular 

portions (see Fig. 1), so that y^ = + 1 in the shaded and = — 1 in the blank 

portions, the full lines in the figure representing parts of the line X; the dotted, 
parts of L'. 



i 

1 

K 
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i 




Pig.l. 

We may now easily determine the transformation s. For instance, 

where I[^ extends from 1' to 2^ along the positive side of L in the upper leaf of 
T. We see from the figure that along this path 

we may therefore calculate ///y also in the surface T along L in the lower leaf, or 
by deforming gradually the path of integration, along the negative side of L in 
the lower leaf, that is to say, along the positive side of L in the upper leaf from 
(X3 to tti. Therefore 

6){ = 2^V = + 2/a = — 2/u = — «i. 
In like manner we find 

Q^= 2/^,4.= + 2/34 =^|, 

(4= 2IU^=-2F^=-2F,,+ 2/,, = Q8-(03, 
G)i= 2li^= + 2i^8o= 2i^«— 2/u = (04 — oj, 
which is, indeed, a "canonical substitution"* of the determinant 1. 

The corresponding formulaB for the transformation of the ^moduli are 

whence we have, putting r!^ = r^j 

1 

as the relation between the r^ which we seek. 



VOXI.Z. 



* Gf . Clebfloh and Gordan, AbePBohe Fimotioiien, p. 800. 
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The result agrees exactly with the following theorem of Weierstrass * and 
Picardf concerning the reduction of hyperelliptic to elliptic integrals : 

** If any integral of the first species (Gattung) and the first order (Ordnung) be 
reducible to elliptic integrals by a rational transformation of the k^^ degree, 
there can always be found a corresponding system of 3-moduli in which 

Applying to the periods the linear transformation 

6)1 = G)l — 6)4 , 

02 = — "4 » 

0^=0)2— W3, 

whence follow 

- ^iL^« M2 - ^12 4" ^11^ 2 8 ^12 - 1 + 2ri2 -}- ^11^28 ^12 

Til — ' ^ > ^13 — ~ » '^aa — ^ — i 

'23 "23 ^22 

we may give the relation T12 = -^ also in the form 
which will be useful afterwards. 

§11. 

An analogous proceeding being applicable to the other cases, I confine 
myself to giving for each of them the figure which shows the paths of integra- 
tion and the value of '^{=jM » the linear transformation of the periods and the 
resulting relation between the r^ . 

IL Case: /(z) = (z^ + 1)2. 

tti = e '^ , 02= e^ , a3 = e 5 , a4 = — 1 , aj = c ^" , ag = . 

* Acta Mathematica, Bd. 4, p. 400. 

t BuUetin de la Soci6t6 mathematique de France, Tome XI. 
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3(4') >-* 

^^(''^ f{z) = em^f'{^), 

^/J'(z) _ J + ^^ i^ the shaded portion, 
V/(2) ^ — e"^ in the blank portion. 
Thence oi = 6)3 — 6)4, 

(j^= — 0)1 + 6)3, 
04= (Ji «2 + ^3> 

and Tn = 1 — a*, ^^12= — ^ — p*» ''^ss = ^ • 




Fig. 2. 



III. Case: 



/(z) = 2(2^ + az«+l). 



ttg = 0, tte = 00 , 03= — ai, a4 = — ag, ai— — , as — — . 

«8 "4 



/(^=/'(2') = -/(z'), 
V/'(2)_ . ^ 

+ in the shaded portion, 
— in the blank portion. 
Thence (j^ = — cjg , 



and 




^= 


til, 




c^ = 


— 


W* + <■>!. 


^',= 


Us 

1 


— (Hi, 



'^M— '^2-- 



a J = 6ai , as = e^ai J 



a4= 6a2, aa = 6V3| ^^^ 1 ^ ^ ^ /f 
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^MS") 




Here we have in the whole plane 



Thence 



V7W 






(4= — "l — ^» 
^ and the resulting relations are 



(JO 



Fig. 4. 

which may also be given in the form 



V. Case 



f{z) = 7f^ 1. 



— irf 



.'S^ „ o'i^ „ — ,•», 




?1 



y 

+ in the shaded portion, 
— in the blank portion. 



Thence 



a){ = 6)8 — 04, 

G)^ = — C^, 

(1)4 = — (1)1 Wg. 



The square of this transformation being identical with the transformation of 
Case IV, we find ^ _ - _ A i <r,, = J i- 



or, 



''fu — *^22 — 



2>v/3 



; ^^12 = 



2 • 
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VI. Case; 



/{z) = z{^+l). 




SH 



5iri 



/w=/'V)=»/(^). 

+ in the shaded portions, 
— in the blank portions. 
Thence 

^2 = — Wi + "a 0)3 + "4, 



"3 = 



— (Jl — CJs, 

Wl — (Jg + ^ . 



Fig. 6. 



The square of this transformation being identical with the transformation of 

Case III, we find — 1 + V2 _ 1 

'^n — '^a — 2 ' '^^^ — -2" • 

On comparison of the different cases, the relations between the r^^ for the 
function 2 (z* + 1) appear as a special case of the relations for «(z* + az^+ 1), 
the latter being themselves a special case of the relations for 2" + o^j* + ^'s? + 1 , 
as was to be expected from the fact that the cyclic group {n = 2) is contained as 
a subgroup in the diedron group (n= 2), and the latter in the oktaedron group. 
An analogous remark may be made respecting the three groups, cycHc w = 2, 
diedron n = 3, and diedron w=6; and respecting the three groups, cyclic 
n = 2, diedron w = 2, and diedron w = 6. 

A few words may be added concerning the suflSciency of the relations 
between the r.^. Taking for instance the Case V, 



'^u — '^ag — 



2V3' '^^ 2 ' 



we find first that r^ remain unchanged for a linear transformation whose period 
is 6.* Thence we infer as above, §9, that /must remain unchanged for a corre- 
sponding substitution of the variables possessing likewise the period 6, and 
therefore for all the substitutions of the diedron group for n = 6, q. e. d. 



^ Any operation T is said to possess the period /i , if /u is the least possible integer for which T'' = 1 . 
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In the case of 



'^i2 = -2"' 12TnTsa+l=0, 



we find similarly that / remains unchanged for the substitutions of the diedron 
group n = 3 ; but, that F may remain unchanged for no other substitution, it is 
necessary to add a certain inequality, expressing the condition that Th, i,2i '^n 
be not reducible by a linear transformation to the values 

- _- _ i ~ _ 1 

which are characteristic for the diedron group n = 6 . A similar remark is 
applicable to the other cases. 

We conclude by combining in a table the relations which exist for the 
sextics with linear substitutions into themselves, on the one hand between the 
rational invariants, and on the other hand between the t.^. 





Canonical form. 


Invariant criteria. 


Relations between the ^a0- 


I. 


^+a2}4+i3z?s^ + 4 


R = 0; 


r.-\ 


II. 


21 K + ^) 


A = 0, B = 0, (7=0; 


r„=l-e* 1 ^, 
ri,= — £*— e* |-e=eB 

7is= 2", 
ru = '-M 

1 
^w — "2 ' 


III. 

IV. 




3>1B« — 6fi(7+44»C— 18D=0, 
AB?-\-bABG-^ 6C»— 3^Z>=0; 

9D— 2B(6C+^fi) = 0; 
D>0, 2^5— 150^0 


V. 


^^ + 4 


D = 0; 
^^0 


r«=-2 , 

• 

^12 = 2" ' 

^11 ^22 2 


VI. 


zxz»{A-\-4) 


£ = 0, C=0, D=:0; 



(£) 



QdTTiNGBN, August, 1887. 



On the Transformation of Elliptic Functions (Sequel). 

By Prof. Cayley. 



The chief object of the present paper is the further development of the 
pa/(3-theory in the case n = 7 . I recall that the forms are 

dy pdx 

where _ ^ (/> + A^ + A^x^ + a?) 

The paragraphs are numbered consecutively with those of the former paper "On 
the Transformation of Elliptic Functions," vol. IX, pp. 193-224. 

The Seventhic Trans/or mation : the pa-Eqiuition. Art. Nos. 51 to 57. 

51. The equation is given incorrectly Nos. 7 and 42; there was an error of 

sign in a term 512a'p, which affected also the coefficient of op, and an error of 

sign in the absolute term 7 . The correct form is 

p« — 28p* — 112ap'^ — 210p*— 224ap^ + (— 1484 + 1344a*) p* 

+ (464a — 512a»)p — 7 = 0; 
or, arranging in powers of a, this is * 

a^512p 

+ a«.— 1344p* 

+ a.ll2p«^+224p3 — 464p 

— (p' — 28p« — 210p^ — 1484p* — 7) = b. 

This may also be written in the forms 

(a— l)]a^512p + a(— 1344p* + 512p) + 112p'^ + 224p»— 1344p» + 48p} 

-(p + iy(p-7) = o, 

and 

(a + l)]al512p + a (— 1344p*— 512p) + 112p'^ + 224p« + 1344p» + 48p} 

-(p-iy(p + 7) = 0. 
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To simplify the pa-equation we assume A = 8pa — 7p* ; then the jlp-equa- 
tion is A^ 

+ ^p»(14p*— 119p*— 58) 

— p* (p« — 1 26p* + 280p* — 1078p* — 7) = ; 

viz., this is a cubic equation wanting its second term, and so at once solvable by 
Cardan's formula : say the equation is 

A' + Ap'q,-p\ = 0, 
where 

q^ = 14p*— 119p*— 58, 

ri = p« — 1 26p« + 280p* — 1078p« — 7 . 

7 
It is convenient to recall here that, writing <t = , and B = 8a/3 — 7<t*, we 

have between a, P, B precisely the same equations as between p, a, -4; p= 1 
gives <T = — 7 , and we have as corresponding values a = — 1, j4 = — 15, 
/3 = — 1, B=- — 287: these are very convenient for verification of the for- 
mulflB. Similarly p = — 7 gives <t = 1 , and then a= — 1 , -4 = — 287 , /3 = — 1 , 
£ = — 15 ; but 1 have in general used the former values only. 

52. We have A =/+ g, 



where 



¥9 = —p^qu 



and thence /« -g'= p's/ri + ^f . 

We have identically 

27 (p**— 126p«+ 280p*— 1078p*— 7)* + 4p*(14p*— 119p*— 58)« 
= (p« + 75p^ — 141p» + l)*(27p* + 122p» + 1323) 

[p= 1, this is 27.930» + 4(— 163)»=: 64^1472; that is, 23352300 — 17322988 

= 6029312, which is right] ; but it is convenient to divide by 27, so as instead 

• 122 

of 27p* + 122p* + 1323 to have in the formulae p* + -y p' + 49 , or say 



p*+irp> + 49(ir=^:;=v 



27 
122\ 
27 7' 
Hence writing f^ = p* + 75p* — 141p* + 1 , 

5 = p* + irp> + 49, 
4 
we have *i "^ 27 ^^^ ~ ^^ ' 
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and consequently 2/* = p* {r^ + ^\/5) , 

53. It was easy to foresee that the cube root of Vi ± <i\/3 would break up 
into the form (J7± \^S)^W±:\^S, and I was led to the actual expressions by 
the identities 

20 (14p* — 119p* — 58) = (19p» — 53)* — 3 (27p* + 122p» + 1323); 
that is, 203^1 = (19p*— 53)*— 8l5, 

and 27 (p* — 7)* — (27p* + 1 22p* + 1323) = — 500p*, 

27(p* + 7)» — (27p*+ 122p*+ 1323)= 256p*; 

or, as these may be written, 

(p.-7)'-i = -^p', (,^+7)'-J = f|,'. 

We in fact have further the two identities 
1000 (p«-f- 75p*— 141p» -f- 1) 

= {(19p» — 53)»+ 243(iy— 53)(p*+ Kp* + 49) f 

+ { 27 (19p»- 53)» +729(p«H- Kp* + 49)K-p»+ 7), 

— lOOOCp'— 126p«+ 280p*— 1078p» — 7) 

= ](19p»— 63)»-|-243(l9p*— 63)(p*+irp»+ 49)}(— p»-f- 7) 
+ J27(19p»— 53)» +729(p*+irp»+49)}(p*+Jrp»+49), 

viz., writing 19p» — 53 = 9 IT", — p» + 7 = TT, 

these equations become 

^^ <i = lPi-sm + (3t7» + 5) W, 



729 

1000 

729" 



-^r,z={lP+Sm)W+{3lP-\-S)8, 



and we have thus 

and the like equation with — V^ in place of \/5. 

54. In part verification of the last-mentioned identities, observe that in the 

first of them, putting p = 1 , and comparing first the coefficients of p* and then 

the coefficients of p®, we ought to have 

1000= 19^+ 243.19 — (27. 19* +729), = 11476 — 10476, 

1000 = (— 53*— 243.53.49)+ (27.53* + 729.49) 7, =—779948 +780948, 

VOL. X. 
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which are right ; and similarly in the second equation, comparing first the coeffi- 
cients of p* and next those of p®, we have 

— 1000 = (19' + 243.19)(— 1) + (27.19»+ 729), = — 11476 + 10476, 
+ 7000 = (— 53'— 243.53.49)(7) + (27.63»+ 729.49)49. 
= _ 5459636 + 5466636, 

which are- right. 

55. We have now -4 =/+ gr, where 



9 = -4^iU'^^^)\/i-f?{W + Vi), 



10 ^ ' " '^ 2 
(where observe that, multiplying these two values, we have 






that is, 

27 ,,^ .. 27 . 20qi 1 . 

which is right). Or, finally, substituting for J7, W, S their values, we have, for 
the solution of the ^p-equation, J. =/+gr, where 



/= - ^ (1 V-53 -s^p*^Kf.*+49)'>y-^ />. j_/,.+7-v//+jr/,»+49|,(jir= ^), 

56. In the case p = 1, a has a value = — 1, giving for A, = 8pa — 7p*, 
the value — 15 ; and, in fact, here p* = 1, and the J^quation becomes 

A*—16SA+ 930 = 0, 
that is, {A + 16)(^» — 16^ + 62) = 0, 

the roots thus being 

^= — 16, ^ = 4-(16±»V23). 



To verify in this case the values given by the solution of the cubic equa- 

122 _ 147S 
■27"' ~ 27 



122 1472 

tion, observe that for p*= 1 we have 5 = 50 + -97-1 = "07"' ^^^ therefore 
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-t W23 8V69 , rr IV— 53 —34 , _-. , , „ 

V5=^^. =^V~' *^°' ^~~9 ' ~~9~' andTr=— p»+7, =6. 

Hence Cr+V« = =^i±^^, and 



hence 

but the cube root is = -^^ (3 +V69^), and we have (17 — 4V^)(3 + V69) 
= — 225 + 5 V^, = 5 (—45 +\/69); that is, (7 = 4" (— 45 + V69). Simi- 



larly /= — ( — 45 — \/69) . We have thus the real root / + gr = — 15 , and 



the imaginary roots /j + gro* or /o* + flw, = x- (c* + (o*) + -r- V69 (o — o'), 

viz., the first term is =-^ and the second is ± — V69,tV3, =dt -jr-iV23; 

thus the roots are — (15 ± iV23), as they should be. 

57. I found, by considerations arising out of the new theory Nos. 72 e< seq.^ 
that writing for shortness m = iV3, then, for p = wi — 2, the pa-equation has 
a root a = m; the corresponding values of -lip* thus are J.= 12m — 31, 
p* = — 4m + 1 , viz., substituting this value for p* in the -4p-equation, there 
should be a root J. = 12m — 31. The equation becomes 

A^+ A (3704m — 7653) + 148306m + 206162 = 0, 
or, as this may be written, 

(j4— 12m + 31){^» + il(12m — 31)+ 2960m + 4062} = 0, 
and the roots thus are 

A= 12m — 31, 

31 . 1 



il=:_ 6m + -g-db Y^— 12584m— 16777, 
where the square root is not expressible as a rational function of m , 
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Expression of ^ as a Rational Function of a, p. Art. Nos, 58 to 66. 

7 
58. Writing a = , we have /3 the same function of a that p is of a; 

hence if 5 = Sa^ — 7(t*, the J?(T-equation is 

+ £a*(14cr*— 119a»— 58) 

— <T*((T»— 126a«+ 2800*— 1078(T*— 7)=0, 

and the expression for B in terms of a is obtained from that of A by the mere 
change of p into a. Say we have B =:f' + g^ where 

then we have 

= -7r^4•p'('^'-^'J). 



.ndrimilarly ^|^(^,+ ^y)= _ ^^|^(^+^j). 

The cube roots which enter into the expression of B are thus identical with those 

in the expression of A , and it hence appears that B can be expressed rationally 

in terms of j4, p; or, what is the same thing, p can be expressed rationally in 

terms of a , p . 

59. The h priori reason is obvious: the pa-equation is a cubic in a, but of 

the order 8 in p; hence to a given value of a there correspond 8 values of p. 

Similarly the a/?-equation is a cubic in /3, but of the order 8 in (T, or if for a we 

7 
substitute its value = , then we have a p/3-equation which is a cubic in |3, 

r 

but of the order 8 in p . In the absence of any special relation between this 
p/3-equation and the pa-equation, there would correspond to each of the 8 values 
of p, 3 values of /?; that is, to a given value of a there would correspond 
8 X 3, = 24 values of (3. But, in fact, to a given value of a there correspond 
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only 8 values of /? , and the two cubic equations are related to each other in 
such wise that this is so; viz., the relation between them is such that it is possible 
by means of them to express ^ as a rational function of p, a. 
60. Returning to the investigation, we have 

9U'= 19(T*— 53, =^^ — 53; 
_ P 

or, writing 63 CT = 53p* — 931 , 

this is U'= — ^U, whence f7' ± V*' = — -^ {U=f^/S). 

Hence writing 



we have /= -^(^7- V^)©. / = --^-^(0'+ V^)^, 

SO that, putting for shortness 

L=-^iU-VS), L=- 10 7-(f^-V«). 

Q Q 49 

we have A = U + M^, B = Le + Mp, 

where 6*, ^ and 6^ are each of them free from any cube root ; we have, in fact, 

and it may be added that 

SLM6^ = — p^g'i, whence LM=. — qi, 

these are, in fact, only the equations obtained by writing Z6, M^ in place of/, g 
respectively. 

61. In the case p = 1 we have cr = — 7, the equation for B becomes 
BP + 13585255 + 413536578 = 0; 

that is, {B + 287)(fi« — 2875 + 1440894) = , 

and the roots are 

— 287 and -i- (287di497iV^), or, say — 7 .41 and y (41 zb 7UV23). 
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,—- 8 a/69 •/! 1 

We have as before, V 3= -g— , and \/ — ^{W-\- Vi) = -g-v'si + 12^^69 = (?; 

, =r —878 . rr . /« 2(— 439 + 28V69) ™. ,, , 
also, U= -gg— , whence £7 + Vi = -^ g^ . We thus have 

= — ^r^(— 439 + 28^69)^^81 + 12V69, 
or, putting for the cube root its value = — (3 + V69), this is 

/ = - -^ (- 439 + 28V69)(3 + V^). = - ^ + ^ V69. 

287 497 

Similarly gr' = ^V69; and forming the values f + s^, of + «Vi 

(«>!A+ o^, we have the real root — 287 and the imaginary roots -^ (287± 497iV 23), 
as above. 

62. We have the equations 






from which, eliminating d, ^ so far as thej present themselves linearly on the 
right-hand side, and in the resulting equation replacing 6^ and LM6^ by their 
values, we have _ 

B, L, M =0; 

A, L, M 

that is, 

B {I}^ — MY) = ^ {L'le' — M^M^^) — ^f(j}^l. p^q.yLM— LM) . 
This may be written 

B^WS = A[-^^[{U-^m^-^^)^P*iW-^S) 
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where the terms in [ ] contain each of them the factor a/ 6. Omitting this factor 
from the equation, and multiplying by p', we have 

^P'^= ^ ^^{^^t(^ + 2^^+ ^) ^+ U*U+i2U+ U)S] 

which I verify at this stage by writing as before, p = 1 . We have £= — 287, 

34 gyg 

A= — 15, <i=-64, «7a= — 163, 1^=6, f7= — -g-, Z7=— g^-jand, 

omitting intermediate steps, the equation becomes 

««« «. 81.49/2496000 2233600\ 81.49 „.^,^^ ,„„„„ 

2"-«* = -100-(-56-7 667-)' = ioOe? ^^^^OO , = 18368. 

which is right. 

63. We require the values of (t7'+ 2UW-\-6)W+ U*W+ {2U+ 'U)B, 

and of JT" — U: I insert some of the steps of the calculation. We have 

IP + 2UU+ h = -^ |(133p»— 371)(239p»— 2233) + 63»(p*+ 49) + 3.49. 122p»} 

= -^ |36756p*— 3677 24p» + 1022924 f 

~W^ 1277p*— 13133p» + 36533}. 
Multiplying by TT, = — p* + 7 , we have 
(TP-^2UU+i)W=-^{— 1277p«+ 22072p*— 128464p» + 255731} 



667 

4 

6103 

81.63 



= ^{— 11493p»+ 198648p*— 1166176p»+ 2301579} 



^* ^= «™ (IV - 53)'(53p» - 931) 



= 5^ {19133p«— 442833p*+ 2023911p^— 2615179}, 

{2U+ ^)3 = g^(319p»-1673)(27p*+122p^+1323) 

= ^^{8613p*— 6253p*+ 217931p»— 221379} 

~ra •{26839p«— 18759p*+ 653793p»— 6640137}, 
whence 
J7*F+ (217+ F)3 = 5^ {44972p«— 461692p*+ 2677704p»— 9255316} 

~5^ Ul243p«— 115398p*+ 669426p»— 2313829}. 
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Hence, adding, we obtain 

= g^ { — 260p« -I- 83250p* — 486760p» — 1 2260 } 

= ^{ P*- 33V+ 1947p»+ 49}: 

and we have at once 

64. We now find 

BpHi = — 7 A (p« — 333p* + 1947p* + 49) 
-56(3il»+2p»g0(p' + 7), 
viz. substituting for ^ , qi their values, this is 

Bp*(p* + 75p* — 141p» + 1) = — 7A (p«— 333p* + 1947p» + 49) 

- 66 (3^»+ 2p»(14p<— 119p» -f l))(p*+ 7), 
which is the value of B, expressed rationally in terms of p, .<!; it will be 
observed that B is obtained as a quadric function of A, which is the proper 
form. 

Writing p = —l, we have ^ = — 16, 5= — 287, <,= — 64, qi = — 163, 
and the equation is 

287.64=105.1664 — 56.349.8, =174720— 156352, = 18368, 

which is right. 

66 343 
66. Writing for B, A their values = /8 -j- , and 8pa — 7p*, we have 

p4^_ ^ ^ _ ?^^ <i = (— 56pa + 49p^)(p« — 333p* + 1947p» + 49) 

— 56 (192pV — 336p»a + 147p* + 2p»^,)(p» + 7) ; 
that is, — 66p''/3<i = — 56 . 1 9 2p» (p» + 7) a* 

— 56pa(p*— 333p*+ 1947p» + 49) 
+ 56.336p»a(p»+ 7) 

+ 49p»(p»— 333p* + 1947p«+ 49) 

— 56 (I47p* + 2p»(14p*— 119p» — 68))(p» + 7) 
+ 343p»(p« + 75p*— IVp' + 1) , 

where the fourth and sixth lines unite into a term divisible by 56 , viz. omitting 
in the first instance a factor 49, the lines a,re 

p" — 333p* + 1947p* + 49p» 
and 7p* + 525p« — 987p* + 7p», 
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which together are = 8p^ + 192p* + 960p* + 56p*, 

and hence, restoring the factor 49 , the lines are 

= 392 (p» + 24p* + 1 20p* + 7p») , 

and the formula now easily becomes 

p»i3^= 192p(p»+7)a* 

+ (p* — 669p* — 405p* + 49) a 

+ p(21p«— 63p*— 1593p* — 861), 
where the last line is 

= p (p* + 7)(21p*— 210p*— 123). 

66. Hence, finally, substituting for ^ its value, we have 
i8p'(p'+75p*— 14y+ l) = 3p(p«+ 7)(64a»+ 7p*— 70p»— 41) 

+ a (p«— 669p*— 405p» + 49), 
which is the expression for /? as a rational function of p, a. 

Here p=l,a= — 1,^ = — 1 give 64 = — 960 + 1024 , which is right , 
and again p=: — 7,a= — 1,/? = — 1 give 
— 49 (117649 + 180075 — 6909 + l) = — 21 , 56 (64 + 16807 — 3430 — 41) 

— (117649 — 1606269 — 19845 + 49); 
that is — 49.290816 = — 1176.13400 + 1508416, 

or —14249984 = — 15758400 + 1508416, which is right. 

Tfie a^'Differenlial Equation. Art. No. 67. 

67. We have. No. 10, d^ _ ^ dxx 

^—1~ 7 a»— 1' 
and it should of course be possible to verify this equation by means of the 

pa-equation and the value just obtained for /?. But the expression for -^ given 

by the pa-equation is of so complicated a form that I do not see in what way the 
verification will come out, and I have not attempted to effect it. 

The Coefficients Ai and A^. Art. Nos. 68 to 71. 

68. These are given by the formulae No. 47, viz. we have 
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where -^ and /S have each of them to be expressed in terms of p, a; we have 

thus Ai and A^ each of them expressible rationally in terms of p, a; but I have 
not attempted to effect the substitutions. 

69. The five equations of No. 42, merely collecting the terms, are 
12^, — QA\ — iaAi + p* — 7 = 0, 

(— 6^1 — 32a + 2p») At — 2A\ — 8 Jj + 30p = 0, 

(p» — 4) ^1 + (— 4Ji — 8aA + 6) ^ — bA\ + (2p» + 4p) A^ — 72ap = 0, 

— 2^i^| + {(2p» — 4) ^1 — 6p} At — 4pJJ — 32pa^i + 2p» + 28p = 0, 

— 3il| +(— 4p^i4- 2p»— 8ap)J, + p»^f + 10p4,— 6p»=0, 

which would of course be all of them satisfied by the values of J., , ^1, as rational 
functions of p, a, viz. the substitution of these values in any one of the equations 
would give a function of p , a containing as a factor the expression on the left- 
hand side of the pa-equation. 

70. Or again, the equations should determine A^ and A^ as rational functions 
of p, a, but there is no obvious way of finding such values in a simple form. 
We of course have 1 24, = 6 JJ + Sa^i — p* + 7 , 

and using this value to eliminate A^ from the remaining equations we find the 
following four equations : 

JJ.30 4--4!(120a— 6p») -f- ^1 j 1 28a» — 8p»a — 3p* 4- 69} 

4-a(— 16p*+ 112) -f-p'— 7p»— 180p = 0, 
A\ (36p« — 432) 4- 4Ja (96p» — 1344) 

-H .4J {a*(64p» — 1024) — 12p» + 48p* -f- 84p» — 624} 
+ Ji{a(— 16p*-|- 160p*+ 112p» — 644)-|- 288p»+576p} 
-f- { — 10368ap + p^» — 4p« — 14p« — 16p* -J- 49p» _ 308} = 0, 
JJ. 36 4- -4}. 96a -h A\ \ 64a» — 12p* — 72p» -|- 208 } 

+ JJ {a (— 16p* — 96p» -H 304) -|- 604pf 
+ -4i{a.2692p + p''— 12p«+ lOp* -|- 84p»— 119} 
+ Sep"— 144p'— 2268p = 0, 
4J. 36 -i- .if (96a -h 96p) 4- A\ \ 64a' 4" 320ap — 1 2p* — 96p» 4- 84 } 
4- A { 266a»p 4- a (— 80p* 4-112) — 16p» — 368p} 
4- {a (— 32p» 4- 224p) 4" p" + 8p* — 14p* 4" 232p» 4- 49} = 0, 

and we could from these equations obtain various rational expressions for j4j and 
its powers, but these would apparently be of degrees far too high in p and a . 
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71. It is to be remarked that for p = 1 , a = — 1 , the values of Jli, A^ are 
-4i = jij = 3 , viz. these belong to the solution 

_ a;(l+3a^+3g^+g') _ ^ dy _ dx 

and that forp = — 7, a= — 1, the values are -4.i = — 21 , J, = 36 , viz. these 
belong to the solution 

_ —nx^Zb7?—2lQ? + x^ « dy _ —7dx 
y~ 1 — 21aj» + 36a:*— 7a;« ^^ 1 + y* " 1 + x^ ' 

For example, the equation 12-4, = 6A\ + iaA^ — p* + 7 becomes, for the first 
set of values, 36 = 54 — 24 — 1 + 7 , and for the second set of values, 
420 = 2646 + 168 — 2401 + 7 , which are each of them right. 

New Form of the Seventhic Tram/ormation. Art. Nos. 72 to 83. 

72. For the quartic function 1 — 2oLa? + a*, the coeflScients a, 6, c, (2, c are 
= 1,0, r-a, 0, 1, and hence the invariants /, /and the discriminant A are 

o 
/=l+i-a»,= -i-(a»+3), 

A = /»— 27 J», = -^ Ua*+ 3)'— (a"— 9a)» } , = (a»— 1)», whence ^ A = -v'^?^. 



This being so, then assuming ^ ^ X°^~J- 

the differential equation 



f=P^^~l 



dy pdx 



VI — 2)9j^ + y* Vl — 2a^ + a;* 

becomes 

_J/V^}dy_ _ p4/~a^^^ldx 
VI — 2^y» + y* VI — 2aaj'+^ ' 

viz. this is, for the radicals V 1 — 2aa* + x^ and V 1 — 2/3^ + y*, the form 
considered by Klein in the paper ** Ueber die Transformation der Elliptischen 
Fonctionen und die Auflosung der Gleichungen fiinften Grades," Math. Ann., t. 
XIV (1879), pp. 111-172, I notice that there is some error as to a factor 7, 

and that p is equal to the 2 of p. 148, not as might appear = — 2. 
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73. The modular equation presents itself in the form given p. 143, viz. 
this is 
J: J— 1:1 = (t*+ 13t + 49)(t*+ 5t + lf\{i^+ 14t»+ 63t*+ 70r— 7)»: 1728t, 

with the like relation in JT, y, and then tt^zh 49. We have thus J, J' each 
given as a function of t, and thence by elimination of t we have the modular 
equation as a relation between the absolute invariants J, J'. ButT=j>', and 
for the form I — 2aa:* + a*, as appears above, we have 



hence Klein's 


J *•= A '= (a»-l)» ' 
equation 

- (T« + 14T» + 63r»+70r— 7)» 

"* 1728r 


becomes 
or say 


o» — 9o _ p»^- I4p«+63p« + 70p»— 7 
a*—\ ~ ip .' 

«« 4- 14n« 4- 63n* -4- 70n» 8 Z'" ~ ^"^ r> 



(which is the equation p. 148 withp for z), viz. this is the j:>a-equation connect- 
ing a with the new multiplier p. It will be observed that it is of the degree 
8 in ^, and the degree 3 in a, viz. it resembles herein the foregoing pa-equation, 
but the form is very much more simple, inasmuch as the a enters into a single 
coeflScient only. The equation may also be written 

(p*+5i>»+l)V+13i>"+49)-64|^^|^=0. 

74. Using for shortness a single letter m to denote the value i\/3, we have 
a^ — da + Sm{a^—l) _ / + 14p^+ 63^ + 7()p«+ Ump— 7 
a»_9a — 3m(a2 — l)~/+14p«+63p*+7()p»— 24mp — 7' 

. / q + wi \ _ (/ — mp + iy(j>»+ 3mp — 7) 

^^*^^® \a — mj ~ {p' + mp + lfip^—^p — l) ' 

or say a + m _ p^ — mp + l ^V p' + 3mp — 7 

a — m p'-f-mp-l- 1^^ p^ — 3mp — 7 ' 

which is another form of the ^-equation. 

76. We had t =i>*, and similarly writing r' = 5*, then tt' = 49 =^Vj ^* 

must be assumed that pq=z— 7-, (i is then the same function of q which a is of 

p, viz. we have ^ + m _ ^ — mg + l y ^+3mg— 7 

/9 — m g>4.m3+lV^«_3^_7- 
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These equations in a and /? contain the same cubic radical, viz. we have 
and similarly 






5>_ 37n^ — 7 = — ^ (2>' — 3W2> — 7). 

Moreover 

2»- ^5+1, =^4-^+1, = 2.(^+7m2> + 49), 
and similarly 

^+ mq+1 =-p-(y— 7wp + 49), 

and we thus obtain 

P + m _ p^ + 7mp + 49 8/^+3^^7 
i9— m"!)* — 7wip + 49^p' — 3mp — 7' 

whence, eliminating the cubic radical, 

P'{-fn j>* + 7mp + 49 j>' + mp + 1 a + m 

^ — m p^ — 7mp + 49 p* — »»p + 1 a — m ' 

viz. this gives /? as a rational function of a, ^. We in fact have 

o- a(j>^ + 29j>^ + 49)-2^(p»+7) 
^ P- a.8j>(/+7)+(2>*+29/+49) ' 

76. The differential relation ^_ = -y — ^ — - , substituting therein for p 

its value, becomes dp _ p^ da 

(^_l)i— 7 (a»— !)*• 

But, from the expression for —^ — , we obtain 

a — m 

da(-l '-) 

\a -|- «i a — m/ 

_, f/ 2p — m 2p-fm N,!/ 2p + 3m 2p — 3ot \1 

~ -^iVj)»— mp + l ~j^^n^ + lj "^ 3 V + 3»»j)— 7 ;,»_3mp — 7^)' 

or, omitting from each side a factor — 2m , 

da _ / — p'+l j)» + 7 \ 66^ 

a»^ 3 — »P (^p*4.5p»+i +y + 13p» + 49^ ~ (/+ 6p» + IX^)* + 13p» + 49) ' 

But we have, No. 73, 

a' + 3 (p'+6p*+l)(y^+13p^ + 49)i 

(o»— 1)1 -^^ 
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and thence 

da 14dp 

(a'_l)f ~ j,}(p*+ 13p*+ 49)* ' 
and similarly 

dfi _ 14dg 

7 
The equation q=> gives 

^ = ^» ifJ(j*+135» + 49)* = 49^-'^(;?*+13i)'+49)*, 

and we thence have 

d^ _ 2pt dp _ J^ da 

(^-l)»~(y + 13p» + 49)!'- 7 (a»-l)J' 

the required relation. 

77. From the value of p we have 

dp__d^ . i_!^_i:^ 

which, substituting for d/? its value, becomes 

-^ , "i*^ f « i_ t.\ 

- p ■^(a»_l)}l(a»_l)i (^-l)t 7j' 

1 

1 d/o _ 1 dp "8" f a /? pM 

p da~ p da "*'(a»— l)ll(a» — 1)^ (^—1)* 7 I' 

which, however, is more conveniently written 
1 djo 1 dp -JT / /9 «\ 

and then substituting in the formulae for Ai , A^ we find 

A=7(a'-l)-l^-|a + i-,3p-, 

i- A = 7 (a'- 1) J--^ - i-a - i ^f', 
/> ^ ^ p da 6 6 '^'^ 

^expressions which give, as they should do, A^ — pAi = — {ap — Pf)\ . In 
these last formulsB p is to be regarded as standing for its value, = p « ^ . 



or say 
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78. To further reduce these values, consider the expression of /? given No. 
75. If for a moment we represent this by 

/? = 5^^, where i^=/+2V+ 49, (? = 8^(p»+7), 
then we have 

P ^— {Ga + Ff 

or, multiplying the numerator and denominator each by Ga + jF, so as to make 
the denominator a perfect cube, ihe numerator becomes 

GiF' — G»)(a3 - 9a) + F{F' — 9(?)(a» — 1), 

and putting for the factor O of the first term its value = 8^ (p* + 7), we thus 

a»— 1 (Oa + Ff ' 

viz. in virtue of the jw-equation, this is 

^ — 1 _ (J^ — fl«)(j)« + 7)(/ + 14p« + 63p« + lOp"— 7) + F{F*— 9GP) 
a» — l"" {Oa + Ff 

This numerator is = (^p* + 6^ + 1)V; i° ^'^^ ^® ^^^^ 

{F* — G*Xl^ + 7) = p^ -\-pO-\- p'+ 7p* + 343p» + 16807 , 
F*—9GP = J)"— 6182)«— 7125^—25382/+ 2401, 

and thence forming the two terms of the numerator and adding them together — 
for shortness I write down only the coefficients — we have 

1 15 78 154 567 22113 257390 1082802 1174089 —117649 

1 —489 —22098 —257389 —1082802 —1174089 117649 

= 1 15 78 156 78 16 1 
viz. these are the coefficients of (p* + 5/ + l)'i>*' Hence 

a» — 1"" {Ga-\-Ff ' 

or, extracting the cube root, and for O, jf substituting their values, 

>s?^^^=^l _ (/ + 5p' + l)y« 

-^?^:ri " 8|)(p» + 7)a +p« + 29i>» + 49 ' 

and thence also 

,_ 8p(y>-f7)a+y + 29p« + 49 

P- p' + 5p' + l 

viz. we have thus p* expressed as a rational function of^, a. 
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79. It will presently appear that p is in fact expressible as a rational func- 
tion of p, a, but I am unable to obtain this expression in a simple form. 
Admitting that p is thus expressible, a direct process for obtaining the expres- 
sion is as follows. Writing 

and by means hereof introducing ^ in place of a into the equation 

a»— 9a 
a« — 1 



p^+Up^+ 63p^+7 oy — 8 j> "*, ^^ — 7=0, 



we have for | a cubic equation, 

ae + H^ + c^ + d=o, 

where the coefficients a^h^c^d are given rational functions of ^. This equa- 
tion may be written 

ah{^'\-^r + Ve + d^ + d=0, 

where 6' = 6 — 2a3, d =^c — o^* ; and the last three terms will be a square if 
only d^ — Wd = ; that is, if 

(a^> _ c)* + 4d(2a3 — 6) = 0, 

a biquadratic equation in ^ which (p being expressible as above) must have one 
of its roots = a rational function of p. Calling this 3, we then have 

^m + ^)'+ y (*'^ -»" T «')= 0. orsay y(^ + ^)» + -1 (j'^ + \-e^^Q, 
hence ..^ , i , 

where ^ denotes a linear function of a as above ; the quadric radical will have a 
rational value, and the form of the equation thus is 

_ Aa-\-B 
^~ Oa+D' 

where A, B, G, D are rational and integral functions of p. But I am not able 
to carry out the process, 

80. As shown, No. 78, we have 

Multiplying by the value of (3, ante No. 75, we find 

o ,^ (y + 29j>' + 49)a-24p(p» + 7) 
'^P jj*+5p'+l 
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and we can hence find Ai and -4, by the formulsB 

or, for the second of these we may write 

i-A=A+^(a-i3p»). 

But in a different point of view, regarding only p*, but not p, as a given function 

of j9, a, we must to these equations join the equation 1%A^=. 6-4} + 8a^i — p*+7 , 

ante No. 69, and we have thus equations for the determination of J-i, A^, and p. 

81, We have 

A _ ip' + 6p* + l)(j>^ + 13y' + 49) a» - 1 
* %p o» + 3 

_T_ a(p« + 29p» + 49) — 24y(y»-f 7) 

6 " 6(j>* + 5i)»+l) 

where the second line is 

^ a(-p«_j,»+7)-4p(p»+7) 
^ + 5^ + 1 

Uniting the two terms, we have a denominator 8^ {p* + 5/>* + 1) , and in the 
numerator a term 8^' which may be got rid of by means of the jw-equation ; 
the numerator thus becomes 

= 96^(— jp* — ^4- 7)— 128/)»(p»+7)a 

+ (a»— l){(-2>* -_p» + 7)(/ + 14/ + 63/ + 70/— 7)f 
+ (/ + 5/ + 1) V + 13/ + 49) — 32/ (/ + 7) , 

where the whole divides by ip, and we finally obtain 

, _ 12(-/— /+ 7)— 16p(/+ 7)a +(a«— l)p(/ + 17/+ 102p<+ 225p« + 97) 
^ (a' + 3)(|,« + 5/+l) 

Proceeding to calculate the value of ilj -f- -5- (a — /3p* ), we then have 
1 , o„,x_ -8(P^ + 2)« + 8p(/ + 7) 

Multiplying the numerator and denominator by a* + 3 , we have in the numerator 
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a term in Sa' which may he got rid of hy means of the ^-equation; the 

numerator thus becomes 

l2{—p*— 9p*—9) + Up {p* + 7) + (a»— 1)^ {/ + 17j)« + 102/)*+ 225/ + 97 } 

- ^-4- ip' + 14/ + 63/ + 70/ _ 7) + 8 (/ + 7), 
and we finally obtain 

± A — 12(— p«— 9/— 9) 4- 16^(/ + 7) 4- (a«— l)p-^{p* + 11/+ 37/+ 2(y + 2) 
P '~ " («' + 3)(/ + 6/ + l) 

82. The expressions obtained above for p*, Aj, J, are of the form 

p— g ,^1— S{a* + 5) ' (,*~ /S(a»+"3) 
where 

Jf=/+29/+49; N=Sp{p'+7)', iS' = /+5/+l, 

Pi = 12(— /— /+ 7)—p (/+ 17p«+ 102/+ 225/+ 97), g,= — 16p{p*+7), 
Bi= ^(/+17/+102/+225/+97); 

Pj = 1 2 (— /— 9/— 9) — _p-> (/+ 1 1/+ 37/+ 20/+ 2) , g, = IQp (/ + 7) , 
B, = p-' iijfi+ 1 1/+ 37/+ 20/+ 2) J 

and substituting these values in the foregoing equation 

12i4a = 6^J + SaAi — p* + 7, 
we obtain 

,9 ( A+ Qi^ + Bja' ] _ ( Q{P^^^Q^a + R ^ay P.+fta + Aa' {M+NaY ) 

^^\ -8(a» + 3) i~\ S'(a' + 3)' "^ °" S(o»+3) S' "^'j' 

that is, 

P = 12(P,+ ^^+'i?,a')'(3+«»)^ <^(^^+ (2.a+iB,a»)»+8a^(3+a»)(A+g.a+2?xa») 

— (if + iVa)»(3 + a»)» + 7;S'» (3 + a»)»}, 
which, by means of the ^-equation 

should be reducible to the form 

p=zAa +Ba+G, or p= ^^ ; 

but I have not been able to obtain in either of these forms a simple expression 
of p as a function of ^, a. Supposing it obtained, the pa-equation, ante No. 51, 
would of course be thereby transformable into the foregoing ^-equation. And 
considering jp as an auxiliary parameter thus introduced into the formulae in 
place of p, then /? and the coeflBcients -4i, A^ are, by what precedes, expressed in 
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terms of ^, a; that is,^in effect in terms of p, a, and we thus have the formulae 

of transformation for the pa;3-form. 

83. There exists a remarkably simple particular case. Write for conve- 

3 
nience 6 = V7 ; the 2>a-equation is satisfied by the values 2> = — 0, a= — -q-^» 

o 

In fact, these values give 8^a=30*, =21, TUT" ( 64 ~^J\^~^r =^^^5 
the term in a is thus 21.513, =10773; but, assuming p^=:7, we have 
/+ 14p« + 63j9*+ 70/— 7 = 2401 + 4802 + 3087 + 490 — 7, =10773, and 

3 

the equation is thus satisfied. And these values, p= — d, a = —d, give 

o 

p«= 7, /? = — e, Jli= 20, J, = p0; the equation 12^=6^1; + 8a^i — p^+ 7 

thus becomes 12p6 =168 — 42—49 + 7, = 84; that is, p0 = 7, = 0*, or 
p = d (= — p). We have a* — 1, =^ — 1, = — ^j ; but from the equation 

p = 2> e.^ , it appears that the sixth roots must be equal with opposite signs, 

^ • 

say v'a* — 1 = — , ^fP — 1 = — . Retaining 6 to stand for its value = V7, 

the differential equation is 

dy Odx 



satisfied by x (d + 7a> -^ 2dai' + a») 

It may be remarked that the quartic functions of y and x resolved into their 

linear factors are 

f . 3i4-<? )f . 3t-<? W - 3t + <? 1 f —Zi — e \ 

r "^ 2^2(1 + i)jt^ "*" av/2(l + i)i r 2-s/2(l-«)J t^ "•" as/2(l-.')J 
and 

J . 3-t(? ) f ^ 3 + ig M _L 3-tg ) f 3 + »g ) 

r + v2(i+i)n"''*'v2(i+i)}r"^v2(i-<)jr"'"v2'(i^}' 

and that for the first of the y-factors, substituting for y its value, we have 
with like expressions for the other y-factors respectively. 
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BrwacMa Tranaformaiion Theory. Art. No. 84, 

84. M. Brioschi has kindly referred me to two papers by him, "Sur une 
Formule de Transformation des Fonctions Blliptiques/' Comptes Rendus, t. 79 
(1874), pp. 1065-1069, and ibid. t. 80 (1876), pp. 261-264. They relate to the 
form dx dy 

with a formula of transformation 

y = ^, T=af' + aiX^-^ + a,»''-»....+a, |,; = i-(n-l)| 

U— X'' + ttix*-* + a^^"^ + a^. 

The general theory for any value of n is developed to a considerable extent, and 
it would without doubt give very interesting results for the case n = 7 ; but the 
formulae are only completely worked out for the preceding two cases n = 3 and 
n = 5 . For these cases the formulae are as follows : 

Cubic transformation : n = 3 , ^ 

Corresponding to the modular equation we have 

and then 

G^— 9gr, = 6(20aJ— 3(7,)» G^s + 27(^3 = — 14 (20af — 3(7,) Oj, 

whence also 

_ 3 Oz+21gz 

and by the general theory ai, a,, as are given rationally in terms of Oi, ^,, ^3. 
Quintic transformation : n = 5 , 

^~ (a^ + oix + o,)* • 

OiX— 2F= 0, (12a; + gr,) X— 30aiF= 0, 



We have 



where -wr ■ /> * ■ ^ 

X= of — 6aja, -\-—g^^ — ^„ 

r= 5a| — a\ai + — ^,a, — gtfli-\- -^ 9%. 
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The first of these gives 

and then eliminating a,, we have, corresponding to the modular equation, 

oJ — ^9i<4 + 40gf^f — 5g|aJ + Bgig^i — 5^^ = . 
We then have 

(?, — 26gr, = — (lOfl^ - Sg^ + 5g,) , G, + 125g, = — 14 (lOaJ — 6g^ + 5*7,) ; 

whence also 

^- 7 (?,-25(7, ' 
and by the general theory Oi, o^, Os, 04, o^ are given rationally in terms of 

«i» g%f 9d* 

These results are contained in the former of the papers above referred to ; 
the latter contains some properties of these modular equations. 



Symbolic Treatunent of Eocaet Linear Differential 

Eqtiations. 

By Wm. Woolsby Johnson. 



1. The linear equation is here supposed to consist of terms of the form 

A^^^ ov A^flTy, 

in which r is zero or a positive integer, and s is unrestricted. Let these terms 
be grouped together in such a way that the value of « — r is the same for all 
the terms in a group ; then, if m be the least value of r for the terms in a group, 
and q — m = « — r , the group may be written 

x^ [^0 + AxD +%«»/?» + ] Z)-y . (1) 

Using 3 to denote the operator x -^ or a;Z>, we may reduce this expression 

by means of the theorem 

x"2)» = 3(a— 1)(3— 2) (^ — n+l), (A) 

to the form x^f{^)iry. (2) 

2. In order that the differential equation may be exact, each group of the 
form (2) contained in it must separately constitute an exact derivative ; and the 
process of direct integration is equivalent to that of resolving, in the case of 
each group, the symbolic operator into factors of which that most remote from 
the operand is the simple factor D. It is well known that if m is not zero and 
q is an integer less than m, every term in (1), and therefore the group itself, is 
an exact derivative. The symbolic transformation of the expression (2) may in 
this case be effected by the formula deduced below. 

3. We have by differentiation 

D.xDy = xD^y+ Dy, 
or D^y = ^Dy + Dy ; 

whence, symbolically, ^D = Z) (^ — 1) . (3) 
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Operating upon both members of this equation with 3, we have 

und in like manner we find generally 

whence, / denoting a rational integral function, 

/(3)i)=*D/(3-l). (4) 

Again, operating with each member of this equation upon Dy, we have 

/(^) i>» = D/ (^ - 1) Z? = Z)y (3 - 2) , 
and in like manner, 

/(^) i)' = 2>y (^ - 2) D = Dy (^ - 3) , 

and generally, /(3)2?~ = D^f\^ — m) . (B) 

4. Applying this formula, in the case mentioned above, in which m — j is 
a positive integer, to the expression (2), we have 

x^f{^) IT = x^ir/i^ — m) = x^D^D^-'/i^ — m) . 

By the formula (A) this becomes 

and, making a second application of formula (B), we have 

x^/{^)D^ = n'^-^{^-m + q) (^_m+ l)/(^-m), (5) 

in which a resolution of the operator into symbolic factors of the form required 
is effected. 

5. Formula (A), by which we reduce the groups to the form (2), is also 
readily deduced from equation (3) ; for, multiplying the latter by jc, we have 

and operating with each member of this equation upon Dy^ we find 

a^i)3 = 3(3— 1)2), 

which, by equation (4), becomes 

x»Z?» = i)(3— 1)(^— 2), 
and multiplying by x , a^D' = ^ (3 — 1 )(^ — 2) . 

Thus we may successively derive all the results included in equation (A). 

6. When m is zero, and also when m is an integer, unless q is zero or a 
positive integer less than m, the possibility of resolving the operator into factors 
of the required form depends upon the existence of a proper factor in/(3^). 

By differentiation we have 

Dx^-^^y = x^+Wy + {q+ l)x^yi 
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•whence, using Dx^"*"* as a symbol of operation, 

x^{^ + q+l) = Dx'-^\ (C) 

Hence, if ^ + gr+ 1 is a factor of /(3), that is, if —{q+ 1) is a root of 

/(^) = , so that /(3) = (3 + ? + 1) 4> (^) , (6) 

4> being rational and integral, then the expression (2) may be transformed thus, 

xy (^) Dy = 2)x'+^4> (^) D-y , (7) 

in which, subject to the condition (6), the operator is resolved into factors of 
the required form. 

7. This condition includes that mentioned in (2); for, if we transform the 
operator by formulae (B) and (A) thus, 

xV(^) IT = x^-"*x"^2)y (^ — m) 

= x^-^^ (^ — 1) (^ — m + l)/(^ — m) , (8) 

the condition of direct integrabihty is the occurrence of the factor ^ + q — m + 1 . 
Now if q is an integer less than tw, this factor occurs among those actually 
written in equation (8) ; thus the condition is in that case satisfied independently 
of the form of/. Otherwise, the factor can only occur as a factor of /(S^ — m), 
and the condition of direct integrability then is that /(^ — m) shall vanish 
with ^ + q — m+l] that is, that /(— g — 1) = , as before. Thus nothing is 
gained by the transformation (8), and it is better to employ the transformation 
(5) when, m being a positive integer, q is zero or an integer less than m, and 
the transformation (7), when, this condition not being fulfilled, /(^) satisfies the 
condition (6). 

8. The criteria thus established show at once by what powers of x the group 
being multiplied becomes exact, and thus, in an equation containing two or 
more groups, whether there be an integrating factor of the form x^. For 
example, the equation 

2x»(x+l)g + x(7x + 3)-g-3y = X 

contains two groups, which being written in the form (2), the equation is 
x»(23+7)Z?y + (2a + 3)(^-l)y = X. 

The first term becomes exact according to the first condition when multiplied by 
X"*, and exact according to the second condjgion when multiplied by x*. The 
second term becomes exact in this case when multiplied by either of the same 
factors. Hence we may write the given operator 

2x*(x+l)2?»+x(7x + 3)Z?— 3 
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in either of the forms 

7?D [(2^ + 5) + x-\2^ + 3)] , 

or 2x-*Z)[a;^2> + x5(^- 1)]. 

Again, in the first of these expressions, each of the two terms between the 
brackets fulfills the second condition when multiplied by x^ ; the equation may 
therefore be further reduced to 

^Dx-^D{x^ + x^)y = X. 

The value of y obtained by performing on X the inverse operations in their 
proper order is 



y = —^ fx^ Cx-'^Xdxclx. 

^ 2a;*(x + lK J 



In like manner the equation might be reduced to 

2x- ^Dx^D (1 + a;-^) y = X, 

«^^^°S y = ^-^^^J^x-ifx^Xd^cdxi 

but perhaps the best expression for y is that which results from elimination 
between the two first integrals, namely, 

y = —, — — 7T Ix^^Xclx — ^-T7 — — p: / x^Xcbc. 

It is noticeable that, whenever an equation of the form considered is suscep- 
tible of two successive direct integrations with intermediate multiplication by a 
power of a?, it is also susceptible of direct integration when multiplied by either 
of two different powers of x. 

9. As a second example, let us take the equation 

which, when reduced by formula (A), becomes 

(3 + l)(^+2)«y-(^+3)2>«y = 0. 

Reducing the first term by a double application of formula (C), and the 
second by formula (B), the equation becomes 

I>^[{;x?—x)D+23(?—l]y = 0. 

In this case there is "no intermediate cc-factor between the D% and the symbolic 

operator {x^ — x)D^+{8a?—3)D^+ 14xD + 4 

does not admit of resolution into factors of the first order in two separate ways. 

Vol. X. 
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10. As a final example, consider the equation 

which becomes (2^ + 3){^ —i)l)y + x^-^D^y = X. 

The first term becomes exact by the second condition when multiplied by x^ and 
the second term will then be exact by the first condition. The first member of 
the equation thus becomes 

a;-iZ?[2a:*(3- 1)Z?+ (^- 1)(^- 2)]y, 

in which 3 — 1 is not a factor since it is not commutative with D] but, trans- 
forming the first term by formula (B), the expression becomes 

x'^D [(2a* + x)D—l] {xD— 2)y , 

in which the operator is resolved into three factors of the first order. 

In the original expression we might, however, have reserved the factor D 
which stands nearest to the operand, thus, 

[(2^ + 3)(3 - 1) + a^^-D] Dy = X. 

The factor in parenthegis cannot now be made exact; but, transforming the 
second term by formula (B), the first member may be written 

[{2x + x\)D+Z'\{xD-\)Dy, 

in which a second resolution of the operator into factors of the first order has 
been effected. 
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Solvable Quintic Equations with Commensurable 

Coefficients. 

By George Paxton Young, University College, Tcyronto, Canada. 



Object op the Paper. 

§1. Some time ago, in the American Journal of Mathematics (Vol. VI, page 
103), the present writer sketched a general method for finding the roots of 
solvable irreducible equations of the fifth degree. The method was partially 
developed, and its application to certain forms of quintic equations was shown. 
It is now proposed to give the method the farther development necessary to 
make it applicable, by a definite and certain process, and without any difficulty 
beyond the labor of operation, to all solvable irreducible quintics having 
commensurable coefficients. The following equations will be solved as examples 
of the application of the theory : 

1. a^+ 3a:»+ 2x — 1 = 0. 

2. a^— lOa'— 20aj^— 1505x— 7412= 0. 

3. x^ + ^ a; + 3750=0. 

. ^ 22 ^ 11 „, 11 X 42 , 11 X 89 ^ 

4. «^-^^-2T^+-T2r-^ + -3i25-=«- 

5. x^ + 20x3 + 20a? + 30a + 10 = 0. 

6. a;^ + 320x' — lOOOx + 4288 = . 



10/ 

8. sc" — 20a'' + 250» — 400 = . 

9. x»-5x«+-^x--|- = 0. 

, , 20a; , 21 
10. «='+-i7+37=0. 



Vol.. X. 
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4x 29 

^ 13 ^ 13 

13. a* + 110 (5x» + 60a* + 800x + 8320) = 0. 

14. a!»—20»»— 80a?— 150x— 656 = 0. 

15. a;"— 40x»+ 160a? + lOOOx — 5888 = 0. 

^«- (^) - 50 (f) - 600 (-J)- 2000 (-f)- 11200 = 0. 

17. a?+ 110 (5ar» + 20a?— 360a: + 800) = 0. 

18. a? — 20a? + 320a? + 540x + 6368 = . 

19. a?— 20x»— 160a?— 420x — 8928 = 0. 

20. a?— 20x«+ 170x+208 = 0. 

The first equation in this group was brought under the notice of the writer 
by a mathematical correspondent ', the fourth has been treated by Lagrange ; the 
others were formed by the writer with a view to the full illustration of his 
theory. 

The Method. 

§2. In the article of the Journal above referred to, certain principles were 
assumed, as having been previously established, or as being known to mathema- 
ticians. It was taken for granted that the root x of the solvable irreducible 

quintic a? + ^,a? + pjX* + p^x +^5=0 (l) 

is of the form i-(A! + A| + A| + aJ), 

or, putting t^ for — AJ , u^ for -g- ^1 » ^3 for — A| , and u^ for -f- ^* » 

where Wi, t^, r^ and u^ are the roots of a quartic equation, which, when irredu- 
cible, as it is in the most general case, that includes all the others, is a uni-serial 
Abelian, The expressions t^, t^s? ^ ^^^ ^4 ^^^ such that 

'UlU^ = 9 + a^/z)^ ,2) 

and i^t^s = A: + c\^z + {0 + 4>Vz) ^/{hz + hy^z) 

u\u^ = A; + cs/z — (0 + ^^/z) V{hz + h^/z) 1 ,gx 

t4ui=Jc — cVz + (0 — W^) V(A2 — h^z) ' ^ ^ 

ulu^ = ^ — c^/z — {d — ^^/z) ^/(Jiz — hA^z) 
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where g,1e,a,c,h,B and ^ are rational ; and z = c^+ 1, e being rational. It 
is readily seen that 



,— ft 



.-__?» 



(4) 



^=--S'^^^*^ 20- 
Because u\ = (y<"|">) , it follows from (2) and (3) that 

v\ = B + Ba^z + (5" + £"Vz) x/{hz-\- Wz) 
»ij = 5 + 5* Vz — {Bf' + 5"V2) V (/w + Wz) 
«5 =5 - By^z + (5" — 5"Vz)-v/(Az — Wz) 
«» = B — 5V2 — (5" — BWzWihz — h>^z) J 

where B, B, Bf' and 5"' are rational functions of a, c, e, A, d and ^. In like 

manner, because t*Ji*|= ^ — , we have from (2) and (3) 

t^«8 = ^ + A!sfz + (^" + ^"Vz)-v/(Az + AVz), 

The value of A is 



where A, A', A" and J.'" are rational 

1 



A = 



\gik'- ^z) + aThe (&* — ^h) ] . 



(5) 



From these data, the six equations, involving the six unknown quantities 
a, c, e, h, $ and 4>, are (see Journal of Mathemaiice as above) obtained : 

Pi=z — 2QA + 5/ + 15a»z 

^5 := — 4jB + 40acz 

B'=l 
B" = 
hz (^ + 4>»z + 204>) = ^ + c»z — ^ Csr* — a*z) 
A(^ H- 4>»z + 2%) = 2lec — a{g* — cfz) 



(6) 



Our business is to obtain t4» ^i ^ 8,^^d wj from these equations. 

§3. It will be found that ah is the root of an equation F(y)=:0, 
whose coefficients are rational functions of jp^, p^j p^ and ^5, and which, 
when p^ is zero, is of the sixth degree. Since ah is rational, it follows that, 
when the coefficients of the given quintic are commensurable, the equation 
F{y) = has a commensurable root. Let this be found. Then ah is known. 
The formulas from which the equation F{f/):=:0 is obtained give us, along with 

ah, the value of — • The remaining elements necessary for the determination 

of t^, i4) ^ 8,nd ul may then be obtained from linear equations, without finding 
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a, c, e, h, 6 and 4> separately. Thus a solution of the given quintic is eflFected. 
It will be pointed out how ayC, e, A, 6 and ^ can be found separately, should 
we desire to obtain their values. 

The Phoof. 

Ca^e in which p^ is zero. 

§4. When ^3=0, the investigation is much simplified. By beginning with 
this case, and presenting a full description of it, we shall be prepared for giving 
an exposition, less detailed, but still sujEciently minute to make the theory 
intelligible, of the case in which />2 is not assumed to be zero. Whenjp, is zero, 
equations (2) and (5) become 

u^u^ = as/z 
ii^u^ = — a^^z 

and ^^_Me^-^^) 

a 



\ 



(7) 



Since B is the coefficient of the rational part, B the coefficient of Vz, B" the 
coefficient of ^{hz -\- h^^z), and B" the coefficient of ^z ^/{Jiz + h^z), in the 
expansion of ttj, their values are given by the equations 



a\B = 2k {l^ — (?z) — a^CT? + 2czhe {^ — qJ^z) 
a\B — 2c (V — (?z) + a^hz + 2khe {6" — q>h) 



^ e e 



e 



ahB'= 2(^ 

The equations (6), when p^ is zero, become 

Pi=— 20 A + 15a*z 
Pt= — iB + 40aca 
B" = l 
B" = 
JizifF + ^h + 20^) = P + C*8 
h (V + q>h + 2B^z) = 27«; + a?z 



e 



(8) 



Let 



and 






(9) 



(10) 
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Substituting in the first of equations (8) the value of B obtained from the 
second of equations (9), and the value of he (0* — 4>*z) obtained from (7), and 
making use of (10), 

p^=z — Sk(Ji>— fy) + 44<y» + Sti/A . 

Therefore, by the first of equations (9), 

Shjfi + (SO^ - -g-jp^) t = S^-* +pty. (11) 

§5. Again, from the last two of equations (9), because z = e* + 1 > 

Ae« (0» + ^h) =(Ii?+ <?z) - {^kc + ah). 
Therefore, by (10), 

Ac* (0» + ^h) =z {1^ -\- ey) — a{2]d -\- y). (12) 

Similarly, from the last two of equations (9), 

2Aae»d4> = oz (2A:< + y) — (P + ^y) . (13) 

And (0» — ^»z)» = (d» + 4>'z)» — 4z (ey ) . 

Therefore, from (12) and (13), 

{h^W-^\y=\{T^ + ey)-a{ikt^-y)Y-l-\az{'2M-\-y)-{T^-ey)\* 
.'. zhV (d» — t»z)» = (A;» + f]/)* — y{m-\- y)*. 

Hence from the value of ^6(0* — ^h) in (7), 

(J^+fyy — y{2kt + yy = za*A* = yA\ 

But, by the first of equations (9), 

4 20 '^ '' 

Therefore, {¥ + <»y)» - y (2^ + y)» = y (^ - -fj-)'. (15) 

And, from (11), 

8k (^ + <»y) = (16A» + pd/) - t (602/» - ^ ^^J') ' 

Substitute in (15) the value o( Ji? -\- fiy here given. The result is 

f {(soy - -|-i)4y) -256^y| + <|- 2 (16A:« + i)5y)(60y- ^Pil/)- 256Py«| 

= 64A?y (^ - ^y+ 64A?y/ - (16P + ^^)'. (16) 
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§6. In (11) and (16) we have two equations, with the two unknown quanti- 
ties y and t. The equations may be written 

iTcye-\-myt=n\ ,^^. 

and vyf + qyt =r) 

where crw ^ 

m = 60y ^pi, 

n— 8^ + 2>6y, 



V = yfdOy K-P*) — 256A;^ 



= 2500^ — 40ji^ + -^pi^ — 256^*, 



q=-2 (16A? + p^) (^60y - — _p,) - 256% 

= - lOOp^ + (t^*^»~ 1856AJ') y + -^^i?4, 
r = 100% - (^ +pi)y' + (-^fJ<^ - 32%,) y - 256Ai«. 

§7. The elimination of t from the equations (17) gives us 

{vn — Skrf + y{qn — mr){vm — Skg) = 0. (18) 

Prom the values of m, n, v, q and r in §6, 

vn = 2500p,y' + (20000F— 40^^^) y' + (~^p\Pf — 320^^^) y» 

+ (-^PV^ - 2567«%) y - 2048F ; 
8kr = 800%- (^i>4^+ 8/5*) ^ + (-i-#- 256%B)y - 2048A;'; 

jn = —lOOply'+(^~-pipl— 2656%b) y* + ^-^^5%,— 14848A!«) y + 512%^; 

/248 2 \ 

w = 5000%- (280pJ^ + 5q/>|) 2^ + (-25-i'4**— 1600%5 + ^Ptpl) f 

-(i2800A;«+ ~pV^-^r^P.P^y^^^T^p,'. 

vm = 125000^/*— SOOO^y 4- 24p\y'— ^2800^+ r26^0^ "'' ¥^*^' 

/ 32 \ 612 

8A:j= — 80qp5%» + {-^ kpip,— 14848A!*J y + -^pj<^. 

:. vn — %1er=-y*\ 2500p^ -\- (19200^ — iOptPf) y 
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qn — mr = yi— 5000i»/ + (— bOpi + 280/)4^) y* 

+ A? (- 2048ft* + A^ + ^ T,p^p^ I ; 
wn.— %Ttq—y\ 125000^* — 3000/)iy* + (24^5 + 800ft^^ y 

-(-2048^^ + 4^5+ f-^i'4l>.)}. 

By substituting in (18) these values of wn — 8ftr, qn — mr, vm — Skq, we get 

F(y) = q^* + qy + ....-\-qiy + qt=0, (19) 

where 

5, = — 625000000, . 

3-1= 50000000^4, 

gr, = — 200000 (200% + ll^?!) , 

g, = 102400000A!* + 1 280000^^4^5 + 44800/>J, 

qt= — {2be00kplpi + 4096000fc*j>4 + 640000/)|A? + 448j>J), 

„,,v«,T. 1 ««^.„ ,„,..7Jt I „.T. ■ 49152 -. , . 6144, - , 6784 , 
q, = 8192Pi)4jp» - 2048 X li66J(^pt + 64ft»+ —^ k'p* + -— kp\pt + ^-.^j* , 



/ 8 32 \* 

^^ = ~ (.126 ^' ~ ^°*^^ + ^ ^^'Py • 



25 '-^'42^ ' 3125^ 



§8. Assuming now that the coeflScients ps, Pit JPs ar® commensurable quan- 
tities, let the commensurable root y of equation (19) be found. Then a*z is 

known. Then, from (11) and (16), t or — is found. 

§9. At this stage, as was indicated in §3, two courses are open to us. One 
is to proceed to find t^, vl%, ul, ul without troubling ourselves to inquire what 
a, c, 6, 0, ^ and h are separately. This, the natural and the shortest course, we 

will now follow. Since ah and — are known, their product dcz is known. And, 

by (14), ^ is known. Therefore czhe{d^ — ^h), which, by the last of equations 
(7), is equal to — aczA^ is known. Hence, by the first of equations (8), B is 
known. We might even more simply, acz being known, find B from the second 
of equations (9). The second of equations (8) gives us 

y {B^z) = 2cVz (/^ — (?z) + a\h {as/z) — 2kAas/z. (20) 

Now acz is known, and it is the same as {a\^z){c\^z) ; consequently, the signs 
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with which ca/z and a\/a must be taken relatively to one another are known. 

Therefore Bn^z is known. Therefore B + ff^/z is known. But, by the manner 

in which B, B, B' and B" were taken, keeping in view the values of B' and 

B" in (6), u\ = B + Bs^z + ^(Az + hy/z), 

and u\=B + BA/z—^{hz + h^z) . 

.-. (tfitt,)" = (5 + ^ V«)* — (A« + hy/z) . 

And, by (7), «iM< = a\/2. Therefore hz + AVz = (5 + ^\/z)* — {a»/z)*. This 

gives us iA = B -\- B»/z -\- »/ \{B -\- B>^z)* — {a>/zf\, 

u\ = B-\-B»yz — >^\\B + Bf^zY — (a-v/z)' } , 
vi= B — B^z + */[{B — B!^zf + {as^z)^\, 
«| = if — 5' V« — \/ i (if — 5'-v/z)» + (a-v/z)» } . 

Hence Mj + «< + ^ + ^i the root of the given quintic, is known. 

To find a, c, e, 6, 4> ««<^ A separately. 

§10, If we desire to obtain the values of a, c, e, 0, 4> and h separately, we 

may first find a by means of a quadratic equation. By (12) and the third of 

equations (7), 

M (0» + ^»z) = (A;» + <»y) — a {2M + y) 

and h^ (V — ^»z) =i—aeA. 

Therefore, 27te*0* = (^ + <»y) — a (2A* + y) — oe^ . 

Also, by (13), 2^ze»0^ = az (2A;< + y) — (P + <»y). 

Therefore, J_ _ (^ + ^ y )—a{m + y) — a<>^ 

<?>z ~ aj(2Jk + y) — (Jfc' + fy) " ^ ' 

But, by (9), ^" = 0. Therefore, from the last of equations (8), 
e _ 2e(!i?—<^z) + 2(P + o «z) — z(4fa? + cfz) 

_ 2e{le>—ey) + 2(y> + fi y) — az {4kt + y) 
az{4kt + y) — 22 (A* + ey) 
From (21) and (22), 

(*» + ey) — a{2kt + y) — aeA _ 2e (P — fy) + 2 (fc* + ey) — az {i U + y) 

a«(2Ae + y) — (ft» + <'y) "~ az (4i< + y) — 2z (P +?^ ' 

(i» + f»y) _ a{2kt + y ) — aeA _ 2ae{1^—ey) + 2o (A' + f y) — g'g (4;fe< + y) 

(jjJ 4- <ay) _ o (2it^ + y) — aeA _ 2ag (it^ — f y) + 2a (if + fy) — y (4ifcf + y) 
*'''' y(2Z-< + y)-a(A'T^ ^ {^kTJt^—iiQf^ ¥y) " 



(22) 
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Put ^ = {Jt»-\-fy)-a{ikt + y), 

y = y{27d + y)-a{J<? + fff), 

6 = ay{4kt + y)-27j{J^ + fij), 

a z=z 2a{¥ -\- fy) - y{4Jd + y), 

'r = It^+fy. 
Then ^ — aeA _ 2aer + g 

.'. ae {U + 2yT) = ^h — ya. (23) 

But ^h = - ahj {27d + y){4kt + y) + ay (^ + fy){8Ja + 3y) -2y{J^+ fyf 

and ya = — y* {^^ct + y){AU + y) + ay{p + ey){8M + Sy) - 2a»(/c» + fy)*, 

.■.^^-ya = {y-a'){y{2kt + y){47d + y)-2{I<>+eyy]. 

And y — a* = a*2 — a* = a^ (z — 1) = aV. Therefore 

^h-ya = aV |y (2^ + y){4kt + y) _ 2 (A» + i'y)*}. 
Therefore, from (23), 

SA + 2^^ = ae {y {2ld + y)(47rf + y) — 2 (7*» + W h (24) 

.-. {U + 2yT)» = aV|y (2/rf + y)(47i< + y) _ 2 (A? + <»y)» }» 

= (y-a')ly(2/rf + y)(4fe + 2/)- 2(P+ <»y)n». (25) 

Now k, y and < are known. And, by (14), A is known. Therefore (25). is a 
quadratic equation from which a can be found. The quadratic has its roots 
commensurable, and care must be taken in each case to select that one which 
satisfies all the conditions of the problem. When a has been found, since a*a 

and — are known, z and c are known ; and, because g = e* + 1 1 the absolute 
value of e is known. The sign with which e is to be taken is determined by 
(24). Next, to find 6, ^ and h, the third and fourth of equations (9) are 
jB"= 1, -B'"= 0. Hence, taking the values of B" and B'" in (8), 

= 2e\T^ — ch)^ + 2{W + ch){e + q>) — {e + ^z){4kc + ah)l ^ ^ 

But e, z, a, Cf k are known. Therefore, from the simultaneous equations (26), 
d and 4) are known. Therefore, from (7), h is known. 

Vol. X. 
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Another vxiy of finding a, c, e, $, ^ and h. 

§11. The values of a, c, c, 0, ^ and h may be arrived at in another way. 
Let B and Ba/z be found as in §9. Then, because (see §9) 

hz + hsfz = {B+ Bs^zf — {ay/z)\ 

we have hz'=i& + {Ba/zY, 

and hs^z = 2B {Bs/z) — {as/zf. 

Here the quantities to which hz and h*^z are equated are known. Therefore 

h and z are known. When z is known, because ci^z and — are known, a and c 

a 

are known. Finally, 6 and ^ are obtained, as in §10, from the equations (26). 

§12. First Example. — To exemplify the theory, let us take the equation 

x^+ 3x*+ 2x— 1 = 0. (27) 

p 3 

Because h= —^ — — ,^^=2, 2>6= — 1» the equations (11) and (16) 

become 



? + <t-60^)=y+^' 



1000' 



^\~Vy 9+9 100; + ^^ 9 +1802' w 



~"i6~ "45 200 40000 



(28) 



The equation (19), obtaif ed by eliminating t from the equations (28), is 

„, , /26X126«^ , /125*\ 5 , /37X125»\ , /1241X12S'\ . 

, /3209X126\ . /5159\ ,109' 
+ (—36— >- Cl36> + 22500 = ^ ' 

and this has the commensurable root 77^ • Therefore 

125 

Hence, from the two equations (28), 

a 4 ' 
In subsequent examples, when y and t have been found, we shall proceed at 
once to find B and B^^z, as in §9, without inquiring what a, c, e, 6, q> and h 
fire separately. But we desire to illustrate, in one instance, the method of 
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obtaining the values of these quantities which was described in §10, and we will 
use the present instance for that purpose. To find a we take the equation (25), 

{U + 2yry={y - a*)\y{2kt + y)(4to + y) - 2(A?+ <»y)n'. (29) 

By (14), ^-iy_:PL-_iL 

4 20 500' 

Also, from the values oi le, y and t above given, 

«7. ■ 517 

2'-^ + 2' = -io6o' 

4/^ + y=-^2^ 



p + ey = 



1000' 
47 



1000 
Therefore 

8 = ay{^-\-y)-2y{J^ + fy) = -^-^^^, 

/„7. , X /7J ■ ^ X — 47(125o + ll) 
Y = yiikt + y)-a{J^ + fy) = J^SOOO ' . 

r = i»-ey = -^. 

Hence (29) becomes 

126 (323a + 29)» = 36« (1 — 125a»). (30) 

One root of this equation is — -r^ . But this root proves on examination to 

IaO 

9439 
be inadmissible. We must therefore take the other root, which is — ^m — t^ • 

Then, since c = — , and a*z = t^^ , we have 

9439 9439 

a = 






2 = 



25»X13»~' 26x4226' 

7x9439 

422600 ' 
6x4226' 
9439» ' 
398 






9439" 

The sign of e is determined in the way pointed out in §10. By means of the 
values of e, z, a, c that have been obtained, we get, from the two equations (26), 

. 126 _ 18X9439 „ , 125 

^ - 199 ' ^ - - 199^^845 -•• ^-^« = " 199 • 
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47 
Therefore, from (7), keeping in view that ^ = "" 5qq » 

J17_ / 9439 _ Y 

"8"U3x25x"l25A 

39 91 X 9439 

Also, from the first two of equations (8), B = — , and B = 500^4025 

••^^'-"500"' 
^""^ hz + h^/z = g^^ {-^ (21125 + 9439V5)| 

Therefore, 

5 = U' + -r) + ms/{-T (^"^' + »«''^^)} ' 
-•= rS(^ - ¥) + eW{ r <^"" - "'»^^)} 

Therefore the root of the given quiptic is known. 

§13. To verify this result, we have 9439-v/5 = 21106.2456. Therefore 

ei-v/lx ^^^^^^ "•■ 9439^/6)| = .79696796, 
^^|-^ (21225 — 9439-v/5)l = .01679462. 
^^'^' -i^ (3 +^') = . 79696437 



«? 



Mi 



(31) 



626 . 

100 (.^ -^-5-; 

and 



-r^(»-¥)=-<'"'»«"'- 



Therefore «J= 1,593932 , 1*1=1.09773 

— tiS= .00000359, —Ui= .08147 

— «|= .00016975, —Ui= .17618 

— i4= .03375899, — «8= .50778. 

Therefore tf, + «, + «8 + «< = .3323 . Therefore 

x»=. 004052 
3a^=.331248 
2x = .66448 
.99978 
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§14. If we wish to exhibit the root as in §9, we find from (8) that 



Therefore, since a^;f*/z = — ^^^ , 



625' 



with corresponding expressions for i^^ ^» ^S- As a matter of fact, 

§15. It is interesting to observe the application of the theory to the 
equation a* — Sa:* + 2x + 1 = , (32) 

whose roots, with the signs changed, are the same as the roots of the equation 

(27). By reference to §7, keeping in view that Jfc = — ^ » ^^ ^^^^ ^^ seen that, 

wherever an odd power of p^ occurs as a factor in a term of any one of the 
coefficients of the equation F{y) = 0, an odd power of p^ occurs as a factor of 
the same term. It follows that, by changing the signs of both ^3 andp^ in the 
equation (27), in other words, by passing from the equation (27) to the equa- 
tion (32), F{y) remains unchanged. Therefore the commensurable root of this 

equation, which we have seen to be -^ , is the value of a*^ for the equation (32) 

as well as for the equation (27). To find t or — , the equations (17) give us 

a 

vn — 8kr 

^ ~ vm — 8kq ' 

The values of vn — Skr and vm — Skq given in §7 show that, in passing from 
(27) to (32), vn — kr simply changes its sign, while vm — Jcq remains unaltered. 

Hence t or — has the same absolute value for the equation (32) as for the equa- 
tion (27), the signs, however, being different in the two cases. Consequently, for 
the equation (27), — = j-. Thus we get 

— _ Q439 _ 7x9439 _ 5x4225* _ _ ^8 

^ ~ 25x4225 ' ^ "^ 422500" ' ^ ~ 9439' ' ^ ~ 9439 ' 
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Hence, by the first two of equations (8), 

Therefore, for the equation (32), the values of ul, ul, i^ and ii| are 

'^- 100 (^^ 6 ; V tlO^V 5 ; 625M' 

""' — 100 v.^ ~ Tj + v 1 100^ V ^ ~ "5~; ~ 625'» r 



jP, not assumed to be zero. 

§17. Let us now consider the more general case in which p, is not assumed 
to be zero. The method that has been illustrated above is still applicable, 
though the labor of operation, in dealing with particular instances, is increased. 

Putting, as before, y for ah, and ^ for — , we form equations corresponding to 

Of 

(11) and (16) ; from these we obtain the values of y and <; then we find B and 
Bji/z from equations corresponding to the first two of the group (8); or, B can 
be more readily found from the second of equations (6), and, on the principles 
of §9, when B -\- Ba/z is known, u^a^ or gf* — y being also known, the root of 
the given quintic is known. 

§18. The values of B and B»^z which correspond, when g or — ^ is not 

zero, to those given in (8) for the case in which g is zero, are obtained from the 
equations (2) and (3) by keeping in view that, according to the first of equations 
(4), B is the rational part and Bf the coeflScient of <%/« in the expansion of u\ . 

Put A'=eh{(^ — (i?z) \ 

P=ik{T^- ey) - (/ - y){gh - ty) \ (33) 

(8= 2t{7<?-fy)-{g'-y){k-gt) ) 



Then (^- yfB =(3* + y)P + igyQ+ 2azA'{t{g» -\.y)+2gkn (^^) 

and {g»-yyB'=a\2gP+ig»+y)Q\ + 2A'{k{g' + y)+2gty}y ^ 
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By (5) and (6) 

and Pi = — 20^ + 5g* + Iby, 

Therefore ^^, ^ ^ ^^^ + igy _pj _ gr (^ - <»y) . (36) 

§19. From the second of equations (6), 

M9'-y)' + ^B{g'-yy-A0ty{g'-yy^0. 

Therefore, from the first of the two equations (34), 

{p^ — ^Oty\^ _y)2 + 4 (j7» + y) P + igyQ + iazA![t{f + y) + 2gk\ =0. 
Putting for azA its value in (35), 

+ [4(fl^ + y>i'+8flra2(2-8^(A»-<»y){<(^+y)+2flr^n=0. (36) 

But, from the values of P and Q, 

4{9* + y)P+89azQ-Sg{7^-fy){t{g' + y) + 2gk\ 
= \-4{f-\-y){9lc-ty)-\-%gy{h-gt)-%{h^gt){¥-fy)\{^^y). 

Therefore, rejecting the common factor g* — y, (36) becomes 

(Pi-40ty){g^-y) + 2(/ + 3y - ^-p^ytif + y) + 2gk\ 

— 4 {9* + y){9^ — ty) + ^9y (* -9t)-^{k-\- gtW — ey) = o. 
Arranging according to the powers of y, 

50i/t + y ^%g^ + 8^ - < (20^ + ^^p^ -^,| 

+ t\^{^-^)-^l^]+g'p,-iT^--~gTcp,^Q. 

This is one equation between the unknown quantities y and t. 
§20. From the last two of the equations (6), 

MifP + ^h) = (F + fy) - 2kat + {g'—yXa - g) 
and ihz^{B^)=ikzat—'{1^-\-yH) — lg^ — y){az — g). 

But (e» — ^hf = (e» + 4)»z)» - 420y . 

Therefore 

2AV (e« - ^h)* = z\{¥ + fy) - 2Jcat + (gr* - y)(a - gf\ 

- \ikzat- {J^ + fy)^(g^-y){az- gy\. 



(37) 
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Therefore 

But A = he{&' — ^h) . Therefore, by (36), 



y I 



20 (5fl''+i5y-i>4)-<7(^-<V)[=(^-<'i')'+(fl^-y)' 

or, arranging according to the powers of y, 

25/ — 2/*^16<* + 56^— 64A:< + -^/)4+ 35gf*) 

- y {ssr** (/ - X^O - 327^<» + (/ - -J-i,,)(6flr» + -J-p,) + Si^i-* - 16fl^ I 

-fl^(/-4-^4)V8sr7/(flr»--l^)-16&*=0. (38) 

This is the second equation between the unknown quantities y and t. 

§21. We may now either eliminate t from the two equations (37) and (38) 
so as to obtain an equation 

whose coefficients are rational functions of the coefficients of the quintic to be 
solved, or we may eliminate y so as to obtain an equation 

^(0 = 
whose coefficients are rational functions of those of the quintic to be solved. In 
the former case, let the commensurable root y of the equation F{y) = be 
found. Then, by (37) and (38), t is known. In the latter case, let the com- 
mensurable root t of the equation 4' (0 = be found. Then, by (37) and (38), y 
is known. When y and t have thus been found, we find B and B^/z^ exactly as 
in §12, from the equations (34), or B can more readily be found from the second 
of equations (6). Then 

u\ = jB + jBVz + V {(-B + BWz)^ — {u^M^^\ 
= 5 + B^z + s/\{B + iBV^)*- (i7 + aVz)M• 
Therefore a = til + t^4 + 1*2 + ^3 

= [.B + Bs/z + V{(-B + Bs/z)^-{g + a^z)*^}]* 
+ [jB + B^z — s/\{B + Bsfz)'-{g + aV^)*^}]* 
+ [5 - Bsfz + V{(5 - Bsfz)'-{g-asfzm^ 
+ iB-B^z-^\{B-B^/zY-{g-a^zy\f. 

It need scarcely be pointed out that since y-zud^z^ a^s/z is known. 
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§22. Second Example. — As an illustrative example, let 
cf— lOa^— 20a»— 1505a:— 7412 = 0. 

Here g= — ^ = i , and A; = — -^ = l . Therefore the equations (37) and 
(38) become 

50^< + y (8<» + 8<» + 528< + 7412) + 596< — 6216 = 0, 
and 

25y» — (16<* + 66<» — 64t — 1771) y* — (2384<* — 89384) y — 88804 = . 

The commensurable values of y and t which satisfy these equations are y = 2, 
t= — 4 . Then, we can get the values of B and Ba/z from the equations (34), 
keeping in view that azA' is known by (35). As far as £ is concerned, it is 
simpler to make4use of the second of equations (6), keeping in view that 
acz = ty=: — 8 . Therefore 

45=7412 — 320, 
.-. 5=1773. 

In order to obtain the value of Ba/z, we must find P, Q and azA'. By (33) 

and (36), P = — 62 + 9 = — 53, 

^ = 248 + 5=253, 

and azA' = — 77 + 31 = — 46 . 

Therefore Ba/z = 653a-</a + 2-4V« 

= 663a\/« 5^ — , ^ 

crz 

= a-v/z(653 + 598)= 125W2, 
.-. -B-f5Vz= 9(197 + 139V2). 

Hence, since UiU^ =^g + aVz = 1 + \/2, 

x = 9*[(197 + 139V2) + VU197 + 139-v/2)» — -L(l + V2)»]* 

+ 9*[(197 + 139-v^2)- V 1(197 + 139V2)»- -^ (1 + -v/2)'']* 

+ 9*[(197— 139V2)+-v^](197 — 139V2)*— -^(1 — -v/2)*]* 

+ 9*[(197— 139V2) — V|(197— 139-V/2)*— ^j (1 — V2)*]*. 
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To verify this result, 

-^(1 + V2)»= 1.012496, 

-^ (1 — -v/ 2)« = — .000150536 , 

197 + 139-V/2 =393.57568, 
(197 + 139V2)»= 154901.8 , 
197 — 139-^/2 =.424315, 
(197 — 139V 2)*= .1800434, 

^|(197 + 139-V/2)*— -^(1 + V2)»| =393.57436, 

/|(197 — 139-V/2)' — -^ (1 — V2)»| = .180194. 

Therefore «i = 5.888 , 

Ut= .412, 
«,= 1.502, 
Ws= — .276, 
.', «= 7.526. 

Modification op the Method to Meet Special Cases. 

First special case : 'When pi and p^ are both zero. 

§23. When pt and pg are both zero, a modification of the general method is 
rendered necessary by the circumstance that the equations (11) and (16), from 
which y and t are to be found, are then virtually one, and so are insuflBcient to 
give us the values of y and t. In fact, they become 

t (bOi/ — -^Piy) —pti/ = 
and 



J< (50y» - -^Pii) -i>.y| = 



(39) 



§24. In an article which appeared in No. 2, Vol. VII of this Journal, the 
present writer showed that, when p^ and p^ are both zero, p^ and p^ have the 
forms 5n*(3 — m)" 



^*~~ 16-fm« 

_ n»(22 + m) 
^'~~ 16 + m» 



(40) 
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These expressions for ^4 and p^ furnish the criterion of solvability for the quintic 

^+p^x+p^=Q. (41) 

The root of the equation is 

a; = e* + a0* + Xa*e* — \o?Q^, 

where /I is a root of the quartic equation 

X* — w;i« — 6;i» + wX + 1 = 0, 

and ^^ + 1 

a = 



fd{k — \)' 
and g _ _ n'X{X — \f 

^- (16+m')(>l + l)(A« + l)- 

In the same issue of the Journal in which these results were established, 
Mr. J. C. Glashan of Ottawa, in "Notes on the Quintic," gave the relations 
between the coefficients of the solvable quintic 

of + p%7? + pffi? -^p^x +JP5 = 0, 

and, in his wider formulae, the forms of p^ and p^ in (40) are included. They 

were subsequently announced by Mr. Emory McClintock, who had discovered 

them independently. It is to be regretted that Mr. Glashan has not made public 

the method by which his conclusions were reached. 

§25. Prom our present position the criterion of solvability of the quintic 

(41) can be at once deduced, and the solution of the equation eflfected more 

readily than by the process employed in the article of the Journal ^nsi referred 

to. For, put 4A ^ 

' ^ m = and w = 2< : 

y 

then the first of the equations (9) may be written 

2>4=5y(3 — m). (42) 

Also, by the second of equations (9), 

p^ = — 4B + 40ty. (43) 

But, from the first of equations (8), 5 = — t{y + 2A) . Therefore 

^5 = 44ty + SAt = 2<y (22 + m) . (44) 

And, by (15), in connection with (14), 

.". y = 



16 + m' 16 + »»» 
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Therefore also ^^^ _ 2^* _ ^* 



16 + m' 16 + w«* 

By the substitution of these values of y and 2ty in (42) and (43), the formulas 
(40) are obtained, n in (40) being what we have called 2t. To find now the 
root of the equation (41), eliminate m from the equations (40). The result is a 

sextic equation, >// (n) = . 

When the coeflScients of the quintic (41) are commensurable, the sextic i^ (w) = 
has a commensurable root. Let this be found. Then n is known. Conse- 
quently, since n=2;, t is known. Then y is known from (39). Then B is 
obtained from the second of equations (9), and B\/z from (20). Also 

UiU^ =^ g + ahj% = as/z = Vy • 

Therefore u^tXt^ is known. Therefore, as in §9, the root of the given quintic is 
found. 

§26. Third Example. — As an illustrative example, let 

a;^ + -^ic+ 3750 = 0. 
4 

Here the equations furnishing the criterion of solvability are 

625_5n*(3 — m) 

3750= ,-^-L— 2- . 
16 + m* 

These are satisfied by the values tw = 2 , n = 5 . Therefore 
Therefore, by (39), « — 1?5 

y~ 4 • 

Therefore, by the second of equations (9), 



B- ^^- 



And, by (20), yF^z = — 2 {t>z){c^z) = - 2 {ey){Wy), 

"8 

.0- 



B'Vz= — 2^Vy = — -f V6. 



B + £.V. = -f(: + ^'^ 
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And i^u^ = aVz = —^- . Therefore 

-[-'fo+f)+^{(T)'o+^)*-c-^y}]' 

+ [- ?(' + ^)- v{(?)'(' + 47- (-17}]'. 

Second special case: When t^t^4= 1/2^3 • 

§27. In the case in which UiU^ = i/jt/g, a = 0. Consequently, if c is distinct 

from zero, t or — is infinite ; while, if c is zero, t assumes the form -r- . As we 
a ' 

cannot here proceed by finding t, the general method has to be modified. 

§28. Because a= 0, y = a*2 =0, and ty = f — }(a*z) = 0. Also fy = c^a. 
Equation (5) becomes gA^^Tf — c*z. 

Therefore, from the first of equations (6), 

and, from the second of equations (6), 

p,--AB. (46) 

From (33) and (36), 

P=2k{J^ — ^z) — (fif* — a*z){g1c — acz) 

= 2k{l* — <^z) — g'k, 

and o = 2a< (4* — (^z) — (gr* — c^z){ak — gc) = ^c . 

Therefore, from the first of equations (34), taken in connection with (46), 

-^g'p, + k{2{I^-i^z)-g'] + 2czA'=:0. (47) 

But, A' having been put for A« (^ — ^*z) , we have, from the value of z { A« (6* — ^*z) \ , 
obtained in §20, 

2 {A'y = (&» - c»a)' + / _ 2^ (P + c»z) . (48) 
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Therefore, from (47), by the elimination of A', 

But, by (45), c*z is known in terms of the coeflBcients of the given quintie. 
Therefore the equation (49) gives a relation necessarily subsisting between the 
coeflBcients p^, ps^ Pa and p^ of the solvable quintie in which t^t*^ = v^tisi in order 
that UiU^ may be equal to tt^Us. To find now the root of the quintie, c^z is 
known by (45), and B is known by (46). To find Ba^z, making use of the 
values .of P and aQ and (-4.'^/z)' obtained above, we have, from the second of 
equations (34), 

^ (5Vz) = cVz\2(Ji? — (^z) + g^\ + 2k {A'Vz) . (50) 

Now, by the first of equations (34), keeping in view the value of azA' in (36), 

g'B = g'\27c{Ji? — c^z)—g'7c} + 2azJ.'(^) 
=zg^\2Jc{J(!' — (^z) — g^k} + 2g'czA. 

As B and c*2 are known, this equation determines the sign of czA or {ca/z){A^a/z) , 
and therefore determines the signs with which ca/z and Aa/z are to be taken 
relatively to one another. Hence z {Ay being given by (48), Ba^z is given by 
(50). Therefore B + Ba/z is known. And iiiU^ = g. Therefore, because 

i4=B + BVz + V\{B + BVz)-g'\, 

the root of the quintie is known. 

§29. Fourth Example. — As an illustrative example, let 

^ 22 11 11X42 11X89_ 

"^ 5^ 26 '^^ 125 *^ 3125 ""• 

Finding the value of c^z from (46), and substituting in (49), we find that (49) is 
satisfied. Then, as in the preceding section, 

11 x89 



p^= — 4B .-. B= — 



4X6» 



The value of c*2 is -^g- T ar ) • Therefore 

'^ '^^~^25A400 16/ 100^25/' 

'^ + <^'^-[^25j\4O0^ 16; 200^25;* 
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!"»-(«). (aV.)' = ('J^)*. 

The value of czA', obtained from (47), is negative. Therefore cs/z and A'a/z 
must have different signs. Put 

Then, from (50), dividing by g*, 
And ubiu^ = g. Therefore 

"! = i^ (»» + ^'-") + n/{i6^ (»» + 2^-'^)* - (1)'} • 

This is, in a diflferent form, the value of t4 given by Lagrange. 

§30. Fifth Example. — In the instance just considered, c is distinct from zero. 
It may be well to give an example in which c is zero, as the mode adopted above 
of determining the sign of A'a/z does not apply in that case. Let 

a?+ 20x«+20iB*+30aj+10=0. 
Here g= — 2, and A; = — 1 . Therefore (45) becomes 

20(1 — c*2)= — 2(20 — 30). 
Therefore c*z = 0. This value of c*z satisfies (49). Then, by (46), B = — ~^. 
From 48, (^V2)*= 1 + 64 + 16 = 81 .'. A'^/z= 9. 

Because c is zero, we cannot determine the sign of A'a/z relatively to that of 
ca/z. But the root is the same, whatever sign be taken. Having found Al\/z^ 

we have, from (60), 4JB V« = — 2X9 .-. Bs/z — — — . Therefore 

And u^Ui = flr = — 2 . Therefore 

t4= — 7 + V{49 — (- 2)»} = 2, 

ttS= — 7 — V H^ — (— 2)°} = — 16, 
«»= 2 + V{4 + 2'>} = 8, 
«|= 2 — V{4+2»}=-4. 

Therefore a; = 2* — 2* + 2* — 2*- 
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§31. In the article of the American Journal of MatJiematics (Vol. VI, page 
103) referred to in the opening paragraph of this paper, the solvable irreducible 
quintic in which v^u^ is equal to ti^u^ was discussed, and the roots of the equa- 
tion were shown to be determinable in terms of the coeflBcients jpg) jPs) ®tc-> ®ven 
while these coefficients have no definite numerical values assigned to them, but 
remain symbolical. The solution that has now been given is much simpler than 
the former; equally with the former, it is applicable to equations with symbol- 
ical coefficients, the assumption being of course made that the coefficients are 
related as in (49); and it possesses the advantage of being part of a general 
theory. 

Additional Examples. 

§32. Sixth Example. — Let 

^ + 320x* — lOOOx -f- 4288 = . 

Here ^ = 0, k= — 16. Because gr= 0, we use the formulae (11) and (16). The 
commensurable values of y and t which satisfy (11) and (16) are 

yz= 8, t= 6. 
Also, by (14), A =56. 

Therefore, from the second of equations (9) and from (20), 

5 = —16X37, 5V25= — 16X20, 
.% 5 +BV2J= — 16(37 + 20^2). 

And Uiu^ = — 2\/ 2 . Therefore 

x = u^ + u^ + u^ + u^ 
= [— 16 (37 + 20 V 2) + V ] 256 (37 + 20^2)* — (— 2^/2)'^}]* 
+ [— 16 (37 + 20V 2) — V i 256 (37 + 20V 2)»— (— 2^2)'*}]* 
-I- [_ 16 (37 — 20V 2) + V { 256 (37 — 20V 2)* — (2V2)^}]* 
+ [_ 16 (37 — 20V 2) — V i 256 (37 — 20V 2)* — (2V2)4]*- 

§33. Seventh Example. — Let 

or, a" + 40000a» — 690000x + 10800000 = 0. 

Here <y= 0, h=. — 2000. Because (7= 0, we use the formulae (11) and (16). 
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The commensurable values of y and t which satisfy (11) and (16) are 

y=2000, <=:50. 
Also, by (14), ^ = 36000. 

Therefore, from the second of equations (9) and from (20), 
5 = — 1700000, 5*^/2 = — 400000^6. 

And UiUi = — 20\/5 . Therefore 
a; = «i + «4 + w, + Ms 
= [— 100000 (17 + 4V5) + V j 100000* (17 + 4^5)' + (20V5)»f]4 
+ [— 100000 (17 + 4V5) — vi 100000* (17 + 4V5)» + (20^5)"}]* ' 
+ [— 100000(17 — 4^5) +V{ 100000* (1 7— 4V5)'—(20V5)»}]i 
+ [— 100000 (17 — 4V5) + V{ 100000* (17 — 4^5)* — (20-v^5)»}]i. 

§34. Eighth Example. — Let 

jc*— 20a!* + 260x— 400 = 0. 

Here g=^ 2, Je = 0. Because g is distinct from zero, we use not the formulas 
(11) and (16) as in the two preceding examples, but (37) and (38). The com- 
mensurable values of y and t which satisfy (37) and (38) are 

y=2, < = — 2. 

Therefore, from the second of equations (6), 5=60. The value of azA' is 
obtained from (35). Thus, since {A!i>/z){a*>/z) = azA', and since oa/z =Vy =V2, 
the value of AW^ is known. Then, by the second of equations (34), Bts/z = 44V2 . 
Therefore B + Bf*^z = 4 (15 + 11^2). 

And «iW4 = flr + oVz = 2 + -</2 . Therefore 

JC=ttl + tt4-j-t*,-|-Ws 

= [4(16 + 11V2) + V] 16 (15 + 1 W2)»— (2 + V2)»}]i 
+ [4 (15 + 11V2) — V{ 16 (15 + 1 1V2)* — (2 + V2)4]i 
+ [4 (15 — IW2) + V{ 16 (16 — 11V2)* - (2 — V2)»}]* 
-I- [4 (15 — 11 V2) — vi 16 (15 — ll-v/2)* — (2 — 'v/2)»[]i. 

§35. Ninth Example. — Let 

5 c s ■ 85 13 
a» — 5a;* + -g- X 2 ~ ' 

Here g= —, A;= 0. Because g is distinct from zero, we use the formulae (37) 

VOL. X. 
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and (38). The commensurable values of y and t which satisfy (37) and (38) are 

Q 

Therefore, from the second of equations (6), B=z-— . Finding A'a/z as in the 

o 

immediately preceding example, we have, from the second of equations (34), 
5'V2 = -?-V2. Therefore 

O 

5 + 5'Vz=-|-(l+V2). 



8 



And «itt4 = — (2 + V2). Therefore 

a; = Wl + W4 + «2 + M3 

= [|(l+V2)+^{^(H-V2)«-^(2 + V2)»}]* 

+ [|(l + V2)-^|^(l + V2)»-4-(2 + V2)»|]* 

+ [|-(l-V2)+^|A(i_V2)'-4-(2-V2r}]* 

+ [| (1 - V2) -y I A (1 _ V2)» - -^ (2 - V2)»| ]*. 

§36. Tenth Example. — Let 

. . 20x 21 

This and the next two examples are intended as additional illustrations of the 
method to be followed when p^ and p^ are both zero. The equations furnishing 
the criterion of solvability given in §24 are 

20 _ 5n*(3 — m) 
Tt"" 16 + m' 

and 21 _ n"^ (22 + m) 

T7"~ 16 + m2 ' 

and they are satisfied by the commensurable values w = — 1 , w = 1 . But, by 
§25, n = 2t. Therefore t= ^ . Putting Jc— and t= —, equation (11) 
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becomes 



Therefore also c\^z — t (a^/z) = ^^ . Therefore, by (20), 

yB^/z = - 2 {<^z){cVz) .'. B^z = - ^ • 
And, by the second of equations (9), B=i- — -— • Therefore 

bo 

/17 
And i^t^4 = ^j— . Therefore 

+ [-^('+Vn)-V{(i^)'-(^0'}r 

+[-^('-^")V{(^^)"+(^0'}]' 

+ [-l(-vn)-V{C-^)'+(^)'}]*- 

§37. Eleventh Example. — Let 

4a? . 29 

The equations furnishing the criterion of solvability are 

4^ _ 5w«(3 — m) 

29 _ n^22 + m) 
66 ~ 16 + m' ' 

and they are satisfied by the values m = 7 , re = 1 . By §25, n = 2<. Therefore 
< = -^ . Therefore, from (1 1), y = -^— . Therefore 

Therefore, by ( 20), t/BVz = — 2 (c'zXcVz) . Therefore B^z = — ^Jf . And, 

9 
by the second of equations (9), -B = — — • . Therefore 

^ + ^^'- 260"- 
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/UK 

And VnUA = %r^ . Therefore 
65 

-[-'-irw{(-ie'^-)*-(^)'}]' 

+[-^1^^-vl(^r)'-(^)'}]* 

§38. Twelfth Example.— Let 

'^+13- + 13- = ^' 

The equations furnishing the criterion of solvability are 

10 _ 5n«(3— ot) 
TS" "~ 16 + m» ' 
3__n''(22-fTO) 
13 ~ 16+^»" ' 

and they are satisfied by the values m = — 7 , n = 1 . By §25, n = 2<. There- 
fore < = -jr- . Therefore, from (11), y = —r . Therefore 

2 * bo 

And, by (20), yFVz = — 2 (c»z)(cv'2). Therefore BVz = — ^ • -^^^l, by 
the second of equations (9), B = -^ . Therefore 

And UiUi = ^^ . Therefore 
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§39. Thirteenth Example.— Let 

a» + 110 (5«" + 60x» + 800a! + 8320) = 0. 

Here gr =: — 55, k=: — 330, and the commensurable values of y and t which 

satisfy (37) and (38) are 

ij=5X 11*, t= 10. 

Therefore, from the second of equations (6), 5= — 220 X 765. Finding A'Vz 
as in the second example, we have, from the second of eq'uations (34), 
ffVz = — 220 X 337V5 . Therefore 

5 + ^Vz = — 220 (765 + 337V5) . 

And «iM4 = — 11(5 + \/6) . Therefore 

»= [— 220(765 + 337-V/5) + V]220»(765 + 337V6)»— (— 55 — llV5)*}]i 

+ [— 220(765 + 337^5)— V]220» (765 + 337V5)» — (— 55— llV5)»i]i 

+ [— 220(766 — 337>v/5)'+ V{ 220* (765— 337V5)»—(— 55 + ll-v/5)»f]t 

+ [— 220(766 — 337V5) — V|220»(765—337V5)» — (— 55+ 11^5)*}]*. 

§40. Fourteenth Example. — Let 

sf — 20a;« — 80** — 150a— 656 = 0. 

Here g=2, A; = 4, and the commensurable values of y and t which satisfy (37) 
and (38) are y = 2, < = 2. 

Therefore, from the second of equations (6), B = 204. Finding AWz as in the 
immediately preceding example, we have, from the second of equations (34), 
Ba/z = 1 44V2 . Therefore 

5= 12 X 17, and B*^z-=. 144V2, 
.-. 5 + ^V«=12(17 + 12V2). 

And tt|«4 = 2 + V2. Therefore 

ai = «i + «4 + «> + «? 

= [12(17 + 12-v/2) + V{144(17 + 12V2)»— (2 + V2)»f]i 
+ [12(17 + 12V2) — ^{144(17 + 12^/2)*- (2 +^2)4]* 
+ [12(17— 12V2) + 'v/{l44(17 — 12V2)* — (2 — ^2)"}]* 
+ [12(17 — 12V2) — ^1144(17- 12V2)* — (2— V2)»}]i. 

§41. FifteerUh Example. — Let 

X* — 40a:' + 160a:* + lOOOar — 5888 = 0. 
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Here gr = 4, A; = — 8, and the commensurable values of y and t which satisfy 
(37) and (38) are y = 8 , ^ = — 4. 

Therefore, from the second of equations (6), B= 1152. Finding A^a/z as in 
the two preceding examples, we have, from the second of equations (34), 
Ba/z — 816V2. Therefore 

B + B'a/z = 48 (24 + 17V2). 
And i^W4 = 4 + 2\/2. Therefore 

x= [48(24+ 17V2)+V|48»(24+ 17V2)*— (4 + 2V2)^}]i 
+ [48(24+ 17V2) — V{48»(24 + 17V2)* — (4+ 2^/2)^}]* 
+ [48(24— 17V2) + V{ 48^(24— 17^2)*— (4 — 2V2)'^}]i 
+ [48 (24 — 17V2) — vi48*(24 — 17%/2)»— (4 — 2^/2)4]*. 

§42. Sixteefnth Example, — Let 

(f ) - ^^ (t) - «^<^ (t) - 2000 (I-) - 11200 = 0, 

or a:^— 200a^ — 48 00»»— 32000a; — 3200 X 112 = 0. 

Here </ = 20 , A; =: 240 , and the commensurable values of y and t which satisfy 

(37) and (38) are y=80, <=20. 

Therefore, from the second of equations (6), B = 640 X 165. Finding AWz as 
in the preceding examples of the same type, we have, from the second of equa- 
tions (34), 5'Vz = 640 X 73V5. Therefore 

B-{-Bf^z— 640(165 + 73^5). 

And UiUi = 4(5+ -v/S) . Therefore 

a = [640 (165 + 73V5) + -v/{640»(165 + 73^5)* — C20 + 4V5)»}]i 
+ [640(165 + 73V5) — 'v/J640»(l65 + 73V6)»— (20 + 4^5)4]* 
+ [640 (165 — 73-V/5) + V| 640» (165 — 73V5)» — (20 — 4V5)^f]i 
+ [640 (165 — 73V5) — */\ 640* (166 — 73-s/5)» — (20 — 4V5H]*- 

§43. Severdeenih Example. — Let 

ar^ + 110 (5»» + 20«» — 360a; + 800) = . 

Here <7 = — 55, i = — 110, and the commensurable values of y and t which 

satisfy (37) and (38) are 

y=5 X 11*, < = — 10. 
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Therefore, from the second of equations (6), jB = — 11 x 7500. Finding A'Vz 
as in preceding examples of the same type, we have, from the second of equa- 
tions (34), B^z = — 1 1 X 2700V5 . Therefore 

B + Ba/z = — 3300 (26 + 9^5) . 

And «iM4 = — 11(6-1- a/5) . Therefore 

a;=[— 3300(25 -f- 9V6) + V|3300»(25 + W^)* + ll''(5 -}- ^6)"}]* 
+ [_ 3300 (25 -I- 9V5) — V{3300»(25 -|- 9^5)* -|- 11*(5 + V5)»}]i 
+ [_ 3300 (25 — W5) + V{3300» (26 — 9-v/5)» -|- 11« (5 — V5)4]* 
-I- [_ 3300 (25 — 9-v^5) — V{ 3300* (26 — 9V6)» -|- 11" (5 — \/5)4]i. 

§44. Eighteenth Example. — Let 

a* — 20ic» -h 320x» -f 640j; + 638 = 0. 

Here g=^ 2, A;= — 16, and the commensurable values of y and t that satisfy 
(37) and (38) are y = 8, f = — 5. 

Therefore, from the second of equations (6), and the second of equations (34), 

B = —12X 166, BVz = — 12X 117^2, 

.-. B + Ba/z= — 12(166 + 117V2). 

And 1^11*4 = 2 (1 + V2). Therefore 

»=[_ 12(166 + 117V2)+ Vll44(166 + 117V2)*— 32(1 + V2)«j]i 
+ [— 12(166 + 117V2)— V)144(166 + 117V2)* — 32(1 + A/2y\]i 
+ [— 12(166— 117V2) +vi 144 (166 — 117V2)*— 32(1 — V2)'^j]i 
+ [— 12(166 — 117V2) — vil44(166— 117^2)*- 32(1 — V2)«j]i 

§45. Nineteenth Example. — Let 

sf— 20x'— 160a:*— 420x— 8928 = 0. 

Here gr = 2, A; = 8 , and the commensurable values of y and t which satisfy (37) 

7 
and (38) are y = 72, ^ = — . 

Therefore, from the second of equations (6), -B= 552. Finding A'a/z as in 
preceding examples of the same type, we have, from the second of equations 
(34), J5V« = — 284V2, Therefore 

B + BVz = 4 {13S — 7W2). 
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And t*i«4 = 2 — 6V2. Therefore 

w = [4 (138 — 71-V/2) + V\ 16 (138 — 71-v/2)»— (2 — 6-v/2)»}]J 
+ [4 (138 — 71V2) — VJ 16 (138 — 71V2)» — (2 — 6V2)» j]* 
+ [4(138 +71V2) + Vil6(138 + 71-v/2)«— (2 + 6^2^]* 
+ [4 (138 + 71V2) — VJ 16 (138 + 71-v/2)« — (2 + 6-v/2)» j]i. 

§46. Ticentieth Example. — Let 

x»— 200*+ 170a; + 208 = 0. 
Here gr = 2, A; = , and the commensurable values of y and t which satisfy (37) 

and (38) are y = 2, « = 2. 

Then in the usual way we get 

B + ^Vz = — 12(1 — V2). 
And UiUt = 2 + ^2 . Therefore 

a; = [— 12 (1 — a/2) + V\ 144 (1 — V2)» — (2 + V2)»n* 
_|_ [_ 1 2 (1 — V2) — -v/^ 144 (1 — V2)« — (2 + V2)» n* 
+ [- 12(1 + V2) + s/| 144(1 + V2)«- (2->v/2)»n* 
+ [-12(l+V2)-V{l44(l+V2)»-(2 — V2)»|]i 



Forms of Non-Singular Quintic Curves. 

By David Barcroft. 



Before noticing the forms of the curves given in this paper, I shall make a 
general statement of the principles on which their construction is based, together 
with some facts concerning inflections and bitangents of curves in general when 
derived by the method here considered. The construction of the curves is 
founded on the possibility of deriving one curve from another by a change of 
parameters. Here the only parametric variation employed is one involving the 
absolute term alone of the equation representing the curve, which, in every case, 
is assumed to be an improper curve composed of two non-singular curves. The 
equation of such a curve is t^i? = 0, and that of the derived curve w) = k. If k 
is properly chosen, the derived curve will be non-singular, and will be as near as 
we please to the original. This fact enables us to determine its form if we know 
the character of the changes brought about by a parametric variation of the kind 
in question. What these changes are can be readily determined. 




Let 2> be a double point of try = 0. For any particular value of k the 
product uv must preserve the same sign, namely, the sign of k] n and v, there- 
fore, must change together if they change at all. A simultaneous change can 
take place only when we pass from an angle ADC to its opposite angle BDE. 
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If the sign of h be changed," parts of the curve will be in the opposite angles 
AZ)J&and GDB. 

To investigate the nature of uv=:k as to the direction of its points relative 
to wv = , let X and y be the coordinates of any point on t^ = , and ei and e^ 
the increments of x and y necessary to give a point on uv=zk] substituting 
x + 6i for Xf and y + e^fovy, in uv=zOj we have 

If the point (x, y) is on only one of the curves t^ = 0, t? = 0, say u= 0, leaving 
out higher powers of si and e,, the result becomes 

the equation of a line parallel to the tangent to the curve w = at the point 
(a;, y). This line gives the direction of an element of the curve uv = k. If 
{x, y) is a double point on wi? = 0, our result will be, under the conditions 

prescribed above, / du 3^\/ ^^ i ^^ ^ _ 7 

which shows that in the neighborhood of a double point of uv=:0, uv=:k 
approximates to an hyperbola whose asymptotes are the tangents at the double 
point in question. 

In the cases of the cubic and quartic, the maximum number of real inflec- 
tions is one-third of the total number. The conic having no inflections, may be 
included as possessing the same property. All the quintics whose forms I give 
have fifteen real inflections, and it is true generally that the maximum number 
of real inflections of curves formed as these are is one-third of the total number. 
Let it be granted that the number of real inflections of a curve tt = of 
degree Ui is Wj (% — 2) , and of a curve t; = of degree n^ is n^{n^ — 2) ; let 
tfc = and v = intersect in the maximum number of points nin^, then the curve 
uv=^k, k being small enough, will have {ui + ni){ni + n^ — 2) real inflections ; 
for the inflections of wt;= ^ are those due to the inflections of wy = together 
with two for each double point of ?/v = ; that is, Ui {ni — 2) + tij (72^ — 2) + 2711^2 > 
which equals the number just given. In view of the statement made regarding 
the conic and cubic, the property noticed is seen to be true generally. We may 
state, therefore, that a curve of any degree n may have as many as n{n — 2) 
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real inflections. It will be observed that, as the intersections of w = and 
v = diminish in sets of two, the number of real inflections will diminish in sets 
of four; hence, if we form a complete system of curves by this method, the 
number of inflections of the curves of various classes will be n{n — 2), 
w (w — 2) — 4 , n (n — 2) — 8 , etc. 

The bitangents of uv = k may be considered as derived from those of wv = , 
including among the latter the analytical bitangents ; these are (a), lines drawn 
from a double point ofuv = tangent to the curve ; (5), lines joining the double 
points two and two. Each of the analytical bitangents of class (a) gives rise 
to two, and each of class (J) to four bitangents of uv = k', each ordinary bitan- 
gent of t^v = is the source of one of uv=^k. A figure will make this clear. 
It will be observed that bitangents derived from analytical bitangents may be 
imaginary. The total number is made up of 

-^ (w* — 2n' — 9/1* + ISn) — 2n^n^ [n^ {rii — 1) — rtiU^ — 5] , 

derived from the ordinary bitangents of t^v = 0; Iriin^ \n {n — 1) — 2/iin, — 4] , 
derived from the analytical bitangents of class (a), and 2^21712(^1^2 — 1) from 

those of class (J), making together -^ (n* — 2v? — 9/1* + 18n), which is the 

number for a non-singular curve of degree n. Ui and n, represent the orders of 
w = and v = 0. 

Zeuthen has remarked (Math. Annalen, Vol. 7, p. 410) that the branches 
that make up a plane curve may be of two kinds, odd or even ; an odd branch 
intersecting any other odd branch in an odd number of points, and an even 
branch intersecting any other branch, odd or even, in an even number of points, 
Mobius has shown that an odd branch has always an odd number of real inflec- 
tions and an even branch an even number, and if an odd branch is non-singular, 
it must have at least three real inflections. Applying these statements to the 
quintic, it is seen that a non-singular quintic cannot have more than one odd 
branch. It must have one with at least three real inflections. It cannot have 
more than six even branches external to each other, for, if it had as many as 
seven, we could pass a cubic through seven points chosen on these and two on 
the odd branch intersecting the quintic in at least seventeen points. There 
cannot be more than two even branches if one is inside of the other, and, more- 
over, the internal branch must be an oval. 
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Zeuthen divides bitangents into two kinds. His bitangents of the first kind 
are those whose points of contact are on the same branch ; the points of contact 
may be imaginary. Bitangents of the second kind have their points of contact 
on different branches. In the case of quartics, the points of contact of a bitan- 
gent of the first kind cannot be separated by its intersections with two other 
bitangents. This is true of quintics if the bitangent has its points of contact on 
an even branch, but the contrary may be the case if the points of contact are on 
the odd branch. We may have an inflectional tangent, tangent elsewhere. The 
number of bitangents of the first kind to an even branch is easily seen to be 
one-half of the number of its real inflections. Quintics may have 0, 1, 2, 3, 4, 5 
or 6 even branches, hence the number of bitangents of the second kind to even 
branches may be 0,0,4,12, 24, 40, or 60, since every combination of even 
branches in sets of two has four bitangents of the second kind. 

The quintics whose forms are given are derived in every case from the 
combination of a cubic and conic intersecting in six points. Such combinations 
give curves with fifteen real inflections, and they illustrate, to a certain extent, 
the forms of quintics having a less number of inflections, especially those result- 
ing from cubics and conies intersecting in four, two, and zero points. In the 
following I give forms so far as I have been able to determine them. After 
Zeuthen an even branch is called an oval, a unifolium, a bifolium, a trifolium, etc., 
according as it has 0,2,4,6, etc. 2r real inflections. 

In the following enumeration of forms, I put in the same class quintics 
having the same number of real inflections, then subdivide according to the number 
of inflections on the even branches. The odd branches are not mentioned, but 
must be understood as forming a part of the quintic in every case. Each figure 
represents two forms, in some cases duplicates. To distinguish between them 
they have been drawn in heavy and light lines. The dotted curves indicate 
the combination of cubic and conic from which particular forms are derived. 
* The positions of the inflections on the cubics are shown by the dashes drawn 
across them. 

Quintics vnth Fifteen Real Inflections. 

I. 

1. Sexifolium and internal oval. Figs. 1, 4. 

2. Six unifolia. Figs. 1, 4. 
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II. 

3. A quadrifolium and a unifolium. Fig. 32. 

4. A quadrifolium, a unifolium, and an oval. Fig. 33. 

5. A trifolium and a bifolium. Fig. 5. 

6. A trifolium, a bifolium, and an oval. Fig. 34. 

7. A quintifolium and two ovals. Fig. 8. 

8. A bifolium and three unifolia. Figs. 2, 9, 13, 14, 17. 

9. A bifolium, three unifolia, and an oval. Figs. 22, 31. 

10. Two bifolia, a unifolium, and two ovals. Fig. 23. 

11. Five unifolia. Figs. 24, 26, 27. 

III. 

12. A quadrifolium and an oval. Figs. 35, 44. 

13. A quadrifolium and two ovals. Fig. 15. 

14. A trifolium and a unifolium. Figs. 11, 12. 

15. A trifolium, a unifolium, and an oval. Figs. 18, 36. 

16. Two bifolia. Fig. 16. 

17. Two bifolia and an oval. Fig. 37. 

18. Two bifolia and two ovals. Figs. 19, 28. 

19. A bifolium and two unifolia. Figs. 38, 39, 41, 42, 45. 

20. Four unifolia. Figs. 3, 10, 20. 

21. A quadrifolium and three ovals. 

22. A bifolium, two unifolia, and an oval. 

The figures for 21 and 22 are not given ; 21 results from a combination of a 
bipartite redundant hyperbola with a hyperbola ; 22 from the same cubic with 
an ellipse ; Figs. 41, 42, 45 illustrate this case. 

IV. 

23. A trifolium and internal oval. Fig. not drawn. The form differs from 

the next only in the internal oval. 

24. A trifolium. Figs. 40, 43, 46. 

25. A trifolium and an oval. Fig. 40. 

26. A trifolium and two ovals. Figs. 7, 39. 
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27. A trifolium and three ovals. Fig. 12. 

28. A bifolium and a unifolium. Fig. 6. 

29. A bifolium, a unifolium, and an oval. Figs. 25, 29, 30. 

30. Three unifolia. Figs. 25, 29, 30. 

31. Three unifolia and an oval. Fig. 11. 



32. A bifolium. Figs. 7, 8, 15, 22, 23, 24, 26, 27, 31, 44. 

33. A bifolium and an oval. Figs. 2, 14, 21. 

34. Two unifolia. Fig. 47. 

35. A bifolium and three ovals. 

36. Two unifolia and two ovals. 

The last two may be obtained by combining a bipartite redundant hyper- 
bola with an ellipse. 

VI. 

37. A unifolium and an oval. Figs. 3, 10, 20. 

38. A unifolium and three ovals. 

The last is formed as 35 and 36 by changing the position of the ellipse. 
The bipartite cubic corresponding to that of Fig. 43 is the proper one for the 
cases 35, 36, 38. 

VII. 

39. An oval. Figs. 18, 33, 34, 36. 

40. Two ovals. Figs. 9, 13, 16, 17, 41, 42, 44, 45. 

41. Three ovals. Figs. 40, 43, 46. 

42. Four ovals. 

By changing the position of the ellipse in case 38, 42 is obtained. 

43. No even branches. Figs. 28, 47. 



/ 
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Quintics with Eleven Real Inflections. 

L 

1. A quadrifolium and an internal oval. 

2. A quadrifolium and an oval. 

3. Two bifolia and an oval. 

4. Four unifolia. 

5. A trifolium and a unifolium. 

6. A trifolium, a unifolium, and an oval. 

II. 

7. A trifolium. 

8. A trifolium and an oval. 

9. A trifolium and two ovals. 

10. A trifolium and three ovals. 

11. A bifolium and a unifolium. 

12. A bifolium, a unifolium, and an oval. 

13. A bifolium, a unifolium, and two ovals. 

14. Three unifolia. 

15. Three unifolia and an oval. 

III. 

16. A bifolium and an internal oval. 

17. A bifolium and an oval. 

18. A bifolium. 

19. Two unifolia. 

IV. 

20. A unifolium and an oval. 



21. An oval. 

22. Two ovals. 

23. Three ovals. 

24. No even branches. 
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Qymlics with Seven Real Inflections. 

I. 

1. A bifolium with internal oval. 

2. A bifolium and an oval. 

3. A bifolium. 

4. Two unifolia. 

II. 

5. A unifolium with internal oval. 

6. A unifolium and an oval. 

7. A unifolium. 

III. 

8. An oval. 

9. Two ovals. 

10. No even branches. 

Quintics with Three Real Irvflections. 

I. 

1. An oval with internal oval. 

2. Two ovals. 

3. An oval. 

The total number of forms enumerated is eighty. 

An inspection of the figures will show that the odd branches are composed 
of one, three, or five infinite parts with a number of inflections varying from 
three to fifteen. It will be observed that in the neighborhood of a double point 
of the improper curve there are always two inflections of the non-singular curve; 
they are both in the same angle if the parts of the improper curve turned 
towards each other are convex ; one in each of two opposite angles if the parts 
turned towards each other are, one concave and the other convex. Other inflec- 
tions are those in the neighborhood of the inflections of the cubic. 

With regard to the real bitangents I am unable to state a general law as to 
their number. It is certain, however, that the number of bitangents of the first 
kind is not constant. An examination of the curves will show this to be the 
case. Figs. 13 and 14, 26 and 27 illustrate the loss of two bitangents of the 
first kind. Intermediate between the heavy curve of Fig. 13 and the light curve 
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of Pig. 14 there is one having an inflectional bitangent. The loss of two bitan- 
gents occurs in passing through this case. It will be noticed that two bitangents 
of the second kind are lost in the case of the other curves of these figures. The 
light curves of Figs. 6, 7, and 8, and the heavy curve of Fig. 5, illustrate the 
statement made that the points of contact of a bitangent of the first kind to an 
odd branch may be separated by the intersections of the bitangent with two 
others. 

I add the following table showing the character of the even branches as 
they occur in the figures. represents an oval ; 1, a unifolium ; 2, a bifolium, 
etc.; (0) indicates that the oval is inside of another even branch. By a proper 
combination of digits the number and characters of the even branches are shown 
in each case, h refers to the heavy curve and I to the light one. 

Figs. 12 3 4 5 6 

h 6,(0); 2,0; 1,0; 6,(0); 0,0; 2,1; 

I 1,1,1,1,1,1; 2,1,1,1; 1,1,1,1; 1,1,1,1,1,1; 3,2; 0,0; 

Figs. 7 8 9 10 11 12 

h 2; 6,0,0; 2,1,1,1; 1,0; 3,1; 3,1; 

I 3,0,0; 2; 0,0; 1,1,1,1; 1,1,1,0; 3,0,0,0; 

Figs. 13 14 15 16 17 18 

h 2,1,1,1; 2,0; 2; 0,0; 2,1,1,1; 0; 

I 0,0; 2,1,1,1; 4,0,0; 2,2; 0,0; 3,1,0; 

Figs. 19 20 21 22 23 24 

h 2,2,0,0; 1,0; 2,0; 2; 2; 2; 

I 2,2,0,0; 1,1,1,1; 3,0; 2,1,1,1,0; 2,2,1,0,0; 1,1,1,1,1; 

Figs. 25 26 27 28 29 30 

h 2,1,1; 2; 2; 2,1,0; 2,1,0; 

I 1,1,1; 1,1,1,1,1; 1,1,1,1,1; 2,2,0,0; 1,1,1; 1,1,1; 

Figs. 31 32 33 34 35 36 

h 2; 4,1; 0; 0; 4,0; 3,1,0; 

I 2,1,1,1,0; 4,1; 4,1,0; 3,2,0; 4,0; 0; 
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Figs. 37 38 39 40 41 42 



h 


2,2,0; 


2,1,1; 


3,0,0; 


3; 


0,0; 


0,0; 


I 


2,2,0; 


2,1,1; 


2, 1, 1 ; 


0,0,0; 


2,1,1; 


2.1,1; 


'igs. 


43 


44 


45 


46 


47 




7i 


0,0,0; 


4,0; 


0,0; 


3; 






I 


3; 


2; 


2,1,1; 


0,0,0; 


1,1. 





I wish to state, in conclusion, that I am indebted to Dr. Story, of the Johns 
Hopkins University, for most of the matter of the preceding pages. A number 
of the curves also were pointed out by him, and, in carrying out the work, I 
have derived much assistance from his suggestions. 
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On Critic Centres. 

By Frank Morley. 



§1. The twelve lines each containing three of the nine inflexions of a cubic 
will intersect in twelve other points. For, taking any such line, through an 
inflexion on it three other lines can be drawn. We have thus ten of the lines ; 
the other two contain the other six inflexions, and intersect in a point which is 
not an inflexion. From the twelve lines we get twelve points, which are clearly 
the critic centres or possible double points of all cubics having the same 
inflexions as the one considered. 

For the canonical form 

U=ji? + 2^ + 2;^ + 6mxyz= 0, 
the inflexions (/) are 

1 — 1, 1—6), 1—0*, 

— 1 1, — o 1, — o« 1, 

1_10,' 1— (oO, 1—0*0, 

where 1,0,0* are cube roots of 1 . 

The twelve lines (X) are seen to be 

Xj x + y + z, ox + y + z, o^x + y + z, 
y, a + oy + o*z, x + ay + z, a + o'y + z, 
z, a + oV + coz, x + y +OZ, x + y + o*z, 

each column of three lines containing the nine points I. 

Now the harmonic polar of a point of inflexion, say 0, 1, — 1, isy — z. 

For the polar conic y* + 2mzx = z* + 2mxy breaks up into this line and the 

inflexional tangent y + z — 2mx. Thus we have corresponding to / the nine 

harmonic polars 

?/— 2, y — w'z, y — oz, 

— X + Zj — Q^X + Z, — ox + z, 

x — yj x — a^y, x — oyj 
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so that the line corresponding to any point is got by writing the coordinates as 
coeflBcients, interchanging o and a?. The points corresponding to the lines L 
(i. e. the critic centres) are seen to be 

10 0, 111, 6)M 1, oil, 

1 0, 1 0*0, 1 6)* 1, 1 6) 1, 
1, 1 6)G)^ 1 1 G>% 1 1 O, 

so that the point corresponding to any line is got by writing the coeflScients as 
coordinates, interchanging o and g>*. From the symmetry the critic centres 
might be called the harmonic poles of the corresponding lines of inflexions. It 
is clear from the tables that the three harmonic polars of coUinear inflexions 
meet in a point, the harmonic pole of the line of inflexions (an obvious property 
which I have not seen stated); that reciprocally the four harmonic poles of 
concurrent lines of inflexions lie on a line, the harmonic polar of the point (just 
as four lines L pass through each point /) . Each column of three points forms 
the same triangle as the corresponding column of the lines L] on the sides are 
the nine inflexions, and through the angles pass the nine harmonic polars. 

The points which have x as polar are given by ^ + Srwza: = 0,2*+ 2ma;y =0 ; 
the chords of intersection are 

2/*+ 2mzx — (2? + 2mxy) , y*+ 2mzx — o (2^+ 2mxy) , y*+ 2mzx — o' (2* + 2mxj/) = ; 

hence the harmonic pole is one, the others are the triangle formed by the 
inflexional tangents and lie on the harmonic polars. The table of inflexional 
tangents is 

— 2mx + y + 2 , — imx + G?y + 02, — 2mx + <^y + ^*z, 
x — 2my + 2, ox — 2my + 0*2 , g?x — 2my + 02, 

x+ y — 2wi2, cfx + «y — 2rw2, cox + o'y — 27W2, 

and the polar of 1 , , with regard to the triangle T formed by the first row i^ 

dT dT 

cc = , since -;— = and -7- = : so that the harmonic pole is the pole of the 
' dy dz 

line L with regard to the three inflexional tangents. There are two lines L 
through a harmonic pole, and two such points on a line L] the polar conic of 
such a point {e. g. 7? + 2myz) vf'iW touch the lines through it at the other poles 
on the lines. 

To show the effect on a curve of passing through critic centres, we may say 
(what is easily verified) that a quartic through the harmonic poles inflects at 
each, the three tangents at points in a column meeting on the quartic. 
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§2. The polar conic of a point Xi^jZi or is 

*i»* + yy + Ziz* + 2m (xjyz + yizx + Zixy) = . 
Eliminating m between this and U, we get for the locus of contacts of tangents 
from O, 

Q = Sxyz {xio? + yo/* + Zi^) = («» + y* + z')(ariyz + yjzx + Zioy) . 

This quintic Q is seen to pass through O, the twelve harmonic poles, and the 
nine points /. Now the latter points are also inflexions on Q. For since 

-^ = Bifz{xi3i?+ ) + 635,a^yz — 3j5» (x,yz + ) — («* + )(yi2 + «iy), 

the tangent at 0, 1 , — 1 is 

«(yi + 2i) = aa(2/ + 2). 
which passes through 0. Eliminating x between this and Q, 
3 (yi + zi) xiyz (y + z)| ai (y + z)» + (yx + zi)»(y,y» + ziz») I 

= H(y + «)' + (yi + 2i)V + «*) }la5i(yi + 2i)y«+a;i(y + z)(yi2 + ziy)}, 

or dividing by Xi (y + z), 

Sifi (yi + 2i) yz (y + 2)* + Syz (yi + Zi)'(y.y' + ZjZ*) 

— a? (yi + 2i) y2 (y + z)* — y^ (yi + zi) V — yz + 2») 

— a^ (yi2 + 2iy)(y + «)' — (yi + 2i)V + 2')(yi« + 2iy) = o ; 

the terms of which y-\-z\& not an apparent factor may be written 

3yz (yi + zi)'l yiy* + zi^ + yz (yi + zj) | — yz (yi + z,y(y» + z» + 2yz) . 
or 3^ (yi + zi)» (y + z){ifiy + z^z) — yz (y, + z,)* (y + z)». 

Dividing by y + z, 

2ari (yi + 2,) yz (y + z) — zf (yjZ +z^){y+ z)» — (yi + z^\y* —yz+ z»)(yiz + Zjy) 

+ 3yz (yi + zi)'(yiy + Ziz) — yz (yi + Zi)*(y + z) = • 
The terms of which y + z is not an apparent factor may be written 

(yi + Zi)'| 3yz (yiy + ZiZ + y^z + Zjy) — (y» + z» + 'lyz){y^z ^rz^y)\•, 
or (yi + zi)»{ 3yz (y + z)(yi + Zi) — (y + z)*(yiz + Zjy) |. 

Dividing by y + z, 

*i \ 2y2 (yi + zi) — (y + z)(yiz + z,y) } + (yi + z,)'! 3yz (yi + Zj) 

— (y + 2)(yiz + ziy) } — yz (yi + Zi)* = , 
or 2yz (y^ + z.) — (y + 2)(yiZ + Zjy) = , 

or (y — z)(yi2— zjy) = 0. 
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Thus the lines joining to I are inflexional tangents to Qj and meet Q again 
on the corresponding harmonic polars. 

From the equation of Q it passes through the intersections of 

Xi^ + yi2^ + Zi2* = 0, x^z + yizx + z^xy = 0, 
which are the four fixed points on the polar conic of with regard to U. If we 
write X, Ffor the spepial cubics ar* + ^ + z^, Sxyz; X\ Y' for the first polars of 
O with regard to them ; JT", F" for the second polars ; X'", F" for their values 
at O, then the quintic and its polars may be seen, by successive operations with 

YX"-XT\ 

F X" + FZ'" = X' F" + XT\ 
or, since there is the identity, as may be seen by ordinary algebra, 

TX" — FZ"' = X F" — XF'", 
the cubic is FX'" = XF" or FX" = X' F" ; 

differentiating either, the conic and line are 

FX'" = X'F", 

F"X'" = X"F'". 
From the first form for the cubic it goes through / and 0, and from the second 
it meets the polar conic at the points X' = 0, F' = 0, and the polar line at the 
point X"=0, F" = 0, which is the fixed point on the polar line of O with 
regard to TJ. The polar quartic passes through the same point (P suppose), so 
that OP is a double tangent to the quartic. 

We have now to show that Q is the general form of a quintic through the 
21 points. A quintic about the triangle of reference is 

x^ {hiy + Ciz) + y^ {c^z + a^x) + 2* {a^ + %) + x^ {eiif + fi^) + f {A^ + d^^) 

+ ^{d^ + €^^) + xyz {(vx? + hf + C7?+ 2fyz + 2gr2x + 2Axy) = . 

Putting a = 0, 

yz {c^ + V +/»2^2 + ^y^) 

must =2/z(y^H-2^), 

and Cjj = 63 = a , ag = c^ = /? , 6^ = a^ = y , 

so that the curve is 

ayz{if + z') + /?.x(;.^ + x^) + yory (x^ + 2^)1 =0 
+ xyz{a7? H- 6y* + cz* + 2/^2; + 2grza:+ 2/<^^) ) 
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Substituting 111, oil, o'll, 

2(a + /3 +y) +a + 6 +c +2(/ + gr +h) =0, 
2 (a + /3o + yo)) + a + io + co + 2 {/o + gr^)' + Ao«) = 0, 
2(a + /?a)« + yo») + a+ 6(j* + ca«+ 2(/6)» + (/o + /^o) =0, 

/. 2a + a = 0, 

or a = — 2a, ?> = — 2/?, c = — 2y, 

/. ^ + A=0, A+/=0,/+sr=0, OT /,g,h=0. 
Hence the general form is 

ayziy' + s^-ix') + /?2u: (z^ + x» - 2y^) + rxi/{a^ + i/— 2s?) - 0, 

which is clearly equivalent to Q. 

We have not used the points loo', 1 o'o, and need not have used 1 1 1 ; so 
that a quintic through / and nine of the harmonic poles goes through the other 
three. Moreover, it goes through them without being further defined, and still 
contains two parameters. There is here a remarkable anomaly, for, while 
twenty points determine a quintic, we have a quintic through twenty-one points 
with two disposable constants. 

For the other intersections of two such quintics we have 

xi^^ + yif + h^ _ ^ + y' + ^ _^ 

or Xi (x* — ayz) + . 

and Xg («* — ayz) + . 

a? — ayz 

" yih — Ziy2~ ' 
or since sc* + 2^ + 2^ — Zaxyz = , 



= 
= 0, 



X 


y 


z 


«1 


2/1 


2l 


Xt 


Vi 


2» 



= 0; 



that is to say, the remaining four intersections of two quintics whose parametric 
points are 0, C lie on the line OO. These will be fixed for quintics Q +X^, 
for their parametric points will be on OC, but not for quintics whose parametric 
points are off OO. Hence though quintics through nineteen fixed points 
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pass in general through six other fixed points, in this case we have quintics 
through twenty-one points whose remaining intersections may lie on any line 
not through the points. (If the parametric point is one of the twenty-one 
points, it is easily seen that the quintic splits up.) The proof that the other 
points of intersection are fixed is evaded by the existence of the two parame- 
ters (see Salmon's Plane Curves, p. 18). As was seen above, the twelve harmonic 
poles count only as nine conditions in fixing the quintic. 

§3. It is clear that most of §2 is true in general. Let U, V be two w-ics, 

and let ^ denote a -z — hi ~j- + ^ "77" • Eliminating X from 

we get Q= V^U— U^V= 0, 

a (2n — l)-ic through the n^ intersections, and also the 3(n — 1)* critic centres, 

for which A — A — A — Ul— JL 

V^~ V,~ V, ~SV~ V • 

The first polar of a, 6, c or is 

which passes through Cr=0, F=0. Hence the tangents to Q at these points 
go through 0. The points of contact of the other tangents from lie on 

^F.fCT— ^^7:^7=0, 
which touches Q at O, the common tangent being 

e"'7.^»cr— = 0, 

^" U being a constant. 

To get the rth polar we may expand ^"(FJCT — U^V), remembering that 
Leibnitz's theorem applies to ^, or use the more convenient form 

where now in each expansion we stop half way, i. e. keep only the terms in 
which the power of ^ acting on the first factor <C that acting on the second. 
The equivalence of the methods is clear if we write down the expansions. The 
polar cubic has a singular property ; its equation becomes 

nr-*F.^--^Cr+3(n— 2)f^-37.^'*I7— =0, 
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where, as above, the — precedes terms got by interchanging U and V. Now 

identically f^-^F.^-^CT— ^*-«F.^*Z7- = 0, 

for if we operate with ^, the left vanishes, and it also vanishes if x, y, 2; = 0. 
Hence the polar cubic is either 

or ^'^-'F.g-Cr — = 0, 

and passes through the intersections of 

l^n-lJJ^ ^n-ly. ^n-%U^ ^.^.y. ^n-8 JJ^ ^— 8^^ 

Thus the fixed point Pj on the polar line of with regard to J7+ JlF, the four 
fixed points P^ on the polar conic, and the nine fixed points Pg ^^ ^^ polar 
cubic lie on a cubic through O; OPx is a tangent at to the cubic, and OP^ are 
tangents at P^. 

Let Q be the curve obtained from dVd or (7. Then for the intersectious 

f7/F=^f7/^F=:ef7/^'F 
A possible set of points is 

cr=o,^cr=o,^'f7=o, 

or 



oZ7i-h Ji7i + cD's=0, 




X y z 
a h c 
a' V d 


= 0. 



whence 



The remaining (2/1 — 1)' — n* — 3(w— 1)^ or 2(n— 1) intersections .-. lie on 
OO. These are fixed for Q-^-'kQ, but not for curves whose parametric points 
lie off OO. Since (2/i— l)(n+ 1) conditions fix a curve Q, and besides the 
n* + 3 (n — 1)* we require two more, it appears likely that all such curves 
through all but n» + 3 (n — l)» + 2 — (2n — \\n + 1) , or (ri — 2)(2n — 3) , of 
the critic centres pass through the rest. I have not noticed a similar difficulty 
for curves of even degree ; but, at least for the case of the critic centres, the 
accepted theory appears to require limitation. 

Hayerford CoLLEaK, Pa., October, 1887. 

VOL. X. 
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Note. — Professor Cayley has kindly cleared up the difficulty stated above ; 
it comes under Bacharach's addition to Cayley's original theorem. See Cayley, 
" On the Intersection of Curves," Math. Annalen, Vol. XXX (1887), pp. 85-90; 
Bacharach, ib. XXVI (1886), pp. 275-299. On the point in question, Professor 
Cayley writes : " In fact, four points may be represented by Pi = 0, ^4 = 0; we 
have the quintics A^Pi + BiQ^^Oy A^Pi+ B[Q^=Oj meeting in these four 
points and in twenty-one other points; the Ijuintic A^Bi — -4^J5i=:0 passes 
through these twenty-one points but not through the four points — or generally 
w^e hdiVe 

a quintic through the twenty-one points but not through the four points." Thus, 
when we have shown that two {2n — l)-ics through the n* intersections and 
3 (n — 1)* critic centres of two n-ics meet again in points on a right line, we do 
not expect other (2n — l)-ics through the n* + 3 (n — 1)* points to share the 
other 2(n — l) points. 
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§1. 

Assume the binary quantic to be 

(oo, Oi, a,, )(a:o, Xl)^ 

wherein it will be observed the variables are written x^, Xi, and moreover are 
supposed hypothetically of weights and 1 ; any coeflScient in the quantic has 
thus the same weight as the combination of variables which it affects. 

Write any two covariants of this quantic 

w = (Jo, A. ^8» KiCoi ^\)\ 

t; = (5o,5i, 5„....)(cro,xO', 

and represent the differential operation 

by ^m orby>7f>7f, 

according as it takes effect upon u or upon v] the operation of Ueberschiebung 

of order x is then symbolically {^^vj^ — ^i*7o)*> 

and noting that 

we find at once 

= {A^, Ai, At, )(a-o. an)— '(5«, B.+i, 5«+, • . . .)(a^o, «i)'~' 



X — 

"2f 



+ ^— (^»' ^»' ^*' K*or a;i)'~"(-S._,, 5,_i, 5. )(xo, »i)'- 



or if we write (J,, -4,+i, Jj+, )(a!o, Xi)'~' = *S',, 

(-Bj-, ^j'+i, -^jz+j, . . . .)(a^o. a;i)'~* = 2,', 
we may exhibit the result in the symbolic form 

wherein (2 — /S)* is to be expanded in the form 

2'aS« — x2— '/S'+ , 

and then each power changed into a suffix. 
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Hence, neglecting a numerical multiplier, the source of the eovariant 

(^o>7i— fi>7o)* 
is in a symbolic form {A — -B)*, 

or at length 

A^B, - xA^^.B, + '•^^ -4_,5, -.... + {-yA,B^ . 

Giving X the values 0, 1, 2, 3, .... , 

we write down the series of seminvariants : 

A,B,-A,B,, 

A,Bo—2AiBj, + AoB,, 

A,B, — 3A.By^ + &A^B, — A,B,, 



each source is derived from the next preceding by the operation of 

^i^A. + ^«9^, + ....— Bids^ — B^dg^ — ...., 
and further, each is annihilated by 

A,d^^ + 2^18^. + .... + B^j,^ + 2^13^, + . . . . 

§2. 
Write the reversor 

in the form 

P {«i9a. + (1- y)a,a,, + (1 - j)(hda, + .... + y«p9a,^i} 

= pS suppose ; then 

1 
u = Jo4 + piAfpci-'^Xi + -g^ p*5*A4-*a:f + 

= a:S6*» A^ (« = p=oo); 

but if the quantic be actually supposed of unlimited order, and A^^ be of 
degree-weight (a, w), then 

p = — in the limit, 
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and the asymptotic form of the covariant u is 

I -^o> ~^ » ~zr » • • • • Jv^> ^1/ > 
or symbolically. 4 A +^ AVj^. 

The process of Ueberschiebung now gives the series 

^h^A,.B^—2a(3SAo.SBo + a'^-S^^o, 



and in general, 

or with the proviso that (5^)°= SMo = ilo; S^A^={^AQy, this is, in symbolic 
form, {^SA^ — aSBoY. 

The result just obtained is seen to be identical with that given by M. Perrin, 
and partially also by M. Maurice d'Ocagne, in recent numbers of the Comptes 
Kendus of the Academy of Sciences in Paris.* 

§3. 

Transformation of the Foregoing Results. 

Consider the quantic with derived coefficients 

(oo, 1! ai, 2! a,, Xxq.XiY] 

the sources become transformed into symmetric functions of the roots of the 
equation a^pc^ — aiic**"^ + Ojcc**""* — . , . . = (n = oo ) 

in which no root occurs raised to the power unity ; (N. B. — These have been 
elsewhere called non-unitary symmetric functions) ; 
the reversor 

paAo + (P — 1)«A, + (p — 2)a89«, + 

becomes p (ai9«, + ^%da^ + ^cis^a, + ....) 

- 2{a,da, + 5aA, + 6aA. + ....), 

* The connection of the result with the process of Ueberschiebung, and the fact that it is merely its 
expression qu& sources of quantics of unlimited order, was not mentioned by either M. Perrin or 
M. d'Ocagne. 
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wherein the numerical coefficients in the last portion of the operator are the 
successive triangular numbers. 

Writing this reversor pSi — 25^, 

it is necessary to separately examine 5i and h^. Put 

d^ = aoda^ + (^idaj,^i + «s9«A+» + ' 

so that ^ X ^A T ^A4-i I X ^A+j 

wherein h^ denotes the sum of all the homogeneous products of the roots of the 
equation, of weight w] thus, 

whence 

5i = a A. + 2a,a,i + 3a,8^ + ia^da, + .-.. 

+ 

— -Z- <H " 3 <h. H 78 Oj — . . . . 

_2^(-) ^^3 d, 

A=0 
A=<» 

= / ( — )^/S'x^.i(iA hy a known formula. 

A»0 

Sy denoting the sum of the r*^ powers of the roots. 

/. hi = /Sic^ — S%di + /%<i| — .... 
Similarly 

+ 3a.(A.A-A4 + A,^-....) 

+ 6a,(Ao — - A,-^ + A,-^ - . . . .) 
+ . ... 
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Xssflo 



*a5"^ 



X=l 

x=« > 

= / (-r)^"*"^^A*4.i^x by a known formula. 

/S?^i denoting the sum of all those symmetric functions of weight X+ 1 which 
involve two and only two roots in their expression ; thus, 

where j? -}- j = ^ + 1 , 

p>0, i7>0. 
We thus have 

S^= Sld^— Sl€k + Sld^— , 

and pSi-28^ = pSid^—{pS, + 2Si)d^ + (p/S, + 2Si)d^— ; 

* The construction of the analogous function 

\1>1»P2 7P8 1 Pr>Oj 

when expressed in terms of the literal coefficients may be exhibited as follows. Let 

at^aJjt^ Of, of* 

be any product of coefficients of weight tv ; the corresponding partition of to consists of fii ones, fi^ twos 
and so on, and is represented by 

(r'2^' Sf^ H; 

we form the function 

« = < «=< «=< «=« « o 1 #=< of 

2 //.(! + «)•= 2 ft+ 2 /'.«r+ 2 A^^ a^+ . • • • + 2 ;i, ■/ „ a^+. • • • 
,=1 «=i .=1 »=i 21 ,=1 rl (« — r)l 

= W^ + W^x-{-W^-{. +W>^-f-...., 

/Ill ;*,! ;«il 

As a Teriflcation, observe that 

= 2 ^^ — ^ Of .Of . ... a?. 

= ^ as should be the case. 
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hi and ht are each separately reversors ; expressed by means of partitions, we 
find hi = [l)d^-{2)di + {Z)d,-{4.)d^-\-.... 

5,= (l»)di-(21)d,+ {(31) + (2»)}t«3-{(41) + (32)f<^4+.... 

§4. 

Operation of the Reversors upon a source which is symholically expressed hy means 

of Partitions. 

It is well known that any source may be expressed symbolically by an 
aggregate of partitions of its weight, the parts of each partition being drawn 
from the natural numbers to w inclusive, unity alone being excluded; and 
further, that the highest symbolic number occurring in the aggregate represents 
the degree of the source in the coefficients ; the operation of dx upon any such 
partition is seen by writing 

w ere A = -;^ K^a, + ^A, + ^s^a, + )'» 

and remarking Hammond's theorem that D^ operating upon a partition has the 
effect of striking out therefrom one symbolic number x when such is possible, 
and an annihilating eflFect in every other case. It is hence manifest that hi intro- 
duces, by the operation of its member 

symmetric functions whose partitions contain at most one unit; also in the 
operation of h^^ (1*) will not appear as a multiplier, since in the present case 
di = J3i = , and SI {X > 2) is expressed by employing merely a single unit ; 
whence h% also introduces partitions which contain at most one unit, and so also 
does any linear function of hi and h% . 

This is obvious, too, from the consideration that any coefficient is derivable 
from the next succeeding one by the operation of 

di, 

the eflFect of which is to obliterate a non-unitary partition and to take away one 
part unity from all unitary partitions ; we now see by a process of induction 
that a covariant coefficient, s removes from its source, is expressible symbolically 
by means of partitions, no one of which contains more than s parts equal to 
unity. 

YOL. X. 
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§5. 

General Form of a Covariant. 
Denote by d, 

any assemblage of non-unitary positive integers, the sum of which is w + « , and 
of which no number exceeds 6 in magnitude ; any two covariants then assume 
the forms 

W«S + «U^ol) + (^i)[a-r'ari+ «.s-l{(M*) +(0il) + {%)}^o-'4 + 

(<?'o) x'o + <tU^o1) + (^i)\^r'xi + <r.a-l\ («?.ol') + (<^il) + i^i) \ arj- *a? +.••., 
to which, applying Ueberschiebung of order x, there results the source 

+ — 

+ (-)l(eol'') + (011'-')+ . . . . + (OMiU 
an expression which consists of — (x + l){x + 2)(x + 3) binary products, and 
which may be put into the form : 

53 ^ W(^^i'"') - i^mA'-'-') + (e.i»)(<^,r--'-')- . . . .+ i-y-\e,v-^){^j) \ 

J=lt-.l 

- 53 W(^j^"'~') - («ii)(^ii"-^-') + {e,i'){%r-'-') 

+ — 

+ (-m)(*o);" 

or as the double sum 

which constitutes the partition expression of the source of the covariant which 
is derived from Ueberschiebung of order x applied to the two given covariants. 

The source clearly consists of —^—'!^—^—^ (=l + 2 + .... + x + l) distinct 

parts, or members, a number which, in the general case here considered, cannot 
be exceeded, and which usually will not be reached. 



y 
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Theorem. '*Each constituent member of a source is itself a seminvariant." 
For operating upon any expression of the form 

(d)(4,i') - {ei)i^v-') + .... + {-y-\ev-'){^i) + (-)' (0iO(<?>) 

with the annihilator di = D^ (ante), 

we find 

+ .... + (_)'-x0i'-^)(^) + (-)'(0i'->)(4>), 

which vanishes, the terms destroying each other in pairs. 

Each constituent member is therefore a non-unitary symmetric function, 
and the process of Ueberschiebung is seen to produce sources, each of which is 
an aggregate of symmetrical members of the same type.* 

§6. 

Incorporation of Two Sources, 
I call, provisionally, the expression 

{%){^.r) -{%1){^,V-^) + .... + (-)-(0ol")(<?»o) 
the incorporation of (0o) and {^^ of order ;c, or say the x^^ incorporation of (Oq) 
and (<^o) • I denote this by | (0o)(4>o) I "• 

From the previous section it will be seen that the x*^ Ueberschiebung of (Oq) 
and (^o) is composed in general of 

1 incorporation of order x, 

2 ** '* X— 1, 

3 '* '' X— 2, 



x+1 '' '' 0; 



* This theorem may be extended in the following manner. Forming the expression 
and operating with Di we find 

(»r-«)(^i')-.(«-i)(^--M(0r-^) + '^4^(<?i')(^^^^ 

which is derived from the former by writing 8 — 1 for 8 \ whence, assuming it to have been shown that 
the latter expression is expressible by partitions each of which contains at most 8 — 2 units, it has been 
proved that the former is expressible by partitions each of which contains at most 8 — 1 units ; it has 
been proved to be true in the latter case when s =: 2 , and hence by induction the theorem is true for any 
value of « . 
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thus a 0^^ Ueberschiebung is composed of a x^^ incorporation of the same two 
sources, together with other incorporations of lower order ; conversely, a x^^ 
incorporation is expressible by means of a x^^ Ueberschiebung of the same two 
sources together with incorporations of lower order ; hence it is an immediate 
inference that a x^^ incorporation is expressible by means of a x*^ Ueberschiebung 
of the same two sources together with Ueberschiebungen of lower order. The 
forms which here present themselves do not in general belong to the original 
quantic, and for this reason, in what follows, the quantic will be supposed of 
indefinite order unless the contrary be expressly stated. 
If in the x^^ incorporation of (^o) ^^^ (<^o) ^^ write 

(0olO = «o 

(<l>olO = ^, 
it assumes the form 

«o6« — «A-.i + «2&«-2 — + (— )'aA» 

which is the source of a covariant of the system of two quantics 

(ao, 1! ai, 2! ag, )(xo, x^Y^ 

(6o, 1! 6i, 2! fej, ....)(^o, aah 

from the simple fact that d^ %l^) = {Q^V"^) , 
it is evident, d priori^ that if 

/(ao, ai, a^, . . . . Iq, &i, b^, . . . . Cq, Cj, c^, . . . .) 

be the source of any covariant of the system of quantics 

(ao, l! ai, 2! a^, )(xo, x^Y^j 

{bo, 1! 6i, 2! &a, Ka-o, iri^, 

(Co, l! q, 2! c,, )(a-o, a•l)^ 



the expression 

/m, (M), (^ol^) .... (4>o), (4>ol), (4>ol*) .... (4^0), (^ol), (4^01*) . . . .f 

must be a seminvariant ; the partitions refer as usual to the same quantic of 
infinite order. 

The process of incorporation is thus a very particular case of this general- 
ization. 
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§7. 
Binomial Syzygies. 
If ^0. ^oi '4'o retain their original significations, we may write down the 

= 0, 



absolute identity 



(Q , (4>«) . (4-0) 

(M). (^'ol). (4-01) 
that is, {Bo) \ (^o)(4'ol) - (<?>ol)(4'o) } 

+ (4»o)U4'o)(M)-(^.l)W} 
+ (^o) U^o) (<?>«1) - (M) (4>o) } = ; 

this identity manifestly represents a syzygy between the three compound semin- 
variants (^o) U4'o)(^ol)- (4>ol)(4'o)f, 

(<?>o)U^c)(M)-(4'.l)(0.)}, 
(^o)Ueo)(^.l)-(^ol)(*o)h 
an application to the theory of perpetuants may be at once shown, for write 

• (00, 4>o, ^o) = (2^ 2\ 2'^), 
and then (2''){ (2^)(2''l) — (2'1)(2'*)} 

+ (2^)](2'^)(2''l)-(2n)(2^)f 
+ (2'*){(2')(2H)-(2n)(2^)[=0; 

the expression (2^)(2''l) — (2M)(2'*) , 

as well as the other two expressions obtained from it by the cyclical substitution 
(xX//), consists, when developed in a series of monomial symmetric functions, of 
quartic and cubic perpetuants ; as a consequence, the identity represents a sextic 
syzygy between binary products of quartic and quadric perpetuants. 
Putting now ^i^ = 0, there results the identity 

(2'')|(2^)(l)-(2n)} 
+ (2^)U2'1)-(1)(2')} 
+ U2'')(2*l)-(2''1)(2^)} = 0; 
herein (2*)(1) — (2H) = (32*-»), 

(2«l)-(l)(2«) = -(32'->); 

whence (32*-')(2') — (32'-i)(2*) = (2*)(2'1) — (2H)(2'); 

remarking that the right-hand side of this identity consists wholly of quartic 
and cubic perpetuants, we see that we have here exhibited a quintic syzygy 
between the binary products on the left-hand side. 
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It is easy to see otherwise that we have the congruence 

(32^-i)(2") — (32''-^)(2^) = mod a, 
for (32^-^)(2-) — (32'-i)(2^) 

certainly contains when developed no symbolic numbers greater than 6 ; but also 
2)5 {(32^-i)(2^) — (32''-^)(2^)} = (2^-i)(2'-i) - {2'^-'){2'-^) = ; 

so that the symbolic number 6 does not occur ; and also 

A](32^-')(2') — (32''-^)(2^)} = (32^~*)(2^-i) — (32«-*)(2^-i), 

which does not vanish; the symbolic number 4 does occur therefore in the 
development, and this establishes that the expression 

(32^-^)(2*) — (32*-^)(2^) 

contains as a factor the seminvariant a raised to the first and to no higher power. 
The above written congruence is thus verified. 

Moreover, the syzygy that has been obtained, includes, for suitable values of 
X and Tij every quintic syzygy in the theory of perpetuants. 

To establish this it is merely necessary to note the eflFect of operating upon 
the left-hand side with 2)5; it is then seen that to a syzygy, of weight w, corre- 
sponds invariably either a quadric or a quartic compound form which is not a 
perfect square ; since the generating function for these forms is 

i"3^« + 1 — 0^.1— a;* ~ 1 — ar».l — a:* ' 
it at once follows that the generating function for independent syzygies is 

which we, otherwise, know to represent the total number (cf. Hammond, Amer. 
Jou/m. Math., Vol. 4, p. 218). 

Reverting to the above general sextic syzygy, let us suppose 

and then operate upon the identity with 

we thus obtain (2"-'')|(2*-'')(l) — (2^-"!)} 

+ (2*-'')U2'-''l) — (1)(2'-'')} 
+ j(2'-'')(2*-''l) — (2'-''l)(2*-'')f = 0, 
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which is equivalent to the result obtained by simply giving ^i a zero value 
in the original identity. In Professor Cayley's language, the eflFect of the 
operation of D^ is, in the present instance, to decapitate the identity. We have 
in fact here performed ^ successive operations of decapitation, and we have 
thereby arrived at the most general quintic syzygy ; it hence follows that the 
sextic syzygies we are now discussing are those derivable by an infinite number 
of processes of (4.2) capitation of the quintic syzygies. Their generating is 

manifestly ^^^ x^ x^^ 

(1 — iC^Xl — «') ■ 1^^^' ~ (l_ic2)(l_ic^)(l_aj«) ' 
altogether, syzygies, enumerated by means of the generating function 



(l-a?){l-x'){l-x') 

. are exhibited in a crystalline form by means of a single absolute identity. 
As another example take 

(00. <?»o,^o) = (2^ao, 3^2'^), 

and then (2*){(3^2'*1) — (l)(3*2^)} 

+ (3^2'^)|(2«)(l)-(2n)} 
+ ](3^2'*)(2n) — (3'2n)(2'^)} =0, 

an identity which will be shown to represent every binomial sextic syzygy in 
the theory of perpetuants. It may in fact be written 

(43^-i2'*)(2*) — (3^2'*)(32'^-^) =](3^2'*)(2n) — (3^2''1)(2-)}— (;i + l)(3^+^2'*-i)(2''), 

and hence a reference to my first paper on perpetuants in the American Journal 
of Mathematics (Vol. 7, p. 26) will show that the statement is true. 

The fact is, that all simple syzygies may be exhibited and enumerated in a 
precisely similar manner, but it is not appropriate to further multiply examples 
of the method. The discussion of the capitation syzygies in general is, from 
their inherent nature, a far more diflficult matter, and all that will be done here 
subsequently will be to indicate to what extent progress has been made. 

§8. 

Particular Forms of Incorporation. 
Consider the form 

1(2^), aor = (20(1"^) - (2^1)(1~-^) + (2-'l«)(l«-*) -.... + (-)"(2^1"), 
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and the result of expanding it in a series of monomials. Since 

Ai(2^),«.r=i(2^-^),a.r-\ 

it appears that having expanded |(2-'""^), aol'^^S we have merely to capitate 
each partition therein presenting itself with the symbolic number 3, in order at 
once to obtain all those partitions in the expansion of 

|(20,«o|- 
in which a symbolic number 3 appears ; thus, since 

we at once find |(2^), ao|*= (3*2-^-*) + ; 

hence, to obtain the general formula, it is only necessary to find that term in the 
expansion which is made up wholly of twos. Such a term only exists for an 
even value of 7n, and the only product of partitions in 

1(20, «o|" 
which can possibly give rise to it is 

(_)i«(2^li~)(li~), 

the expansion of which includes the term 

(-)*"^^r-^(2^+*") 

(see Cayley, A. J. of M., Vol. 7, p. I); hence, by an easy process, we reach the 

formula ',^i^ ,. ^^^u\\ 

1(20, „.!- = £(-). -0^=^^ (3-»2'-+-), 

#=0 

which exhibits the m*^ incorporation of the general quadric form (2-^) with the 
simplest seminvariant a^. Conversely, we can express any single partition 
cubic form in terms of incorporation, 5, thus 

.{32')=I(2'+>),«ol\ 

(3»2')= |(2'+»), o,|« + (;, + 3)1(2'+'), a,\\ 
and in general 

(3»2.)='g (i±M^+l=i)! 1(2.+,+-), „.|,-... 
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Consider now the incorporation |(3*2^), ad'*. This form is a quartic seminva- 
riant ; for reasons similar to those above given in the previous case, and which 
are consequent upon the relation 

We need only calculate those terms in the expansion which do not contain a 
symbolic number 4 . The product (— )'(3''2^1*)(1~"-') which occurs in | (3*2^), a^ \ "*, 
when multiplied out, only produces one such partition, and that one is 

the numerical coeflScient attached to it is (vide Oayley loc. cit.) 

(x + m—28)l (yj — m + 38)! 
xl fi!(m — 28)1 {X — m + 28)r 

hence the following formula : 

1(3-2^), aor = 

^ -<^^^^ (_)>(,4,^_2p-28)! (X-m+p + 3s)l (.,^.^^^,,^,.^,^^^,^,.. 
Z-/ Z^ (x—p)! a! (m— j> — 2a)I (;i — m + p + 28)P ^' 

The incorporation of two quadric forms may be expressed similarly. If we wish 
to incorporate the seminvariant 

1(2-), ao|" = (2-)(l'*) — (2-l)(l'»-^) +.... + (-r(2*l~) 

with Oo, we may proceed in more than one way, but only one really distinct 

result is obtainable for. each order of incorporation. Remembering that the 

expression 

(2-r)(l-) — {s+ l)(2n'+^)(l'»-^) + (?±l)(?+_?) (2n'+*)(l--») 

_.... + (_)»(l+^(2«l'+«) 
^ ' «! m! ^ ^ 

consists, when expanded, of partitions containing at most a units, we may form 
the incorporation of order t: 

|(2')(l") — (2n)(l— ^) + + (— )*(2'1*)}(1') 

— {(2'1)(1")— 2(2*1*) (l"-i) + + (—)"w (2"!"+^) }(!*-») 

+ U2'l*)(l")-3(2«1»)(1— ') + .... + (-)»^±I(2'1-+*)}(1'-') 

+ (-y{(2«iO(i-) -{t+ i)(2'i*+»)(i"-^) +.... + (-)« ^^^±^ (a-i'+Ol, 

VOIi. X. 
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which id 

(2')(i»)(i') - (2-1) A] (i-)(i')} + (sfi*) IA\ (i-)(i')} 

— .... + (— )"+«(2'i-+0 A"+'{(i")(i*) }, 

as may be seen by making a rearrangement of terms. Now 
•(1-)(1') = (2*1"-*) + (m — < + 2)(2*-H— '+») 

/. D{ \ (1") (1*) } = (2'1"-*-) + (ot — < + 2) (2'-»l— '— +») 

^ (^-^+3)(«.-^+4) (2._.i.-,-.-..) + 

whence the incorporation of 1(2"), a^\^ with Oj may be written : 

(2«)(2*1'"-') — (2''l)(2'l"-'-i) + (2''1»)(2'1— '-») — + (—)—*( 2'l"-')(2') 

+ (ot_^ + 2)1 (2')(2'-4'»-'+») - (2«l)(2'-il"-*+') + . . . . +(— )"-'(2''l— '+»)(2^^) } 

+ 2fe^^(2'K2-l"--) -....} 

+ 

or finally as 

|(2'),(2')l-' + (m-<+2)l(2'),(2'-^)|-'+» 

thus the incorporation which is competent to produce every quartic form is 
expressible by means of incorporations of quadric forms. Generally it will be 
found that every form of degree n can be obtained by incorporations of quadric 
forms with forms of degree n — 2. 

§9. 
Capitation Syzygiea. 

Consider the two cubic forms 

|(2«),aoP = (2')(l)-(2'l), 
|(2''),aor = (2'')(l)-(2''l), 
from which 
|(2«).a„|\|(2''),aoP = (l)W(2'')-(l){(2')(2''l) + (2'l)(2'')}+(2'l)(2''l), 
= (2)(2«)(2'')+2(l»)(2')(2'') 

- (1){(2«)(2''1) + (2-1X2-)} + (2'1)(2-1) ; 
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hence 

1(2-), ao|\I(2''), ao|»-(2)(2«)(2-) = (2«)|(2''), a„|»+(2'')|(2'), aol»-l(2«), (2'')|»; 

wherein the sinister contains sextic compounds and the dexter consists of quintic 
compounds, quartic compounds, and quartic, cubic, and quadric perpetuants. 

We have here, therefore, a syzygy. As a simple example, put ;c = /i^ = 1 , 
and then 

(3)(3)-(2)(2)(2) = (2){- 2(2»)f + (2){-2(2»)} + (42) + 2(3') + 6(2'), 

or (3)» — (2)«= — 3(42) + 2(3»)— 6(2»), 

and this is the syzygy which yields the discriminant of the cubic. This general 
result arose by putting 

(1)» = (2) + 2(1»), 

or we may say it came from the congruence 

(I)* — (2) = 0modao, 

Consider next the congruence 

(17 — 2 (1)(1») — (2«) = mod ao J 
proceed as follows : 

|(2'),a„|*.|(2''),aor 

= (1^)(2')(2") — (l«)(2n)(2'') + (1»)(2'1»)(2^) - (1)(2'1')(2^) +(2'1*)(2^), 

|(2'),«o|».|(2''),a,P 

= (l)(l»)(2«)(2-)-(l)(l»)(2'l)(2-) + (1»)(2'1)(2-1)-(1)(2'1»)(2-) + (2«l»)(2''l) 
-(l»)(2«)(2n) +(1)»(2'1»)(2'')-(1)(2"1»)(2'*1), 

|(2').a,|».|(2-).a„|» 

= (!»)»( 2«)( 2*) — (l)(l»)(2')(2''l) + (1»)(2')(2''1») — (1) (2-1) (2''1») + (2'1») (2''1») 
- (1)(1»)(2'1)(2'')+ (1»)(2'1«)(2'') - (l)(2«l»)(2^1) 
+ (l)»(2n)(2''l), 

|(2«),ao|M(2''),ao|' 

=(1)(1«)(2')(2'') -(l)(l»)(2')(2''l)+(l»)(2'l)(2^1)-(l)(2')(2''l') + (2'1)(2^1>^ 
-(1»)(2«1)(2'') +(1)»(2')(2''1»)-(1)(2«1)(2^1»), 

|(2«), 0010.1(2"), ool* 

= (1*)(2*)(2'') -(l»)(2«)(2''l) + (1»)(2')(2-1») -(1)(2«)(2''1») +(2')(2-l*). 
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Consider these five identities and subtract the second and fourth from the sum 
of the first, third and fifth ; in the result it will be seen that the second and 
fourth columns of terms on the right-hand side vanish identically ; the third 
column of terms easily reduces to 

-(2)|(2«),(2'')|», 

and the fifth column to | ( 2') , (2") | * ; 

hence ^^^ 

2_^(-)«I(2«),a.|«.|(2''),ao|*-« 

= (2^)(2'')(2-)-(2)|(2«), (2'')|»+ 1(2"), {T)\\ 
or finally, this is a formula representing syzygies between (4.2), (3.3) and 
(2.2. 2) sextic compounds of perpetuants. 

It is manifest that this process, here given at length, is perfectly general ; 
the result is that the congruence (p> 1) 

(p)2_2(F-i)(F+i) + 2(F-»)(F+«) — ,,.. + (— )P+^2(l)(l«''~i)—(2P) = mod ao 
leads to the formula of syzygies 

^(_).+P|(2'),a,|«.|(2''),ao|"'-" 

a = 

= (2'0|(2«), (2'')1''- (2^-^)1(2'), (2-)|»+(2''-»)|(2'). (2'')|«-. . . . 

+ (-)-|(2«),(2'')|»^ 
or, as it may be written, 

^(_).+p I (2«) , a. I «. I (2") , a, \ »"- = ^ (-)" (2"-'^ | (2') , (2") | «>. 
denoting a number of complete syzygies of degree 6 and of weight 2 (x + /w +i>) • 

§10. 

Consider next the formation of syzygies of uneven weight. Since 
|(2'),a,|» = (l»)(2')-(l)(2'l) + (2'l»), 
|(2''),aor = (l)(2'')-(2''l), 
.-. 1(2-), a„l».|(2''), aor-|(2'), a,\\\{2>^), ao|»- (l)»{(2«)(2''l) 

— (2"l)(2'')} = 0modao, 
or 1(2«), «o|*.|(2''), a„|^- |(2«), 001^1(2"), a,!'- (2)|(2-), (2'')|' = moda„. 
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As a verification, observe that the operation of D^ on the sinister gives 

|(2'-»), aoP(2^-')-(2*-^)l(2''-^), ao^- 1(2'-^), {^-')\\ 

which obviously vanishes identically. 
Proceed now as follows : 

|(2«),aor.l(2'').a,|^ 
= (1)(1*)(2')(2'') - (1)(1')(2"1)(2'') + (l)(l«)(2n')(2'') - (1)*(2«1»)(2'') + 

|(2«),a.|».|(2''),ao|» 
= (1»)(1»)(2'')(2'') - (17(2'1)(2-) + (1)(1»)(2'1»)(2'') - (l)»(2'l»)(2''l) + . . . . 
-(1)(1«)(2')(2''1) + (1)(1»)(2'1)(2-1), 

|(2'),a.|».|(2''),aor 
= (1»)(1')(2')(2'') - (l»)«(2«)(2''l) + (l)(l»)(2')(2n») - (1)»(2«1)(2''1») + . . . . 
- (1)(1»)(2'1)(2'') + (l)(l»)(2n)(2''l), 

|(2«), 001^1(2"), aor 
= (1)(10(2')(2'') - (l)(l»)(2')(2''l) + (1)(1»)(2«)(2''1»)- (1)«(2')(2''1») + . . . . 

where on the right-hand side the portions omitted contain Oq as a factor. Sub- 
tracting the second and fourth of these equations from the sum of the first and 
third, it will be seen that the first and third of the columns of terms on the 
right-hand side vanish identically, and we find 

a=4 

^(-)1(2'),ao|'.|(2''),ao|'- 

= -Ul7- 2(1)(1')}|(2'')(2''1)-(2'1)(2'')H-(1)«|(2«), (2'')r + . . . . , 
whence 

a = 4 

X)(-)"l(2'),ao|-.|(2''),a,r-«+(2»)|(2«), (2")^- (2)| (2'), (2'')|« = modoo, 

representing another batch of sextic syzygies. 

The process employed is perfectly general, and enables us to write down 
the syzygy of odd weight : 

^ (-)1(2«), a.|«.|(2-), aor'+^-+ ^ (-n2'') |(2'), (2'')|^+»-»''=0 modao; 
from this syzygy, in the form of a congruence, we can at once obtain the 
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complete syzygy ; for, operating upon the left-hand side of the congruence with 
2)j, we must obtain an equation, thus 

53(-)1(2'-^). a,|-M(2''-').«o|*- 

a = l 

and herein putting 

(x,f£,j9, a, /3)=(x+ 1, /[£+ l,jp+l, a+ 1, i^H- 1), 
we obtain 

^ MKa-). ao|-.|(2''). a,|*+^- + ]^(-)''(2')|(2«), (2'')j*+^-*^ = 0, 

which is the complete syzygy of degree 6 and weight 2 (ac + /x + j?) + 1 . 

Finally, it may be remarked that, in this paper, the complete expression has 
been exhibited of a number of sextic syzygies which are enumerated by the 

generating function a^ + g^ + a^' + a^ + a^' + g" + a:" + a^' 

{l-^){l-^){l-x') 5 

syzygies ^_^ y*i_ « remain to be exhibited, but at present I do not see 

how to effect this. 

Royal Miutaby Academy, Woolwich, July 22€l, 1887. 



Demonstration directe de la formule Jacobienne de la 

transformation cubique. 

Note db l'Abb^ FaI db Bbuno. 



D'apr^ les Fundamenta, en supposant qu'il existe l'6quation differentielle 

^ ^ vri-y*xi->iy) f v(i-*')(i-«'a>»)' 

en posant y = iS'(— , >l ) , jc = jS'(«),* on aura pour la premiere transformation 
r^elle '' i 8'{u) 

Lorsque n = 3 , il vient 



S^u) 



C'est cette formule qu'il s'agit de trouver directement. 

A cet eflfet je suppose que d'apr^s Jacob! on ait sous la main les Equations 
pour la transformation cubique 

Oo = 1 + 2a, &i = a (a + 2) , ai = a», a* =%/ — , 



(5) 



V'» = w, v';i = t;, a = — , 



*Lfi notation 5 eignifie atfuxm, ou «n employee par d'autres. C'eet ceUe que j^adopte dans men 
IMti eompUt aur lea Fonctiona eUiptiquea^ eoua presse ; notation qu'on trouvera trds utile par sa 
concision et sa clart6. 
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ainsi que I'^quation modulaire 

(6) w* — t?*+2wt;(l— wV) = 0. 

Observons d'abord que Tequation (4) peut s'6crire 



et qu'on a d'aprfes les relations connues de Jacobi, 
Par consequent il vient 






l + ^a? 

ou encore, en remarquant que (i = — , et en poaant ^ = , 

(7) i "^0-t) 

^~ ft l—X*^!!* ' 

En comparant avec la (3) il faudra que ^ =z S(-^\ et alors I'^quation (3) est 

d6montr6e. A cet effet remarquons qu'on a d'aprfes (5) , 

^- ^ _ l + 2a _ t;+2u> ^^ 
Oi a' tt* ' 

Posons /iJ* = 2, nous aurons I'^quation 

(8) t^ + 2vu^ + u^z=:0, 
tandis que l'6quation modulaire correspondante (6) est 

t?* + 2wV — 2uv — 16* = 0, 

Equation qui k I'aide de la (8) de vient 

(9) u^zi^ + 2uv + u^=0. 

En 61iminant v entre des deux Equations (8) et (9) il vient 

4{u^z—l){z—l) — {l — uV)» = , 



2K 

Or si 3a = 2K, S{9a) s'annuUe ; et par consequent, a = —^ est une racine 

2l!r\ 
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ou simplement, en remplapant z par /?•, u^ par x , 

(10) 3 _ 4^ (1 + ;^) + Q]^^^—x^^ — 0, 

qui est pr6cisement le num6rateur de I'expression de S{Za)^ en posant (i = S{a). 

2J 
3 

de P^quation (10); done ^ = sf 

Je profite de cette occasion pour faire voir comment on pent arriver 
simplement a un resultat de Mr. Cayley consigne derni&rement dans le v. 9 de ce 
Journal relativement k T^quation modulaire de 3® ordre, 

(1 1) v}^ + t?" + 1 2 {v^u^ + u^^^) — 16 (t?V + v^u^) + 6wV. 
En posant 

et en 6crivant I'^quation differentielle (1) sous la forme 

dy udx 

VT— 2^3T-f? ~ ^/l — 2aa^'f^ ' 

il s'agit de savoir ce que devient Tequation (11) en fonction de a et /?. 

A cet eflfet pour plus de clart6 faisons pour le moment x = i^* = u, ;i=t;^=v, 
Peq nation (11) deviendra 

(12) u^ + V* + 12 (uv^ + vu^) — 16 (uV + uv) + 6uV = 0. 
Si on la divise par u*v* on aura 

Maisona „ + ^ = 2a, v + i- = 2/3, 

u« + 1- = 4a' - 2 , v« + -1 = 4^ _ 2 . 

II est facile de former d'apr^s ces relations I'^quation 

X' — 4a^X + 4:{a? + ^) — 4 = 0; 

VOL. X. • 
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1 V u 

dont uv H , 1 , seront les racines, et on aura, en posant 

uv u V ' r 

^ = (a*- !)(/?«- 1), 

UV + — = 2ai3+ 2^/m, — + —=2a3—2x/m. 

uv V u ^ 

Alors les termes de (13) etant tons connus en a, /?, on aura 

2 (a«/3« + 1) — (a + /?)» = 4 (7 + a/3) V(a2"^lp'2 — T) . 

En elevant au carre et r^duisant, il viendra 

(14) a^+0'— 64(a'/3« + a/3)— 186a*/3^H- 60 (ai3«+ /3a^) + 196 (a« + ^) — 192, 

resultat qui coincide avec celui d6ja fourni par Mr. Cayley, en suivant une autre 
voie. 

Turin, Juillet, 1887. 



Note on Geometric Inferences from: Algebraic Symmetry. 

By Frank Morley. 



If, on a function symmetrical in y, 2, we perform an operation symmetrical 
in y, 2, the result will be symmetrical in y, z. 

From this simple principle we may infer geometric results not otherwise 
obvious. For instance, the equation of a quartic curve having 1 node and 2 

cusps is . {yz + zx + xyf = h^yz, 

and from Pliicker's equations it has 2 inflexions and 1 double tangent. The 
double tangent cannot pass through the node, and must therefore be, from the 

symmetry in y, z, y -f 25 = ax. 

The line joining the two inflexions cannot pass through the node, for the loop, 

being symmetrical in y, z, cannot have only one inflexion; hence this line must 

be symmetrical in y, 2, or is 

y + z = (3x. 

Again, one inflexional tangent is related to y just as the other is to 2 . 
Hence the line joining the points where they meet the curve again will be 

y + z=yx. 

Also, from each inflexion one tangent can be drawn. The line joining the 
points of contact will be 

These lines intersect on the line joining the cusps, a = . 

The result, so far as concerns the double tangent and the line joining the 
inflexions, is stated in Salmon's Curves, §288, the proof being left to the reader. 
A special case is given as Exercise 143 in the Annals of Mathematics, June 
1887. For another instance, take the sextic with 3 triple points, each the limit 
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of a node and 2 cusps. Then Plucker's equations give, 'since »n=6,5=3,x=6, 

n = 771 = 6, 

i = x = 6, 

T=5 =3. 
The curve is 

{yz + zx + xyY+ 9h^y^^ = 0; 

and since a double tangent cannot pass through a triple point, the 3 double 
tangents are y + z = ax, 

2 +x = ay, 

^. 6. a double tangent, the tangent at a triple point, and the line through the 
other triple points are concurrent. It is not easy to draw any certain inference 
about the 6 inflexions from the symmetry, but by forming the Hessian we can 
show that they lie on the conic 

( 3 — A;)»t* = 4* (x + y + z)\ 
writing u = yz + zx'\'xy'j 

and since all the intersections of the conic and sextic are inflexions, the conic 
must touch the sextic at the inflexions. 

Havehford CoLLEaB, November 22, 1887. 



Surfaces telles que Vorigine se projette sur chaque 

normale au milieu des centres de 

courbtire principaux. 

Par p. Appell. 



1. Lorsque Ton cherche une surface telle qu'un pinceau infiniment deli6 de 
normales a cette surface decoupe dans la surface d'une sphere de centre 0, k 
Tentr^e et ^ la sortie, des aires ^uivalentes, on trouve que la projection du point 
O sur chaque normale doit se trouver aa milieu des centres de courhure prind- 

paux situ6s sur cette normale. R6ciproquement, si Ton a une surface poss6dant 
cette propri6t6, un pinceau de normales d^coupera sur toute sphere de centre 0, 
^ I'entrSe et ^ la sortie de cette sphere, des aires 6quivalentes. C'est ce que 
j'ai montr6 dans mon Memoire Sur les D6blais et Remhlais* en integrant I'equa- 
tion differentielle de ces surfaces qui se rattachent d'une fapon remarquable aux 
avnrfaces minima. 

Je me propose actuellement de faire une 6tude plus approfondie de ces 
surfiices en donnant sous une forme simple les expressions des coordonn^es d'un 
point d'une de ces surfaces en fonction de deux parametres et en indiquant les 
Equations differentielle^ des lignes de courbure et des lignes asymptotiques, dont 
les premieres peuvent etre integrees dans une infinite de cas et, en particulier, 
pour une infinite de surfaces algebriques. J'insisterai particuli^rement sur la 
correspondance qu*on pent 6tablir entre nos surfaces minima^ en demontrant 
qu'a toute surface minima on pent faire correspondre une de nos surfaces et 
r6ciproquement. 

2. Considerons un systeme de trois axes rectangulaires Ox, Of/, Oz et une 
sphere S ayant pour centre I'origine et pour rayon Tunite. Soit 2 une surface 

* Voyez Mimoires pr^sent^ par divers aaixmts d VAccuUmie des Sciences^ Tome XXIX, No. 8, pages 
18»-187. 

VOL. X 
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non developpable, a, ^, y les cosinus directeurs de la normale ^ la surface en 
un point if, ou, d'une fapon plus precise, de la portion de normale compt6e a 
partir de if dans un sens determine. Si par le centre de la sphere aS^ on mfene 
un rayon parall^le a cette normale, cette parallfele rencontre la surface de la 
sphere en un point m dont les coordonnees rectangulaires sont a, /3, y et qu'on 
appelle image spheriqne du point M. A chaque courbe tracee sur la surface 2 
correspondra sur la sphere S une courbe qui sera appelee image spMrique de. la 
premiere. 

Supposons a, /3, y reels: comme ces trois quantites verifient Tequation de 

la sphere /^ a^ + ^* + /=l, 

on pourra exprimer ces trois quantites en fonction de deux parametres. Pour 
cela, nous considerons cette sphere comme une surface reglee admettant un 
double systeme de generatrices imaginaires et nous prendrons pour variables 
deux quantites demeurant constantes respectivement sur les generatrices de 
chaque systeme.* Pour cela remarquons que I'equation 

a^+/^' + y'=l (1) 

pent s'ecrire (a + i/3)(a — {/?) = .(! + y)(l — y) 

et posons ?_i-^ — JLtT. — s 

1 — y a — t^ * 

a — i^ - l+r _ . 

ou ^0 ®st Is- quantity imaginaire conjuguee de s puisque a, /3, y sont supposes 
r6el8. La signification g6oraetrique des quantites imaginaires s et Sq est trfes- 
simple : on la trouvera dans les Legons de M. G. Darboux : on pourra aussi 
consulter le Memoire de M. Goursat ** Sur les surfaces qui admettent les plans de 
symetrie d'un polyfedre regulier," Annales de PEcole Normale superieure, 3^*""® 
serie, T. IV, 1887, pages 42 et suivantes. 

En resolvant les equations (2) par rapport a a, /?, y on trouve 



y (2) 



88, 1 



(3) 



• Voyez Legons sur la Thiorie Ghi4raJe des Surfaces par G. Darboux (Gauthier Villars, 1887), Tome I, 
pages 22 et 245. 
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D'aprfes.la m6thode employee pour la premiere fois par M. Bonnet* avec des 
variables un pen difFerentes, on pent definir la surface 2 en 6crivant I'equation 
du plan tangent qvl M^ cette surface sous la forme 

x{s + Sq) + l7j{So — s) + z{8Sq—1) = U, (4) 

et en regardant u comme une fonction de s et Sq^ 

Lorsque cette fonction <^ sera connue la surface 2 sera Tenveloppe des plans (4) : 
elle sera done entiferement connue. Les coordonnees du point de contact M du 
plan (4) avec la surface 2 sont donn6es par les equations suivantes 






+ su 



9 du 



X 



du ^ « 9i6 

, 3it . du 

ds dsp 



z = 



1+^ 



(5) 



Dans ce systeme, les equations differentielles des lignes de courbure et des lignes 
asymptotiques sont les suivantes : 

lignes de courbure : -^ ds^ = -^ cfoj (6) 

lignes asymptotiques : 

I du du \ 

U — S -Tz Sr -^ — \ 



^d^+^dsi-\-2dsds,[^^ + 



d8 



1+- 



" 88. =0- 



(7) 



Enfin les formules donnant le rayon de courbure Iff et les coordonn6es X', F', Z' 
du centre de courbure deviennent 



ds dso ^ 

^. du du 

vi I TTi' — ^^* rd^ / d^u d'^u -1 






ds' d4 






(8) 



• Journal de lAouviUe, T. V, 1860. 
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Ces formules s'6tablissent ais^ment : ou les trouvera dans les Legons sur la TMorie 
g^nh-ah des surfojces par M. G. Darboux, T. I, pages 245-246 : les variables que 
M. Darboux appelle a, /? et ^ sont nos variables *, s^ et — u. Ces memes 
formules se trouvent reproduites dans le M6moire deja cit6 de M. Goursat 
(Annales de TEcole Normale, 1887, pages 46 et 47). 

3. Ces formules' generales etant rappelees, arrivons S. Tobjet de ce M6moire, 
a savoir la determination des surfaces 2 telles que la 'projection de Vorigine sur 
une normaJe quelconque se trouve au milieu des centres de courbure principaux. Pour 
abr6ger le langage, nous appellerons ces surfaces les surfaces X. Yoici comment 
on obtient leur Equation difFerentielle. Les equations de la normale au point 
Jkf (a, y, 2) d'une surface 2 sont 

X—x _ Y—y _ Z—z ^ 

a - [i '~ r ' 
le plan projetant Porigine sur cette normale est 

Done la projection de Torigine sur la normale a pour coordonn^e Z: 

Z'=' z — y {ax + /3y + yz) . 
D'aprfes les valeurs (3) de a, ^3, y on a 

Z=z — 3-^— [(s+ 5o)a; + i(5o— s)y + (fi«o— 1)2], 
ou enfin, puisque le point de contact M(x, y, z) est dans le plan tangent (4) 

D'autre part, on v6rifie sans peine, d'apr&s les formules (3) et (5), que le Z' d'un 
centre de courbure est ]i6 au rayon R' correspondant par la formule (d'ailleurs 

6vidente) Z' = z + yR\ 

En appelant jB" le second rayon de courbure et Z" sa hauteur au dessus du 
plan xOy, on aura de meme 

Z" = z + yi2". 

Done Z'-\-Z" , B' + i?" 
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La definition des surfaces X donne 

c'est k dire, apres suppression du facteur y : 

R' + R' . _Ji_ _ 

Equation qui signifie que la distance du plan tangent k Porigine est 6gale a la 
demi-somme des rayons de courbure principaux, propriety resultant immediate- 
ment de la definition. En remplapant la demi-somme des rayons de courbure 
principaux par son expression deduite des formules (8), on a T^quation differen- 
tielle des surfaces cherch6es 

/^ . \ 3*^ 9^ 9tt 1 — 88q ^ .. 

Pour integrer cette equation, posons 

V d^signant une nouvelle fonction inconnue qui n'est autre chose que la distance 
du plan tangent a Torigine. Par introduction de cette nouvelle fonction, 
Fequation diffSrentielle (9) prend la forme 

9«3«o ' 
qui donne immediatement 

les fonctions / et /o 6tant conjugu6es. On aura done 

U={1+ 6So)[/{s) + f, {8>)\ . (10) 

D'aprfes les formules (5), les coord onuses d'un point de la surface seront 



X + iy=fi{s,)-^f{s) + ^^ Ui?) +/oK)] . 
x-ty=/(*)-«?/„'(*o)+j^ [/(«)+/„(*„)], 



(11) 
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Ces formules r6solues par rapport k x et y peuvent 8'6crire 



y = i2[i(l +*V W + Tq^^-^(*)]' 

.=i?[|./(.)-4i=2/w]. J 



(12) 



le eigne R designant la partie reelle d'une quantit6 imaginaire quelconque et 
/(«) une fonction analytique de la variable imaginaire «. 

A toute fonction analytique f{s) d'une variable imaginaire s correspond 
done une de nos surfaces 2 qui est reelle. Lorsque Ton fait croitre /(«) d'une 
constantey les diflferentes surfaces 2 que Ton obtient sont paralKles^ comme il 
r^sulte imm6diatement de la signification geometrique de la quantit6 

«=/w+/o(*.)= 4"^ [/(«)] 

qui exprime la distance du plan tangent a Torigine. Lorsque la fonction 
analytique f{s) est algebrique, la surface 2 est elle meme alg6brique. 

Yoici quelques surfaces particulieres rentrant dans la categoric des sur- 
faces 2 . 

1°). Si I'on prend f{s) = C la surface 2 correspondante est une sphere 
ayant pour centre Vorigine. 

2°). Si Ton prend /{s) = a log 5, 

a 6tant une constante reelle, on trouve celle des surfaces 2 qui est de r6volution 
autour de Taxe Oz. La meridienne de cette surface est une d6veloppante d'une 
parabole ayant pour axe Oz et pour/o^er Torigine 0. 
3°). En prenant, plus generalement 

/(6) = (a + f6)log5, 

a et & 6tant des constantes, on aura une surface 2 possedant la propri6t6 d^etre 
paralMe a elle meme, car si Targument de s augmente de 27t, /{s) augmente 

de la constante 27ti (a + ih) , 

et la nouvelle portion de surface 2 correspondante est parallele a Tancienne. 
Le cas le plus simple serait le cas de a = 0. 
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4. Lignes de courbure. L'equation difFerentielle des lignes de courbure 6tant 



ds'-^ = d8l'^ , 



cette 6quation deviant dans le cas actuel 

u={l+8So)[/{s)+fM], 
d^[{l + ss,)f {s) + 2s J^ (.)] = dsl [(1 + sso)/^^ (So) + Wi (^o)] . (13) 

Cette equation est integrable si /{s) est de la forme 

f{s) = as-, 

a et n 6tant des constantes dont la seconde n est reelle ; alors 

Cq etant conjugu6 de a. En eflFet, dans ce cas, on peut diviser les deux membres 

de Tequation (13) par 

n + {n + 2) sSq 
et il reste I'equation 

as^'-^d^ = a^J'-'^d^j 

dont rint^gration est imm6diate. Si n est commensurable et diflF6rent de — 1 
les surfaces correspondantes sont algSbriques. On peut encore effectuer Tint^gra- 

tion si Ton a /.,/ v a 



{s + bf 

a et 6 6tant des constantes quelconques ayant pour conjuguees a© ^t *o» d® sorte 
que r(c)— "^ 

Dans ce cas T^quation (13) devient 

ads^ Ood^o 

{b^^l){s+bf - {bSo-l){8, + bof ' 

ou les variables sont s^parees. 

Lignes asymptotiques. En vertu de Tequation diflFerentielle (9) des surfaces 
2, le coeflScient de 2dsdsQ dans Tequation (7) des lignes asymptotiques se 
reduit a 2u 

et r6quation difFerentielle des lignes asymptotiques devient 
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ou enfin, d'apr^ la valeur (10) de u, 

[(1 + aa,)f' (8) + 2s J' {8)1 (fe» + [(1 + «*,)/," («,) + 2sfi (*„)] d«» ' 



+ 2s J' {8)1 (fe» + [(1 + 88,) f I' («,) + 2sfi (*„)] d«S ) 

1 -|-S8^ J 



(14) 



5. Pour terminer cette 6tude nous allons montrer comment a chaque surface 
2 se rattache une surface minima et reciproquement. L'6quation differentielle 
des surfaces minima est 

et celle des surfaces 2 

En difFerentiant l'6quatiou (15) par rapport a Tune quelconque des variables, on 
obtient les deux 6quations 






(16) 



Ceci pose si Ton a une solution Ui de I'equation diflferentielle (15) des surfaces 
minima, on en deduira une solution u de Tequation (9) des surfaces 2 en faisant 

9t*i du, . V 

comme on le v6rifie immediatement a Taide des relations (15) et (16). 

Reciproquement, soit u une solution de Tequation (9), il existera une 
fonction t^ verifiant les Equations (15) et (17). En effet I'equation (17) donne 
par la differentiation 



et comme (15) donne 






U = — {1 + 



9«3«o * 
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on a, en d6finitive, 



a*«._ 




U 


d9dSo~ 


(1 +«»<.) 


d^u, _ 


1 


du 


d^ ~ 


8 


ds 


34 - 


1 


du 






So (l+88o)' 

La fonction t^ 6tant supposee verifier T^quation (9), la quantity 
, dui u , r 1 du 



ds l + «86 



^0 — r — ^ r~i — 1 ^ 



est une diff6rentielle exacte. L'int^gration de cette diff6rentielle donnera -^, 

de meme __ u , r J_ ^ti^ « u n , 

est une diff<§rentielle exacte dont I'int^gration donnera 

-^ = 4^ (« , So) + Co 

et alors Tequation (17) donnera enfin 

^ = ^ + «[<?>(«, ^o) + c] +«o['^(«» «e) + Co] 

avec deux constantes arbitraires c et % imaginaires conjugu^es. A chaque 
fonction u correspondent done une infinitS de fonctions t^i avec deux constantes 
c et Co ; mais les surfaces minima que I'on obtient en faisant varier les constantes 
c et Co se d6duisent de Tune d'entre elles par une translation parallMe au 
plan xOy. R6ciproquement on v6rifie imm6diatement que si Ton transporte 
une surface minima parall^lement au plan xOy en changeant la fonction t^ 
relative h cette surface en 

Ui+ C8 + Co»o, 

la fonction u donn6e par I'^quation (17) ne change pas et par suite la surface X 
correspondant k la surface minima ne change pas. 

Donc^ en regardant comme identiques les surfaces minima qui se dMuisent Vune 
de V autre par mie translation parallUe au plan des xy, a toute surface minima 
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correspond point par point une seule surface 2 et rSciproquement : les plans tangents 
aux devac surfojces aux points correspondants sont parall^es. 

Nos formules permettent encore de moDtrer que, si I'on transporte une 
surface minima parall^lement k I'axe Oz, les surfaces 2 correspondantes sont 
parallMes; et reciproquement. Cela resulte de ce que, si Ton ajoute k Ui la 

quantity c (1 — ssq) 

la fonction u donnee par la formule (17) augmente de 

c{1+ssq).^ 

Oes r6sultats deviennent en partie 6vidents par I'interpr^tation g6ometrique de 
la formule (17) 

Si Pon appelle % la coordonn6e z d'un point de la surface minima, on a d'apr^ (5) 

^ r+isr" — • 

La formule de transformation (17) pent done s'6crire 

u{l + SSo) = — 2i, 

ou, en appelant, comme plus haut, v la distance au point du plan tangent k la 
surface 2 : » = — Zi. 

On a done la construction suivante : Soit une stt/rfaoe Si et un plan tangent 
Pi h cette surface au point Mi. Gonstruisons tm plan parallUle P sittiS h une 
distance de Porigine 6gale a la distance du point Mi au plan xOy. Lorsqve le 
point Ml dicrira Si , ce plan P enveloppera la surface transform^ S^ . 

En particulier, si le point Mi d6crit une surface minima le plan P envel- 
oppera une de nos surfaces 2 . Inversement, le calcul nous a montr6 qu'une 
surface 2 donn6e ne pent etre d6duite par ce proc6d6 que d'une surface minima. 

6. M. Bonnet a indiqu^*^ une transformation qui permet de deduire de 
cbaque surface minima une surface telle que le milieu des deux centres de courbure 
principauac situ&s su/r une normale se trouve dans un plan fixe xOy* J'ai montr6, 

*Coinpte8 rendas de rAcad^mie des Sciences de Paris, T. XLII, page 486. Cette transformation est 
rappelte dans TOnyrage d6jd cit6 de M. Darboux, k la page 255. 
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dans mon M6moire sur les DSblaia et Bemblais pr6c6demment cit6 qu'un pinceau 
de normales k une des surfaces de M. Bonnet d6coupe des aires 6quivalentes sur 
deux plans parall^les au plan xOy et 6quidistant8 de ce plan. 

Les surfaces S que nous venons d'6tudier se d6duisent d'une fapon fort 
simple des surfaces de M. Bonnet dont nous avons rappel6 k I'instant la defini- 
tion. En effet d'apr^s la seconde des Equations (8) qui determine les coordonn^s 
Z des deux centres de courbures principaux, I'Squation diff^rentielle des surfaces 
en question est 

Soit t^ une solution de cette Equation, la fonction 

v6rifie Tfequation 2^ _ 

comme on s'en assure immSdiatement en diff6rentiant l'6quation (18) successive- 
ment par rapport & « et a d^. Done Ta fonction 

v6rifie T^quation diflfiSrentielle (9) de nos surfaces 2. 

La correspondance entre la surface S et la surface S^^ vSrifiant I'Squation 
(18) est la suivante. Appelons z^le z d'un point M^ de la surface S^, 

— ^ + * ""37 + *o -^r 

«■= — 4v ^ '<^-°)- 

ce qui signifie que v est 6gal a la longueur de la normale k la surface S^ comprise 
entre le pied M^ de cette normale et le plan xOy. Comme v dSsigne la distance 
k Forigine du plan tangent k la surface 2 , on a la construction suivante : 

Etant dmvnJk urue swrface S^ de M. Bonnet^ on nihie en un point M^ de cette 
Bwrfdoe le plan tangent P^ et la normale M^N^^ juaqu^au plan xOy ; le plan P 
paraXIMe a P^et sitvS h tme distance de Vorigine Sgale h la normale M^N^ enveloppe 
une surface X . 
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On pourrait montrer qu'a toute surface 2 r6pond inversement une surface /^: 
il suffirait pour cela de refaire ud calcul analogue a celui de la page 182. 

Oette correspondance entre les surfaces 2 et /Si montre que : 

De tout systeme de routes servant h delayer une aire plane homoghke swr tme 
aire Squivalente sitvSe dans un plan paraUiHe, on petit dSduire wi systeme de rouies 
servant a dSblayer une aire sphhique homogbne sur une aire iquivalente sitvSe sur 
la meme sphere, 

Les routes servant au premier d6blai seront normales k une surface /^, et 
les routes servant au second d6blai normales k une surface 2 . 






/^ILa< Itrlft h<.<f^riuit*c' 



4|o 



^mti Via, 



thpttmh of It^if^i TWuwfx, 



U^iif /:x^ 



I ^U'lulini du ia rtirnmli" 



if. 

il' 

Ur ■ ^rv. 

Hoi;^. K., Ili^ni'ln t\n^ Bfit^utv. iliMa^ ninii jf^m algtt' 
brwcbc^ GleMmti^ eine Wuixel Itui. 

ifsLU^. Hj,. J5uf Th^oTi^i dct Clmtifnatitiiciitici. 

NuKTHEfi, M.« GUttr din r4fductib9<^u alg^btaiMehtiu 

PCKlKCA&(k* H., Sat l6-» iiU^gral<!i» trr^gu)i^in>6 d(m ^lua- 

^rAi ^ t*K, O. , D bc*r by ijere i ■ , t tit e^r r f i !^* /; >v*.Au^ run d 

drtlt*ir OMtiiitg. 

^TElOft M« A^i* Bur Mr 4 thw>ivra«» liv M' Uviaiifn nJjitif A 

}, AhvV-.t'l ■ kurhtjn 

IL t ■ ri 

mni "I i a« 

-h'Vi^ii Ui ./. van 2 i*t^ 

in D-M- I 



Mi 



nio R/^ip|i»*n 4^Tf»«tnni*ir KrOinmnwi^ iiift 






iiiu ilii rtii3)f inline toadu* 

■■■' ' "•' ' ''^-iiiiie!!*. 



IT « 11 I *] ii-i ii'T <' III m 






It 
grnlti /*»*'tit. 

-T.. 8ur I. 

P , Sir 






IV 



BlBI^lOTFTKr' A \! ATilEM^TiC A 

GU^'rAl ENE8TRUM. 
Qimrtarly. Sro. Vol. IV in t*mgree». L J«8i Ipricia eo ceiiUl. Jl. I8)<5 fiirke<IO c*>ntej. III. 1^9e{pried$K0t)]. 

Wilii th« 5*«ittr 1887 ioiuiDtMicen & ii*4W aeritiH of thU JouriiAl, wUioli will bt» *Ii*vmI*?J exctiji»irely to thn hlf^torjr 

id MutltHnifttl*"*- If will opjiOAr in four mimbi^n* a Ji^ar* The snb?*{Tiptioii iiricis in $ LOO. 



CONTENTS. 



Solmble Qiiiiulo Eqtmtioit^ wiili (•atumeuiurable OiefBdi^U^. llv GixilMil: 

On t lUii: I luiri^. liy Pkakic Mtmi^fsv Ml 

J ', • ■■ ■ V *^ . *- • - . . 4 • • 

Nntt? on CJrtMiniHric Jnfcnriifn!*! from Alg^bruifi HvmmeiT> . Hy Vha'SK Uotthti 
SurEioes teller que rorigirte ae pr0Jc»l4<? aiir ehitqiiH uurtimb au Eiiilieu Am <\*tHrt3^ di 



GIORNALE Dl MATEMATJGHE 

AD USO HEGM smtDKNTJ DBLLK PSIVEftrflTA ITAWAKB 
PUBBLICATO PER CURA DI G. BATTAGLINI 



iv 



Ijt^ null fvublilic^^zioni* (troiiiiuc) rf<fto1iimw«ntr' n frisiciiooli liLim(tttTu.li di [mg, 1^1 in 4" lu)|>rnMi» tii nurtM ramf a o 

CAM *MH. ' : tfU 

■ i^lJ Suti iJ<>Ua JUfA p..-i-^- 
UCuU*iiiMyo, sa volutin. Iflfii^ A 18a^ . ^ . . . 
Un'anntiUL prtiSA tmpivttamntiiM ' ...,,. 12,00 

V t^tte ^iTJtUliJ. B. PEL.l*ER\NO, ckliieur. 

Tlie fiuhscriptiow price of tim Journal is $5,00 a voluuio; eiDgle nnml^ers f 1,60. 

Suljscription^ friMu t'ountriet^ inolodecl in die Poatal ITnioii may be eimt by internaiioDEl 
iDDHtfT order, tiiftdc* payable to NicfioloM ifurray. 

N. B.— Pt*rtionfr wishing to diqjooe of complete hea^ ui' Vol, 1 will pleiifii rHiornurm*^tf 
wltli the Editor. 

It 18 mquei*t€4l that all sckmtifiu cuummineations be addreseed to ilie EDrroit of llie 
Aii^erican journal of Mathematics, and all buMnesd or tloaocial commtiiiteatianB to the 
Fublication Agency, Jobii^ Hopkins Univemity, BaltitnoRs Md,^ D. S. A* 



rjiMA Of :maa^ rjitstMcnrxt^K hauximojul 



AMERICAN 



Journal of Mathematics, 



SIMON NEWCOMB, Editor. 
THOMAS CRAIG, Associate Editor. 



Published under the Auspices of the 

JOHNS HOPKINS UNIVERSITY. 



riftarfjidTioi^ iAB^X^Z ^^ ^^^Ofiivioif. 



Volume X. Number 3. 



/; Baltimore : Publication Agency of the Johns Hopkins University 

AGENTS : 

B. WusTERMANN & Co., Nfw York. TrObnkr & Co., London, 

D. Van Nostrand, New York. A. Hermann, Paris. 

E. Steiger & Co., New York. Gauthier-Villars, Paris. 
A. C. McClurg & Co., Chicago. Mayer & MOller, Berlin. 
CusHiNGs «& Bailey, Baltimore. Ulrico Hoepli, Milan. 
Damrell & Upham, Boston. Karl J. TrObner. Strassburg. 

April 1888. 



V 



PUBLICATIONS OF THE JOHNS HOPKINS UNIVERSITY, 

BA^LTIMORE. 

I. AMERICAN JOURNAL OF MATHEMATICS. 

Simon Newoomb, Editor, and Thomas Craig, Associate Editor. Quarterly. 4to. Volume 
X in progress. $5 per volume. 

II. AMERICAN CHEMICAL JOURNAL. 

I. Remsen, Editor. Bi-monthly. 8vo. Volume X in progress. $3 per volume. 

III. AMERICAN JOURNAL OF PHILOLOGY. 

B. L. GiLDERSLEEVE, Editor. Quarterly. Svo. Volume IX in progress. $3 per volume. 

IV. STUDIES FROM THE BIOLOGICAL LABORATORY. 

Including the Chesapeake Zoological Laboratory. H. N. Martin, Editor, and W. K. Brooks, 
Associate Editor. 8vo. Volume IV in progress. $5 per volume. 

V. STUDIES IN HISTORICAL AND POLITICAL SCIENCE. 

H. B. Adams, Editor. Monthly. 8va Volume VI ready. $3 per volume. 

VI. JOHNS HOPKINS UNIVERSITY CIRCULARS. 

Containing reports of scientific and literary work in progress in Baltimore. 4to. Vol. VII in 
progress. $1 per year. 

VII. ANNUAL REPORT. 

Presented by the President to the Board of Trustees, reviewing the operations of the Univer- 
sity during the past academic year. 

VIIL ANNUAL REGISTER. 

Giving the list of officers and students, and stating the regulations, etc., of the University. 
PuhlisJied at the close of the academic year. 

The Uiiiversity Circulars, Annual Report, and Annual Register will be sent by mail for one 
dollar per annum. 

Communications in respect to exchanges and remittances may be sent to the Johns Hopkins 
University (Publication Agency), Baltimore, Maryland. 



/ 



Surfaces telles que la somme des rayons de courbure 

principaux est proportionnelle a la distance 

d^ti/n point fixe au plan tangent. 

Par E. Goubsat. 



1. Dans un Memoire recent, publi6 dans V American Journal of Matliematics, 
Vol. X, No. 2, p. 175, M. Appell a 6tudi6 les surfaces telles qu'un point fixe se 
projette sur chaque normale au milieu des centres de courbure principaux. 
J'6tudie dans ce travail des surfaces jouissant d'une propriety un peu plus gen6- 
rale; la determination de ces surfaces depend de Tint^gration d'une Equation 
lin^aire aux deriv6es partielles, qui pent etre integree sous forme explicite par la 
methode de Laplace dans un nombre illimit6 de cas, dont les plus simples four- 
nissent pr6cis6ment les surfaces minima et les surfaces etudi6es par M. Appell. 
De chaque surface de cette espfece on pent en d6duire une nouvelle par ime 
construction geom6trique, qui comprend comme cas particulier la construction 
donn6e par M. Appell. 

Je montre en terminant comment on pent ramener k un problfeme r6solu 
par Riemann la recherche des surfaces de cette nature tangentes k une d6vel- 
oppable donn6e le long d'une courbe donn6e. 

2. Consid6rons un systeme de trois axes rectangulaires Ox, Oy, Oz et une 
sphere S de rayon egal k Punite ayant pour centre Torigine. Soit 2 une surface 
non d6veloppable, M un point de cette surface, a, b^ c les cosinus directeurs 
d'une direction d6termin6e MN sur la normale k la surface 2 au. point M. Si 
par Torigine on mfene une parallfele k cette direction, cette droite rencontre la 
sphere en un point bien determine m, dont les coordonn^es rectangulaires sont 
a, bf Cj qui est dit Virnage spherique du point M. A chaque courbe trac6e sur 
2 correspond ainsi une courbe tracee sur la sphere qui sera appelee image 
spherique de la premiere. 
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Pour repr^senter la position du point m de la sphere, on exprime les coor- 
donn6es a, b, c en fonction de deux param^tres. La sphere S 

a» + i» + c*=l 

pouvant etre con8id6r6e comme une surface regl6e, on salt que par chaque point 
passent deux generatrices rectilignes imaginaires. Nous prendrons comme 
variables ind^pendantes deux quantit6s restant constantes respectivement sur 
les g6n6ratrices de chaque systeme. L'6quation de la sphere pouvant s'6crire 

(a + ij)(a _ ib) = (1 + c){l - c), (1) 

nous avons imm6diatement les deux systemes de g6neratrices 

a-^-ib 1 + 

""* I 

(2) 



a — ib 1 +c 

Tz^-:^r+ib~^'' 



8q d6signant la quantity imaginaire conjugu6e de s lorsque a,b, c sont r6els. La 
signification g6ometrique de ces quantit6s «, «o ©st bien connue; si a, &, c sont 
r6els et si on fait la projection st6r6ographique du point m de la sphfere sur le 
plan des xy, le point de vue 6tant le point de la sphere situ6 sur la partie posi- 
tive de Taxe Oz, la quantity imaginaire s est Vaffixe de la projection. Des 
Equations (2) on tire inversement 



l+««o 
fo-1 



c = 



(3) 



l+«8d 

L'6quation du plan tangent ^ la surface 2 au point M pourra s'ecrire 

x{s + 8q) + iy (so — «) + 2 (s«o — 1) = w> (4) 

en posant, pour abr^ger, w = (l +««o)^> ^ designant la distance de I'origine d. 
ce plan. Si dans cette equation on regarde u comme une fonction donn6e de 8 
et de «o> 1® plan repr6sent6 par cette Equation enveloppe une certaine surface et 
on pent regarder la relation 
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comme l'6quation d'une surface dans le systeme de variables adopt6. Les coor- 
donn^es du point de contact if du plan (4) avec la surface X sont donn6es par les 
Equations suivantes 

9t* , ^ du 

x + iy = -^ ^ 



(5) 



du ^ du 

du , du 
^_ ds dsp 

' tmj — • 

Dans ce systeme, les Equations diffSSrentielles des lignes de courbure et des lignes 
asymptotiques sont les suivantes : 

lignes de courbure : 



lignes asymptotiques : 






^<^+^d4+2dsds,[^ 



[du dul 



(6) 



(7) 



Les formules donnant le rayon de courbure principal B' et les coordonn6es 
X\ F', Z' du centre de courbure deviennent : 

o7>f I 3^ I ^^ /I I \r^^ ^ /d^u 9'ttn 






(8) 



On trouvera ces formules dans les Le^ns sur la thSorie genirale des sv/r- 
faces de M. Or. Darboux, t. I, pages 245-246; les variables s, Sq, —u sont 
appel6es par M. Darboux a, ^, ^. Ces formules se trouvent aussi reproduites au 
d6but du M6moire dejJb cit6 de M. Appell. 

Etant donn^es plusieurs surfaces 2, 2', 2", considgrons les points 

w, m', m", .... de ces surfaces od les plans tangents sont parallfeles et la r6sul- 
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tante g6om6trique OM des droites om, om!, om", .... Le point M d6crit une 
surface qui est dite la resultante g6om6trique des surfaces 2, 2', 2", ... Si 
Uf t^, u^\ .... sont les fonctions de s et de Sq qui dSfinissent respectivement les 
surfaces 2, 2', 2", .... la fonction Z7qui fournit la surface resultante sera 

U=u + u' + u''+ .... 

La sonjme des rayons de courbure principaux JB' + R" 6tant une fonction 

lin6aire de u et de ses d6riv6es -^ , -^ , p. ^ , on voit imm6diatement que la 

somme des rayons de courbure principaux de la surface resultante est egale k la 
somme des rayons de courbure principaux de toutes les surfaces composantes 
aux points correspondants. En particulier, si on a comme surfaces composantes 
une sphere et une surface minima, la surface obtenue/ qui sera parall^Ie k une 
surface minima, jouira de cette propriet6 que la somme des rayons de courbure 
principaux sera constante, et inversement toute surface poss6dant cette propri6t6 
sera parallMe k une surface minima. 

3. J'arrive maintenant a Tobjet de ce M6molre, qui est d'6tudier les 
surfaces telles que la somme des rayons de courbure principavx est proporttonnelle 
h la distance d^un point fixe au plan tangent. Supposons que nous ayons pris ce 
point fixe pour origine. La distance de I'origine au plan tangent est 6gale, nous 
I'avons vu, au signe pr^s, k 



l+«ib' 



si nous appelons Xi, Fj, Zi les coordonn^es du point milieu des centres de cour- 
bure principaux, on a 

du d^u 

du S^u 



Xi—iYi= -^— «( 



da "'d^ds.' 
1—880 d^u 1 / ^u du \ 

^^= -2- a^ + TC^ 37 + ^^3^-^)' 

et la distance de ce point au plan tangent est ^gale, au signe pr^, k 

1 r, V d^u du du "1 

c'est-^dire a la demi-somme des rayons de courbure principaux, comme il 6tait 
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Evident a priori. L'6quation diflRSrentielle des surfaces cherch6es sera par cons^- 

II est ai86 de voir que la constante JTrepr^seute le rapport des distances du point 
milieu des centres de courbure principaux et de Torigine au plan tangent, ce 
rapport 6tant pris positivement lorsque Porigine et le point milieu des centres 
de courbure principaux sont de c6t6s diflF6rents du plan tangent. 

Pour ^= 0, r^quation (9) se r6duit a T^quation des surfaces minima; pour 
-ff= — 1, on retrouve I'Squation diflF6rentielle des surfaces 6tudi6es par M. 
Appell. Dans ces deux cas, I'int^grale g6n6rale de Pequation (9) pent etre 
obtenue sous forme explicite ; on pent Pobtenir en particulier par Tapplication 
de la m6thode de Laplace. Nous aliens voir qu'il existe une infinite de valeurs 
de K pour lesquelles Papplication de cette m6thode fournit sous forme explicite 
rint6grale g6n6rale de r6quation (9). 

De la forme lin6aire de P^quation (9) on conclut que, si Ton a plusieurs 
int6grales, leur somme sera aussi une int6grale. En d'autres termes, si on a 
plusieurs surfaces r6pondant fi. la question, leur surface r6sultante jouira de la 
meme propri6t6. C'est, comme on voit, I'extension ^ nos surfaces d'une pro- 
pri6t6 bien connue des surfaces minima. II serait d'ailleurs facile de Petablir 
g6om6triquement d'apr^s ce qui a 6t6 dit plus haut sur les surfaces r6sultantes. 

4. Dans l'6quation (9) faisons le changement de variables 

1 

on aura du _ du^ du _ du r^ 2^u _ 2^u rn 

et r^quation devient 

^(^-^^a^-^ar + ^W^'' — J^ — • 

Posons ensuite w = -^ ; on trouve la nouvelle Equation 

du reste, on obtiendrait imm6diatement cette Equation en employant le premier 
systeme de variables a, j3, ^ employ^ par M. Darboux {Leqons sv/r la thiorie 
gSnh-ale des surfaces, 1. 1, pages 244-245). Posons encore 

^ = {a-^Yvi 
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I'^quation (10) devient 

Choisissons pour 7i une racine de I'equation 

X»— sa— 2Jr=0 (11) 

et posons Jl = 1 + m; la nouvelle Equation prend la forme trfes-simple 

En r6unissant les trois transformations pr6cedentes, on voit qu'on passe de P^qua- 
tion (9) a I'Squation (12) en posant: 

oil Jl d6signe une racine de P^quation (11) et oil Jl = 1 + m; la constante -ff'est 
donn6e en fonction de m par la formule 

^^ (m + l)(m-2) ^ (14) 

Inversement, si on connait une int6grale de P^quation (12), les formules (13) 
permettront d'en d6duire une fonction t^ de « et de Sq v6rifiant r6quation (9). 
En g6n6ral cette fonction u ainsi obtenue ne prendra pas de valeurs r6elles 
lorsque les variables 8 et Sq prendront des valeurs imaginaires conjugu6es et, par 
cons6quent, ne foumira pas une surface r6elle. Mais il est facile d'6viter cet 
inconvenient. Soit, en eflfet^ 

U=f{8, «o) 

une premiere int6grale de P^quation (9) ; comme cette Equation ne change pas 
quand on y 6change les variables 8, 8q et que tons les coefficients sont r6els, la 
fonction /o(«o» *)i oil /© d6signe la fonction conjugu6e de/, sera aussi une int6- 
grale de la meme Equation. II en sera encore de meme de la somme 

/(«, «o)+/o(«o, «)i 

et il est clair que cette derni^re fonction est r6elle lorsque 8 et Sq prennent des 
valeurs imaginaires conjugu6es. 

5. L'6quation (12), a laquelle nous sommes conduits, s'est d6ja pr6sent6e, 
sous des formes un pen diff6rentes, dans un grand nombre de recherches d'Analyse 
ou de Physique MathSmatique. Etudi6e d'abord par Euler dans le tome III de 
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son Gdlcul integral, puis gen6ralis6e par Laplace,* elle a 6t6 Tobjet de travaux 
trfes importants de Poisson,f de Riemann, J et plus recemment de M. Darboux,§ 
qui I'a 6tudi6e en detail, ainsi qu'une Equation plus gen6rale, dans ses lepons de la 
Faculty des Sciences de Paris pendant le semestre d'hiver 1887-1888. Je ne 
me servirai ici que des propri6t6s les plus simples de cette Equation, en indiquant 
comment on pent les 6tablir. 

Lorsque m est quelconque, on ne pent pas obtenir pour Tintegrale g6n6rale 
de ^equation (12) une formule g6n6rale oh figurent explicitement les fonctions 
arbitraires et leurs d6rivees jusqu'^ un ordre d6termin6; dans le M6moire d6ja 
cit6, Poisson a donn6 une forme g6n6rale de Tintegrale qui contient deux fonc- 
tions arbitraires sous des signes d'int^gration definie. Mais on pent toujours 
obtenir, quelle que soit la constante ?/i, une infinite d'int6grales particuli^res. 
Ainsi, en cherchant les solutions de T^quation (12) qui sont homogfenes en |3 et a, 
on est conduit & P6quation differentielle lin6aire ^ laquelle satisfait la s6rie hyper- 
g6om6trique, et on trouve ainsi que les fonctions 

v=a''F(—(i, w, 1 — m — ^,-^), 

oil -Fd^signe la s6rie hypergeometrique de Guuss, v^rifient, pour toute valeur de [i, 

l'6quation (12). Pour avoir des solutions enti^res, il suflSra de prendre pour (i 

un nombre entier positif. De meme, en cherchant si T^quation (12) admet des 

int6grales qui soient le produit d'une fonction de a par une fonction de /3 , on 

trouve que la fonction 

t?=(a — A)-~(/3 — ^)-"* (16) 

satisfait, pour toute valeur de A, k T^quation (12). Enfin on v6rifie sans difficult^ 
que, si ^ (a, /3) est une integrale, il en sera encore de meme de la fonction 

* Becherches sur le ecHcul inUgrcd aux diffirenoes partieUea,, par M. Db La Place. Mimoires de Math^ 
matique et de Physique de VAeadhnie dea Sciences pour 1778, p. 841-408. 

t Poisson, Mimoire sur Vint^gration des iguations lin&aires aux dhivies partieUes, [Journal de VEcole 
Polytechnique, t. XII, XlX^me Cahier, p. 215 ; 1828.) 

{KiEMANN, Ueber die Fortpflanzung ebener Luftwellen von endlieher Schwmgungsweite, (Oesammelte 
Werke, p. 145.) 

i Dabboux, Sur une iquation lineaire aux dSriv^ partielles. {Comptes rendus, t. XCV, p. 69 ; juiUet 
1880.) 
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quelles que soient les constantes a, b, c, d. On voit done qu'on pourra toujours 
obtenir une infinite de surfaces r6elles repondant h la question, quelle que soit 
la valeur de la constante K, et meme de surfaces alg6briques pourvu que la 
valeur de X foumie par P^quation (11) soit commensurable. 

Pour abr^er je d6signerai dans la suite par E{7n) I'Squation (12) et par 
2m une quelconque de nos surfaces correspondant k cette valeur de m. Oomme 
k chaque valeur de K T^quation (14) fait correspondre deux valeurs de m dont 
la somme est egale k I'unite, on voit que les surfaces 2m ^t 2i-m sont identiques. 
D'ailleurs on passe imm6diatement de Tequation E{m) k Tfequation E{1 — m) en 
multipliant les integrales par 

Si on d6signe, d'une manifere g6n6rale, par Fm une int6grale quelconque de 
r6quation E{m), on pent 6crire 

Pi-m=(a-/?)^-^Fm- (18) 

Je dirai que deux Equations E{m) et E(m') sont contigues quand elles 
correspondent k des valeurs de m qui different d'une unit6; les surfaces 2 
correspondantes seront dites aussi contigues. A une serie de surfaces 2m ou 
2i_m correspondent deux s6ries de surfaces contigues 2m+i ou 2_mj ^t 2m-i ou 
22- m- J© supposerai dans ce qui suit quo les valeurs de 7n, racines de T^quation 

(14), sont r6elles, c'est-i-dire que la constante K est sup^rieure a r- . On 

pourra meme supposer, si Ton veut, que la valeur de m est sup6rieure k — . 

6. Laissant de cote ces generalit6s, je considfere maintenant- le cas oii 
Pequation (12) pent etre integree par la m6thode de Laplace ; pour quMl en soit 
ainsi, il faut et il suffit que m soit un nombre entier. On a done une suite 
illimit6e de cas d'int6grabilite. Puisque les valeurs m et 1 — m ne donnent pas 
des surfaces diffiSrentes. on pourrait se borner a prendre les valeurs positives 
de m ; mais il vaut mieux, pour la suite, consid6rer la suite des valeurs entiferes, 
tant n6gatives que positives, de m avec la suite des valeurs correspondantes de K 



m . , . , — 5 , 


— 4, 


-3, 


-2, 


— 1, 


0, 1, 2, 3, 4, 5, 6, 


K 14, 


9. 


6, 


2, 


0, 


— 1, —1, 0, 2, 6, 9, 14, 



Chaque valeur de ^se presente deux fois dans cette suite. Ainsi pour m = et 
«n = 1 , on a jK'= — 1 , et on obtient les surfaces 6tudi6es par M. Appell dans le 
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travail cit6 plus haut. Pour m = 2, et m = — 1, on retrouve les surfaces 
minima. Pour m = 3, et m = — 2, on a jE'= 2; les surfaces obtenues sont 
telles que la somme des rayons de courbure principaux est 6gale h quatre fois la 
distance de I'origine au plan tangent, et ainsi de suite. 

II nous reste h. montrer comment on pent dans ce cas obtenir effectivement 
I'int^grale g6n6rale de r6quation (12) et par suite de I'^quation (9). On pent 
6videmment supposer pour cela que m est un entier positif. En diff6rentiant le 
premier membre de T^quation (12) par rapport a a et & ^ successivement, et en 

posant ^_ d^v 

on trouve que W vSrifie Pequation 

qui n'est autre que P^quation J^(m + 1). Si done V^ d6signe une int6grale de 
l'6quation E (m) , la fonction 

^*+^ = a^.' (^^) 

sera une int^grale de P^quation E{m+1). Mais il n'en r6sulte pas qu'en 
prenant pour 7,^ Tint^grale g6n6rale de Tequation E{m) on obtienne de cette 
fapon Fintegrale g6n6rale de P^quation ^(m+l). Pour examiner ce point 
essentiel, je consid^re T^quation interm^diaire qui est satisfttite par la fonction 



Soit Vi une int^grale quelconque de I'gquation (21) ; cherchons s'il existe une 
int^grale de l'6quation (12) telle que I'on ait 

dv 



L'^quation (12) pent alors s'^crire 



da-''' 



et on en tirera -^, pourvu que m ne soit pas nul. Les valeurs de -^ et de -^ 

ainsi obtenues satisfont a la condition d'int6grabilit6, d'apr^s l'6quation (21). 
Par con86quent, si m n'est pas nul, on obtient Pintfegrale g6n6rale de P^quation 
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(21) en prenant Vi=^-^ , v d6signant I'int^grale g6n6rale de I'equation (12). On 
d6montrera de la meme mani^re que la formule 

oil Vi d6signe Tint^grale g6n6rale de r6quation (21), repr6sente I'int^grale 
g6n6rale de T^quation (19), pourvu que m ne soit pas nul. Ainsi, tant que m 
est diflF6rent de z6ro, la formule (20) permet de d^duire Pint^grale g6n6rale de 
r6quation -&(m + 1) de Tintegrale genSrale de P^quation E{m). 

Si nous supposons que m soit un nombre entier positif, Tapplication rep6t6e 
de la formule (20) nous donne pour I'integrale gen6rale de P^quation E{m) 

^'* = aa— ^a^--i' (22) 

Vi d6signant Tint^grale gen6rale de T^quation -^(1). Or cette Equation -E'(l) 
s'integre imm^diatement, car on pent Pecrire 

' dad^ ~ ' 

on en tire p. _ /(a) — y(/?) 

a — p 

f (a) designant une fonction quelconque de a et 4) (/?) une fonction quelconque 

de ^, et par suite f^%m^%r fW — 9{^) l 

T7>_^ L a — S J 

Si dans cette formule on fait maintenant le changement de variables (13), on 
obtiendra, pour repr^senter Pintegrale gen6rale de T^quation (9), une formule 
oil les variables s, Sq n'entreront pas sym6triquement. Pour 6viter cet incon- 
venient, on pourra operer comme il suit. Dans la formule gen^rale (23) prenons 
la parti e qui contient la fonction arbitraire de a 

;y,n-2r /(Q) 1 

et faisons dans cette partie le changement de variables. Nous obtenons ainsi 
une int^grale de Fequation (9) de la forme 

u = Ar-'is) + 5/--^ (.) + .... + L/{s) , (24) 



T^-_Lazz£_J (23) 
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-4, J5, G, . . . . L d^signant des fonctions d^termin^es de s et de «o, /{s) une 
fonction arbitraire de «, et /'(«), ..../^"^{s) ses d6riv6es. D^signona par 
^0, ^0, (7o, • • . . Z^ ce que deviennent les fonctions A, B, G^ . . . . L quand on 
y permute les lettres * et 5o> par/o(«) une fonction arbitraire de ^o- L'int^grale 
g6n6rale de l'6quation (9) sera alors 

et, pour obtenir des surfaces reelles, il suffipa de prendre pour/et/o des fonc- 
tions conjugu6es. Si on porte ensuite cette valeur de u dans les formules (5), 
on aura les coordonn6es d'un point de la surface exprim^es en fonction des deux 
param^tres variables 8^8^. 

Appliquons cette m6thode aux cas les plus simples : 

K=i — l,m=:l,m = 0, Swrfojces 2© on 2i de M. Appell : 

t4=(i + wo)[/(5)+/oK)]; 

K^=z 0, m = 2, m ^ — 1 , Sv/rfacee minima ou $urface8 Sj el 2_i: 

U = {\^88,)[f{8) +/o'K)] - &o/W- 2^/o K); 

K-=. 2, 7W = 3, m = — 2, Surfaces Ss ou 2-»: 

«= (1 + «o)[y"(*) +/o"(*o)] - 6 [*/o'K) + «c/'(«)] + 12^J^±^. 

On pent remarquer que le coefficient A de la plus haute d6riv6e de la fonction 
arbitraire est toujours 6gal a 1 + ««o' ^ ^^ serait pas difficile d'ailleurs de 
former I'expression g6n6rale des coefficients A^ B, G, . . . . L, mais la formule 
gSnSrale ainsi obtenue parait corapliqu6e. 

Supposons, par exemple, que dans la dernifere des formules prec6dentes on 
prenne/=/o = 1 ; on aura pour u, en n6gligeant un facteur constant, 

1+880 

Les equations diff6rentielles des lignes de courbure et des lignes asymptotiques 
de la surface obtenue seront respectivement 

{l+8t)d8'={l+8')d8t, 

{1 + S^ds" + (1 + 8')d4— A{^ +8i)d8d8,= 0; 

on voit que la recherche des lignes de courbure se ramfene k l'int6gration de 
r^quation d'Euler. Ces lignes seront par consequent alg^briques. 
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7. Dans le M6moire d^jJl cit6 plusieurs fois, M. Appell a rattach6 d'une 
fapon tr&s remarquable les surfaces Xq ou Xi aux surfaces minima. Etant donn6e 
en g6n6ral une de nos surfaces X , correspondant h une valeur quelconque de m , 
nous allons voir qu'on peut en d^duire deux surfaces contigiies par une construc- 
tion g6om6trique, qui comprend comme cas particulier la construction donn6e 
par M. Appell. Voici comment on est conduit a ce r^sultat ; nous avons vu 
qu'en d6signant par V^ I'intfigrale g6n6rale de l'6quation E{m), FintSgrale 
g6n6rale de P^quation E{m+\) 6tait donn6e par la formule 

sauf le cas ou m 6tait nul ; mais si Ton 6crit la relation pr6c6dente 

jr _ da ^ (26) 

on reconnait imm6diatement qu'elle s'applique encore lorsque m = . On peut 
remarquer que les formules (18) et (26) permettent de ramener Tint^gration de 
r^quation g6n6rale E{m) au cas oil m est compris entre et 1 . 

Cela pos6, soit v une int6grale quelconque de T^quation (12) et u Tint^grale 
de r^quation (9) qui lui correspond par le changement de variables d6fini par les 
formules (13). Au moyen de la formule (26) on d6duira de t; une int6grale v^ 
de r^quation contigiie, puis une fonction u^ qui v6rifiera une nouvelle Equation 
analogue S, P^quation (9). En transformant convenablement la relation qui 
permet de d6duire i^ de w par le proc6d6 qui nous a deji servi plusieurs fois, on 
arrive ^ definir une construction gSometrique analogue a celle de M. Appell. 
Mais on peut supprimer ces intermediaires et partir directement de I'Squation (9). 

De r6quation (9) 

on tire, en differentiant le premier membre par rapport \. I'une quelconque des 

variables, 

,, , , 8*« a>tt as: r *»" 5«1 1 






(27) 






(29) 
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X dSsignant une constante quelconque. A Taide des relations (9) et (27) on 
v6rifie sans diflScult6 que la fonction ZTsatisfait k Pequation suivante 

si on prend pour 2, une racine de l'6quation (11) d^jk obtenue 

on volt que la fonction U satisfait k une Equation de meme forme que l'6qua- 
tion (9) 

n4.,-^^^ -^^ , ^U I «».+l + 2(g+A-l) 

qui 66 d6duit de Tfiquation (9) en remplapant jE'par K+X — 1 . 

Soient X^ W les deux racines de T^quation (11), que je suppose r^elles et 
distinctes, et wi', m" les valeurs correspondantes de m, 

m' = X—l, m"=;i"— 1, w'H-m"=l; 

changer K en K+ X' — 1 , cela revient, d'aprfes la relation (14), k remplacer m' 
par m' + 1, et de meme changer jE' en K+W^ — 1 revient k remplacer m" par 
m" + 1. Par consequent, *i la fonction u d'oii Ton est parti d6finit une surface 
2», les deux fonctions JJque Ton vient d'obtenir d6finiront respectivement une 
surface 2»+i et une surface 2,h-i' Pour avoir la signification g6om6trique de la 
formule (28) ecrivons la comme il suit : 



ds ^ dsp . n ^—^ ^ 

l+«i^~ 1+880 '^1+880' 1+880' 



U — 8 -^^ — ^0 



X ayant une des deux valeurs m + 1 , 2 — m , et reportons-nous aux formules 
(3), (4), (5). L'expression 

du , du 

repr6aente la coordonn^e z du point de la surface oil le plan tangent coincide 
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avec le plan (4), yt — ^st §gal au cosinus de Tangle que fait la normale en ce 

point avec Faxe Oz ; enfin 

u U 



sont les distances de Forigine aux deux plans consid6res. On a done la construction 

suivante : Soit 2» une quelconqae de nos surfaces, P un plan tangent h oette surfojce 

et M le point de contact Merwns un plan paralUle P^ h une distance de Torigine 

6gale h la distance du point Mau plan xOy, diminu^ de la projection sur Vaxe Oz de 

3 / 1 \ 

la distance de Vorigine au plan P multipliSe par lefacteur constant— ±(m ^\ 

ceplan Pi enveloppera une surface S^+i, ou une surface 2^_i. 

Si on suppose m=:2, ou m = — 1, une des valeurs de X sera nulle, la 
construction se siriiplifie, et on retrouve la construction de M. Appell pour 
passer d'une surface minima h. une surface Xq ou Si- C'est d'ailleurs le seul cas 
oil la construction se simplifie. 

R6ciproquement, on obtient toutes les surfaces 2*4. i» ainsi que toutes les 
surfaces 2»_i, en appliquant la construction qui pr6cfede a toutes les surfaces 2». 
II suffit 6videmment de le d6montrer pour les surfaces S^+i, par exemple. Soit 
U une int^grale de r6quation (SO) ; il nous faut examiner si on pent trouver une 
fonction u v6rifiant k la fois les Equations (9) et (28). Ces Equations peuvent 

s'6crire du du , ^ *^ — ^ rr 



/I . \ ^^ X{88,— \)—2K jj 

(1 H- ss^ 3"^ = ^ \ ' u— U. 



(31) 



De l'6quation (28) on tire en diffdrentiant 



et on d6duit de ces Equations les valeurs de -^ , -^ , ^-jj- en fonction de 
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et, en posant -^ = f , w et f seront d6termin6e8 par un systeme d'6quations aux 
diflF(§reiitielles totales 

(du=^de + ^{u, Uj 8, 8^,^)dso, 

Xd^ =7t{u, U, 8, 8^, ^)d6 + '^{u, Uy 8, So, 0^0» 

et, la fonction J76tant suppos6e verifier T^quation (30), les conditions d'int6gra- 
bilit6 seront satisfaites. 

8. Si on applique aux surfaces 2m+i les deux constructions pr6c6dentes, en 
remplapant m par tw + 1, on obtiendra les surfaces 2» et les surfaces 2m+». On 
pent done deduire les surfaces 2^ des surfaces 2,h+i, comme on deduit les sur- 
faces 2»+i des surfaces 2ni. Mais il est k remarquer qu'il n'y a pas r6ciprocit6 
entre ces surfaces prises individuellement. Btant donnee une surface particu- 
li^re Sm, la construction pr6c6dente appliquee a cette surface donne une surface 
bien determin^e 2ni+i, et une nouvelle construction appliqu6e aSm+i donnera 
une nouvelle surface 2» qui sera en g6n6ral diflFi&rente de 2m. On le v6rifiera 
plus loin sur des exemples. 

On voit maintenant comment on pourra faire d6river, par des constructions 
g6om6triques successives, toutes nos surfaces 2» des surfaces pour lesquelles 
rindice m est compris entre z6ro et Tunite. On pourra meme, en remarquant 
que les surfaces 2m ©t 2i-m sont identiques, diminuer cet intervalle de moiti6. 

Considerons en particulier les surfaces dont Pindice est un nombre entier. 
Attribuons S. la constante m toutes les valeurs entiferes, tant negatives que positives ; 
on a vu que chaque s6rie de surfaces se pr6sentait deux fois, pour les valeurs 1 — m 
et m de Tindice. On pent alors se borner a considSrer les constructions qui 
permettent de passer d'une 66rie de surfaces k la s^rie suivante. Chaque serie 
de surfaces se deduira de la pr6c6dente par une construction bien determin6e et 
on pent faire d6river toutes ces surfaces d'une seule s6rie, par exemple des 
surfaces minima. 

Prenons en particulier les surfaces 2o ou 2i ; la valeur generate de u est, 
comme on Fa vu plus haut, 

r^quation (11) est ici 

;i* — 3:1 + 2 = 0. 
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Si on prend X = 1 , on trouve 

qui convient encore aux surfaces 2o; on s'explique ais6ment ce fait en remarquant 
que ces surfaces sont contigiies ^ elles-memes. Si on prend ensuite A. = 2, on 
trouve 

J7= 28^f{8) + 2S8J,{8,) - (1 + 8S,)\/{8) + 8f{8) + 8ji{s,) +/oK)] 5 

c'est, avec un changement de notations, la valeur g6n6rale de u qui convient aux 
surfaces minima. Prenons encore les surfaces minima ; la valeur g6n6rale de u 
est de la forme 

U = 2^/0(^0) + 28j{8) - (1 + ^^o)[/(^) +/o'K)]. 

L'6quation en X est ici X* — 3A; = 0. Pour X = 0, on a 

U={l+88,)l8r{8)-f{8)+8j^^{8o)-/a8,)']; 

c'est la forme qui convient aux surfaces So- Pour X = 3, on trouve 

U= (1 + 88o)l8r{8) + 2f{8) + 8j^^{8,) + 2/o'K)] " 6^0 [^/(^) +/W] 

- 6. EVo'K) +/oK)] + 1^ lsJ{8)+8M8,)-] . 

Cette valeur de J7peut s'6crire, en posant 8/{s) = ^ («), ^^/oK) = 4>o K). 

c'est pr6cis§ment la valeur g6n6rale de u trouvee plus haut qui convient aux 
surfaces X2 • 

9. Etant donn6es une courbe gauche analytique G et une d6veloppable A 
passant par cette courbe, il existe en g6n6ral une surface minima et une seule 
tangente k la d6veloppable A le long de la courbe G} les coordonn6es d'un point 
de cette surface peuvent etre exprim6es en fonction de deux paramfetres par des 
formules ne renfermant que des quadratures. Cette importante question a 6t6, 
comme on sait, pos6e et r6solue pour la premiere fois par E. G. Bjorling.* M. 
Appell a r6solu le meme problfeme pour les surfaces 2© .f -^^ moyen d'un trfes- 
beau r6sultat du k Riemann, on pent traiter la meme question pour une surface 
quelconque satisfaisant a Tequation (9), quelle que soit la valeur de la con- 
stante K. 

Imaginons que par I'origine on m^ne des perpendiculaires a tons les plans 

* Archives de Grunert, t. IV, p. 290 ; 1844. 

t M^moire sur les <Ublais et les remblais. Voyez M&moires pr^sentis par divers savants d VAcad^ie 
des Scie7ices, t. XXIX, No. 8, p. 187. 
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tangents de la developpable A ; ces droites forment un cone, qui coupe la sphere 
S de rayon 6gal k Tunit^ suivant une certaine courbe c, qui sera definie par une 
relation de la forme 

4>(«, So) = 0; 

la d6veloppable A etant donn6e, la fonction cherchee 71 prendra des valeurs con- 
nues pour les systemes de valeurs de s et de ^o qui verifient la relation prec6dente. 
D'un autre c6t6, la courbe G 6tant donn^e, on connaitra aussi la valeur de z pour 
ces systemes de valeurs de s et de Sq, c^est-k-dire qu'on connaitra, le long de la 
courbe c, la fonction du . du 

Cette relation, jointe a la relation 

, du ^ . du 

au := -^r— as + -^— asn , 

nous fera connaitre les valeurs des derivees partielles de la fonction inconnue 
"^ , -p— , le long de c, S, moins que Ton ait 

sdsQ — s^s = . 

Je laisse de cote ce cas singulier, qui ne se pr6sentera pas si la courbe G et la 
d6veloppable A sont r^elles. Le probl^rae de Greometrie pose plus haut est 
done ramen6 au probl&me d'Analyse suivant : 

Determiner une fonction u satisfaisant h V equation (9) et prenant, ainsi que ses 

d&rivSes premieres -^— , ^— , des valeurs donnees a Vavance le long d\(ne courbe c 

reprSsentee par T equation 

II suffit d'ailleurs de se donner Tune des derivees -^r— , .5— , car la relation 6crite 

OS OSq 

plus haut , du J . du 

OS OSq 

appliqu6e a un d6placement le long de cette courbe, fera connaitre celle des deux 
deriv6es partielles qui n'est pas donn6e a priori. Au moyen des formules (13), 
ce probl^me se ramfene lui-meme au problfeme analogue relatif a T^quation (12), 
car la relation ^{s, Sq) ^=0 se change en une certaine relation 

^(a, /S) = 0; 

et, si la fonction u et ses d6riv6es partielles du premier ordre par rapport a s 

VOL. X. 
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et k 8q sont suppos^es connues pour tous les systemes de valeurs de s et de s^ 
v6rifiant I'^quation ^{s, Sq)= 0, il en sera 6videmment de meme de la fonction 
V et de ses d6riv6es partielles prises par rapport a a et a /3 pour tous les systemes 
de valeurs de a et de ^ v6rifiant la relation nouvelle -v^a, /S) = 0. 

Ce dernier problfeme se trouve r^solu, sous une forme un peu diflFerente, 
dans le M^moire d6ja cit6 de Rieraann [Gesammelte WerTce, p. 145). Le grand 
g6om6tre 6tablit que Ton peut obtenir la fonction v^ satisfaisant aux conditions 
pr6c6dentes, par des quadratures seulement. 
Paris, Janvier 1888. 



Bemarka on the Logarithmic Integrals of Regular 
Linear Differential Equations. 

By Karl Hbun, Munich. 



Logarithms generally appear in the expressions for the solutions of regular 
linear diflFerential equations when two or more roots of th? fundamental equation 
become equal to each other. But if the corresponding indices differ by integers 
(not including zero), these logarithms may disappear, provided that certain condi- 
tions be satisfied. Puchs has expressed these conditions in the form of determi- 
nants (Journal fur Mathematik, LXVIII, pag. 376). I noticed, however, some 
time ago, that the Fuchs equations are not independent of each other when the 
proposed differential equation is of a higher order than the second. In the 
present paper the minimum number of conditions on which the existence of 
logarithms depends is deduced from very elementary principles. Besides this, 
several theorems concerning the pseudo-singular points (points a apparence 
singuli^re) of linear differential equations of the second order are given in such 
an explicit form as to facilitate practical applications to concrete cases. 

1. 

Any regular linear differential equation may be reduced to the form (cf. 
my paper **Zur Theorie der mehrwerthigen, mehrfach linear verkniipften Func- 
tionen" in Acta Mathematica, t. XI, pag^. 97), 



C^'Ca^)]".^ + \.^{^)Y-'-F,{x).^^, + . . . . + J?;(x).y = 0. (A) 

jP, (x) denoting an entire function of the degree 7t{i — 1). The i roots of the 
equation 
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together with ^^^1=00 mark the ** singular points" of the integral function y 
which satisfies the preceding differential equation. 

Let (yii, ^211 • • • • Vpx) l>® * system of fundamental integrals of equation 
(A), representing its complete solution in the neighborhood of the singular point 

^j(i=l, 2, i, i + l), and suppose the point P, the geometrical representation 

of the argument x, to describe round the singular point Ji, a closed curve whose 
interior does not contain any other singular point ^, (t < I) , then the integrals 
yiii ^21) • • • • yp\ will not return to their initial values when the point P has 
completed its circuit, but will acquire the new values 

yn — «^^yit, y%\ = w?ry2i, ypt = A'^Ky^^. (a) 

The coeflBcients w^i\ w^^\ .... w\^^ are the roots of a certain algebraic equation 
which is generally termed the ** fundamental equation." 

Whenever two or more [n) roots of this equation become equal to each 
other, the equations (a) will have to be replaced by the following system (cf. 
Fuchs, Journal fiir Mathemat., t. LXVI, pag. 136] : 

yn =^"i-yii, 

yi\ ='^x'y%\ + <^\\y\u 

ysi = ^'i • 2/31 + <*>i\y%\ + ^h2yi\ 1 






(I) 



ypA =w?t^^.yii.i- 
In these formulas lon, ^5,1, oJu, .... 0)1, ,-1 are constant quantities and 

w^ = w\^^ — wf^ = = w\'K (b) 

The equations (I) will be satisfied by the following expressions for 

yiij y%\i ' ' ' ' ypi- 
yw =>7ii» 

2^21 = >72i + Cii.>7ii.lg (x — ^t) , 

yz\ = >78i + ^21 • >72i • Ig (a^ — ^t) + Cw . >7ii . [Ig {x — ^i)]*, 



y., I = >7., i+c,_i,i.>7,_i,i.lg(a:— ^1)+. . . .+Cii,-i.>7ii.[lg(x— ^i)]' \ 



(11) 
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The function >7pi(p= 1, 2, . . . . jp) is defined by the expression 

npi = {x-^,fpi.%{x-^,), (c) 

^p (^ — f i) heing the usual symbol for the convergent series 

aiP) +a?> {x-^,) + ai^^ (x_^,)»+ . . . . + in inf., 

where a!^^ is always diflFerent from zero. 

The indices Xpi (p = 1 , 2, . . . . j?) are the roots of the equation 

[4/(^i)]'Ji(;t-i)....(;i-i> + i) 

P = l 

Because Xpi and w\^^ are connected by the relation 



(B) 



the indices >li, 1,^3,1, • • • -^^.t ca^ only diflFer from one another by integers. 
The constant coefficients Cu, c^, Ci,, . . . . Ci^rt^i in equations (II) are sub- 
jected to certain conditions, unless 71= 2. In fact we derive from the system 

(n)_ _ _ ^ 

2/31 = >78t + <Himi . Pg (» — f i) + 27lV— 1] + Ci,>7ii [Ig (x — ^i) + 27t\/— 1]». 
But from equation (c) we conclude 

>7pi = w?<.>7pi|p= 1, 2, .... 71. 



Hence ysi = ^.>78i + Cjit^t • >7»t Pg (a — f i) + 2n^/ — 1] 

+ cuw?i >>7ii P g (x — ^i) + 2ns/'^^Y 
= WiYisi + ^nsT^ wx \ c,i>7gt + 2ci,>7ii . Ig (a — ^i) } 

+ (27tV:^)X.>7i< Usi^-W- 

The last expression for y^^ will only coincide with 

if the condition 2cis = c^i^Cn be fulfilled. By continuing this simple process we 
get the remaining relations 

The number of the coefficients Cn, c^i, c^, . . . . Ci,»_i is ^ ?« (tt — 1). As there 
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are -g (tt — l){n — 2) conditions between them, only n — 1 of them are inde- 
pendent of one another. 

Now it is evident that y^x will contain no logarithm if Cn = 0. Likewise y^^ 
will be free of logarithms if Cu = c^i = . Generally the integral of the form 

y.i = >7iri + c,.i.i->7,-i.i-lg(» — ^i) + +^,.-i.>7ii.Pg(» — fi)]""^ 

can be reduced to the form y^j = >7,j if the preceding integrals y,-i,i, • • . . y» 
contain no logarithms and if the additional condition c,_i,i = be fulfilled. 

By combining this result with a well known theorem of Fuchs (Journal 
fur Mathematik, t. LXVIII, pag. 367), we obtain the following theorem : 

I. **If the indices ^u, ^t, . . . . Jl^i belonging to the functions yn, yn, . . . -y, 
diflFer from one another by integer numbers, the analytical expressions of those 
integrals will, as a rule, contain logarithms (yn excepted). But unless two of 
the indices ^i, J^i, . . . . X,i are equal to one another, they may be freed from 
the logarithms by satisfying certain conditions. The number of these conditions 
isTt— 1." 

We have not yet proved that the expressions given in equations (II) for 
yii» y«i» • • • • Vpi form really a complete system of fundamental integrals of the 
differential equation (A). For that purpose, let us consider the following 
expressions : 

yit.(» — ^t)"X y%\\^ — iKy\ — ynAx — i^xY^K 

If ^it^^i^ • . . . > >l,ri) we may write 

'^ir -1, t '^irl ^= ^1 » >^» — «, I '^irl = ^ » • • • • '^ll '^jrl = ^jt —1 > 

where ni, ri^ n,_i are certain positive integers subject to the conditions 

or Tii^l, 112^2, ....n,_i>7t — 1. ^ 

For any index aJ < 7t we have by equation (c), 

y.t=(a^-^i)^M^.(^-^t) + c..l,,.(x-^t)'^^?),.l(x-^0.1g(^-^0 

+ c,^3,».(x-&)'^*.1).-.s(x-fO-Pg(^-OT 
+ 

+ ^1, .-1. (^ - ^t)"^-^ 1)i (x - ^0 . [ig (x - OT~M- 

Hence we conclude that the expression ys,i>{x — ^t)""^* = ^« will be a finite 
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continuous function in the neighborhood of the singular point ^t, for we have 
under the preceding conditions, 

[(» - ^O- . Pg (a? - W-%^i,= , 

(y=i, 2 &). 

From the equation 

we derive by diflferentiation 

&! = (x-J,)''.-'.{j«.fl.+ (x-{0.^}- 

It will be easily seen that the expression enclosed in brackets has the same 
characteristic properties as the function H^ itself. On this account we may 

and likewise 

-^ = {x- ^,^.-».ili"> ^' = (^^ - ^t) .^'-'.ili^ 

njifMl^'^, .... £i^^ denoting a series of functions analogous to £1$,. Hence we 
prove in the usual manner that yn, y»i, . . . . y,i, together with y,+i,i, 
^,4-3^1, . . . . y^i, satisfy a regular linear diflFerential equation of the order jp (cf. 
Fuchs' paper in Vol. 66 of the Journal fiir Mathematik, pag. 142-144). 

The case 7t=^ requires our special attention. If now y2i» y8i» • • • • Vpi do 
not involve any logarithms, the point ^t will cease to be a singular point for the 
ratios yniypi, ^gi^ypi* • • • • Vp-iA-ypx- I* ^^7 ^® called a ** pseudo-singular 
point" of the diflFerential equation (A). Remembering that the indices /In, 
^2i> • • • • '^?i ^re now such as to satisfy the p — 1 conditions 

Jlp-l.i '^pl = Wi, Jlp--8,t — '^>l= ^2, . . . . Jill — '^Jl^^-l; (C) 

Til, Wj, . . . . Wp«i being positive integers, we conclude from theorem I : 

II. " In order that the point f i be a pseudchsingular point of the linear 
equation (A), it is necessary and suflficient to satisfy 2p — 2 conditions." 

We shall have now to establish 2> — 1 of these conditions "explicitly" so as 
to acquire a suflficient criterion, whether a certain point ^i be a pseudo-singular 
point of a regular diflFerential equation or not, supposing that the p — 1 condi- 
tions (C) are fulfilled a priori. This problem will be solved gradually by begin- 
ning with equations of the second order.. 



210 Heun: Remarks en the Logarithmic Integrals of 

2. 

In the particular case p=2 equation (A) takes the simple form 

i'4'{x)y.^+4'ix).F,{x).^ + F,{x).y = 0. (1) 

Equation (B) becomes 

[^'(OT^(^- l) + 4' (^.).^i(f,).A. + F,{^,) = 0. (2) 

i= 1, 2, .... i. 

The analogous equation belonging to the point ^4+1= 00 is 

M^+i)-[|&']„,x+[§g],_.=o. (a) 

From this equation (whose roots are ^,i+i, X, i+i) follows 

whilst we get from equation (2) 

F,{^,) = \,.X,^,\i=l,2,....i. 
The integer function jP, {x) will therefore be divisible by 4^ {x) if 

Jill = Xu = . . • • ^^ ^, i— 1 = Aii ^ . 

But it is very easy to express the general integral of equation (1) by another 
function whose indices satisfy the latter condition. Indeed, denoting every 
general solution of a regular linear differential equation by the tables of its 
indices in this manner 

j>ll2, >li2, .... >lii, 3ll,i + l1 
iXji, X^, .... Aji, X^^i^i) 

we may verify immediately the following relation : 
IA21, Aja, .... /Iji, Ag^i^iJ 

, Ki+i + ^^ii 

1=1 

Jlgl — Jill , . . . . Agi Aif , JI2, i + i + / ^ Jill 



t«l 
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If we put therefore 

y = (x — ^i)^. {x — ^g)^" (x—^i)^*.v, 

the function 97 will satisfy the differential equation 

^(«)-S+^(«').-|- + -(x).»7 = 0, (la) 

[^(x) = i^,(«); a^(x) = |g], 

6i{x) is an integer function of the degree i — 2. On account of equation (3a) 
it has the form 

fti(a;) = Ii,i+x-t«.i+i-»*"* + 3^i»*"'+^»*"*+ + Xi^^ + Xi^i (lb) 

if the function rj is denoted by 



fO, 0, 0, Ii,i+il 

111, 1«» • • • • H> l«, i+lJ 



The function x (^) ^ determined by the equations 

^(^.)=-^'a.)It. (2a) 

The constant coefficients x^, x^, . . . . xi^^ are independent of the indices I. 
According to the special values which are attributed to them, the character of 
the function y^ will be more or less complicated. For this reason we shall term 
them the characteristic parameters of the differential equation (la). 

After this digression we return to the original differential equation (1). Let 
^^ be any one of the points ^1, ^j, . • • • ^i and 

yu = {x-^y^^^'9i{x-Q (4) 

be one of the fundamental integrals belonging to the point ^,. Then the second 
integral y,, may be represented by the expression 

Since the roots of the equation i/^ (a;) = are different from one another, we have 



But, on account of equation (2), we find directly 
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consequently 



^-y T^)da^ = n (a: — fiVii+^t-^ 
1=1 
Writing for brevity 

equation (5) can be put in the form 

But it is possible to develop P {x) into the convergent series 

Co + Ci{x — ^,) +(^{x — ^,y+ . . . .+ in inf. 
where the first constant c© differs necessarily from zero. Therefore we have 

y==oa 
v=0 

Supposing ^1^ — Xg, = n (n being a positive integer) we obtain, by integration, 

ys.= yi.. |--^Co(x-e)--^c,(x-^.)-(»-«-. . . ._c,_,(»-^.)-' 

+ c„ .lg(x— ^.) +c„+i {x—^,) + -^%+t{x — ^,) +....+ in inf. j. 

Hence we get for y,, the final expression 

y». = {x + 0'*^.%{x-l) + c,{x-l)h..<^,{x-l)Ag{x-l). (8) 

From this formula it is evident that y^, will contain no logarithm if the equation 
c^ z= be fulfilled. We have now to establish the connection of this equation 
with the coefficients of the differential equation (1) or, what is the same thing, 
with the indices X and the characteristic parameters x. 

We may always consider ^j (x — ^J as a known function. Let it be given 
in the form 

fi{x-l)^ao + a^{x-^)+a,{x-iy+. . . . + in inf. 

^1 {x — ^J .^i{x — ^,) will be likewise a convergent series of the form 
8 — ao + ai{x — ^,) + a^{x — ^,y + . . . . + in inf. 
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We have oo = Oo^oi ^\ = ^i ^^^ generally 

a,^ =2 [orfi^^ + ai««r-i + + flr-iav+i] + a,/3t^, 

a»K+i = 2 [ooOg^+i + a^a^^ +....+ ar^^+i] • 

The coeflScients of the series 

are connected with those of the series a by the formulas [a© = l] , 

J.0 = 1 ; ^1 = Oij -4, = a} — a,; ^3 = 0? — 2aia3 + Oj, etc. 
The general expression for J^ as a function of oi, o^; • . . . a^ is 



^= 



«li Oj. 


ttj, . . . . a. 


1 , ttl, 


a» a— 1 


0,1, 


Oi, . • . . a„_, 


0, 0, 


1 , a„_8 


0,0, 


, . . . . tti 



The expression for ^^ as a function of the coeflScients Oi, a,, . 
from the latter one in the following manner. In the equation 



a„ is deduced 



r = l ^=1 



let [a]^ be the complex of all terms of the dimension v in respect to a and [a]^ 
be the corresponding expression of the terms in a . Then the numerical coeflS- 
cients pj,"', rJr^ are connected by the equation r^^^ = (r + 1) -pn^- By this rule we 
find easily 

Ai = 2ai\ .Is = 3a{ — ^a^) A^=: Aal — 60^0^ + 2a8, e'tc. 



Next we develop the expression 



*n (x — ^i)^ii + Hi"^ 



t=i 



The product of this series into the series 
is equal to 



into the series 
+ in inf. 

. ih in inf. 
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Hence we derive the general expression for c^ in equation (8), 

c, = Z,.A-/,_i.A+.... + (— 1)%.^. (10) 

This result may be enunciated in the subsequent theorem : 

III. "Let ^^ be any of the i zeros of the integer function i^C*) in the 
regular differential equation 

[4(a:)?S+4'(«).i^i(«).-^ + i^,(x).y=0 

and ^1., ^, the roots of the quadratic 

Supposing the difference Jlj^ — A,»c to be equal to a positive integer n, determine 
a function 

2/1. = (ic — ^0^1' • {«o + «i(aJ — i) +02(35 — ^,)*+ \, 

satisfying the proposed differential equation. Thereupon express the coefficients 
A^y Ai, . . . . A^m the equation 

as functions of the coefficients a^, aj, . . . . a« and likewise the coefficients 
'01 'if • • • • '1. i° the identity 

n'(x — I,)*""*"*""' 

'^^TI^y^^TZTi- = '0 + /i(x-e)+ . . . . + ?n(x-e)« + . . . . 

as functions of the indices 

^Mj M%^ • • • • '^Kf 
'^Ij ^^21 . . . . Aji- 

If the aggregate 

^n. ^-«n-l^l+ . •.. + (- ir'o^n 

happens to be equal to zero, the point ^, will be a pseudo-singular one of the 
given differential equation, and yi,, y^, will consequently not constitute a system 
of fundamental integrals." 

The present criterion is formally confined to finite values of ^^. But the 
case ^^ = ^1^1= 00 may be easily reduced to the case ^^= by changing the 

independent variable x in the differential equation. Indeed, if we put a? = -7- 

the point t = will correspond to the point a = 00 . 
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3. 

The coefficients of the differential equation (1) [No. 2] are completely 
determined by the indices A,pt (p = 1, 2; 1=1, 2, . . . . i, i + l) if i be equal to 2. 
In this case we may put ^i = and f i = 1 and obtain the differential equation 

a?{x-iy^+x{x^l)F,{x).^ + F,ix).y = 0. (1) 

Introducing the function ri instead of ^, by the substitution 

>7 will be an integral of the equation 

«(x-l)§+^(x).^+i>.n = 0, (2) 

where p denotes a constant quantity. Suppose 

j 0, 0, a> 

(1-y, y-a-^, pi 

to be the table of the indices of >; , ;^ (a) will be a linear function of a satisfying 
the conditions 

;c(o) = -y;«(i) = -y + a + /3+i. 

Therefore ;c (sc) = (« + /^ + 1) « — y • 

From equation (lb) [No. 2] we conclude ^ = a/8. Consequently f! will be a 
solution of the equation 

a;(x-l)-g + [(« + /?+ l)x-y]^+a/3.^ = 0. (3a) 

The complete integral-system of this well-known differential equation is 

y„ = J^[a, /3, a -|-/9-y+ 1,(1 -a)], 

y„ = x-'F[a, a-y + 1, a — ^ + 1, ^"j, 

y„ = x»-^i?'[a-y-|-l,/3-y-|-l, 2-y,x], 

^.. = (1-35)" ''F[y-a,y-^,y-a-^-\-l,il-xy], 
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jP[a, /?, y, a] denoting the hypergeometrical series of Quuss. This series has 
no definite value as soon as y becomes a negative integer. Thus 

^^[a — y+1,/3 — y + 1, 2 — y,5c] has to be rejected if y — 1 =nj 
likewise F\y — a, y — /3, y — a — 13+1,(1 — a)] ifa + /3 — y = n, 

and J^[^, /? — y+1,^ — a + l,-^]ifa — /? = n, 

n denoting always a positive integer. In these cases we have the following 
expression for y,i, y^^, and y^^ : 

y%i = ^1 {x) + c?\ F\a, /?, y, x'\.\gx (y - 1 =n), 

y« = ?>2(l-a:) + c?^J?'[a,|3,a + |3-y + l,(l-x)].lg(l-a)(a + i3-y==^ 

y23 = ^8(^) +c^J?'[a,a-y + l,a-/3+1.4]-^"'*-^S^ (a-/3 = n). 

The condition c2* = denotes that a; = is a pseudo-singular point of the 
differential equation (3a). Similarly cj^ = 0, cjf^ = will respectively indicate 
that a; = 1 or sc = 00 are pseudo-singular points of the hypergeometrical differ- 
ential equation. 

We shall pursue only the case cj^ = , as the two remaining may be absolved 
by following exactly the same method. The point sc = will be a pseudo- 
singular one if the condition 

c^ ^i» • -^0 — '«— 1 • -^1 + si— « • -^a ....-{- ( — 1)% . A^ := 

is ratified. As the coeflBcients ^, 7i, . . . . /» ^'^e in the present case given by 

the equation 

(1 _a.)- ^ = 4 + /ix + ^x» + ....+?,»*+.... , 

we find 

4=lj ?i = — (n — a — ^); 4 = ' '^^\^ ^ -^ etc. 

Furthermore, since 

we get 

i-1 >l-i^ . _ a»^ a(a+l)i?(/3 + l) 
"~ ' »~n + l' ^«~(n + l)» („ + l)(„ + 2) ' 
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Introducing these expressions for Iq, ?i, . . . . ?,» and A^y Ai, . . . . A^ into the 
equation c^ = , we obtain the latter in the form 

c^ = (a— l)(a— 2) (a — n)(/?— 1)(/?— 2) (/? — w) = 0. 

Hence we conclude 

a = l,2, 3,....n and /3 arbitrary, 

or /? = 1 , 2, 3, . . . . n and a arbitrary. 

This result justifies the theorem : 

IV. " If the third element y of the hypergeometrical series F[a, P, y, x] 
which satisfies the differential equation 

«(x-l)^-h [(« + /? + l)«-y]^+a/3.^ = 

has the form y = w + 1 (^ being a positive integer), the expression 

^{x)+Fla, /3,y,x].lga 

together with -F[a, ^, y, x] will constitute a complete solution of this differ- 
ential equation in general. But supposing n ^ 1 and a to be equal to one of the 
numbers 1, 2, .... n, and fi remaining an arbitrary quantity, or vice versa, the 
point x = will cease to be a singular point of the proposed differential equa- 
tion." 

The "relationes inter functiones contiguas" [Gauss' Werke, t.III, pag. 130] 
may serve to express the series F[a, v, n+ 1, x"] rationally by J^[a, 1, 2, sc] 
and -F'[a, 1 , 3, »] . By means of the formulas 

{v — l){l — x)F[a,v, n+ 1, x] 
+ In — 2v — 1 — (a — V + l)x'] . F[a, v — 1 , n + 1 , a] 

— {n — v+ 2)F[a, r— 2, w + 1, a:] = (form, (l) 1. c), 
(n — a) . a . J^ [a, r , n -f- 1 1 «] 

. +n[n — 1 — (2n — a — v — l)x'].F[a, v, n, x"] 

— n(w— 1)(1— x).jP[a, V, n— 1, x\ (form. (15) 1. c.) 

i?" [a, r , n + 1 , x] is expressible by 

F\a, 1, 2, a:], F\a, l,3,a;], F\a, 2, 2, x], F\a, 2, 3,x]. 
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But between these four functions there exist two relations : 

[l — {2 — a)x].F[a, 2, 3, a] + F[a, 1, 3, a;] — 2(1 — x). J?'[a, 2, 2,a;]=0 

(cf. form. (14) 1. c), 
2[1 — (2 — a)a;].-F'[a, 1, 2, x] — 2{l — x) .F[a, 2, 2, x] 

+ (2 — a)a3.jF'[a, 1, 3, x] = (cf. form. (11) 1. c). 

Therefore jP[a, v, n + 1, «] can be reduced to ^[a, 1, 2, aj] and F[a, 1, 3, a]. 
We find easily 

J^[a, 1, 2, a:] = j^.i- .[1-0 -xr-j, 

i^[a,l,3,a]=--^.— 1^ ^.l.[i _(!_«:)»-]. 

*■ -■ 1 — a 0? (2 — a)(l — a) ar ^ ^ ^ -^ 

This is suflBcient to show that i^[a,v,n+l,a;]ifl''a rational function of x and 
{l-xY''[l<v<n']. 

4. 

The general theory of differential equations of the second order with more 
than two finite singular points is very little elaborated up to the present. 
Only a few special cases have been treated by Green and Lam6, whose 
researches have been completed and enlarged by Liouville, Heine, Hermite, 
Fuchs, and other mathematicians. 

Let us first consider differential equations with a single characteristic 
parameter. This will occur for ^=3. Equation (1) [No. 2] assumes in the 
present case (^i = , ^, = 1 , ^g = «) the form 

^ix-mx-ay^ + x{x-l){x-a).F,{x)^+F,{x).i, = 0. (1) 

This equation is satisfied by a function y with the indices 

0. 2. g. 00 » 
'WiJ ^j ^} ^ii 

Jlu, Xj0, >l|8, ^> 

If we put 

the new function yj will be an integral of the equation 

x{x-l){x-a)^+X{^)'^ + ^i<>^)->! = 0. (2) 
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Suppose the table of the indices of rj to be 

0. 1. 



iU . 1 . a . 00 . ^ 

0, 0, 0, a y 

1-y, 1-S, y_a + 5-/?, 13 ) 



By equation (2a) [No. 2] we have therefore 

;c(0) = ^(0).y, Z(l) = ^(l).«, ;c(a) = -a^(a)[y-a + 5-/3-l], 
or since '4^{x)=^x{x — l)(a; — a) , these equations are 

xW=ay, x.{l) = {l-a)8, x{a)=-a{a—l)[y-a + S-(i-l]. 

consequently 

j^(x) = {a + (3+l)a?-{a + fi-S+l+d{y + 8)\.x + ay. 

Equation (lb) [No. 2] gives for i= 3, 

a> (a) = a/? . a + »i . 

Writing — a^g instead of xi, the differential equation (2) will take the 
final form 



x{x—l){x — a)^ 

+ l{a + fi-{-l)a^-\a + ^-8+l + aiy + S)\x + ay-]'^- 
+ a/?(aj — 5r)»7 = 0. 



(2a) 



The quantity g represents the characteristic parameter of this equation. Mod. 
(a) may be supposed to be > 1 . Should it be < 1 , then it will be easy to 
transform equation (2a) into a similar one for which the first hypothesis holds 
good. Now let us determine the coefficients Oi, a, .... in the series 



n = Y^a^.x% (3) 



v=0 



that >7 be a particular solution of the equation (2a). The latter equation will 
be identically satisfied by the series (3) if 



^a^Uv{v-l) + {a + ^ + l)v^a^\x^-^' 



v=0 



— \v{v—l)(a+l) + v{a-{-p—S+l+a{y + S>)]-\-afig\x'' 
+ iv(r — 1) a + vayf af-^] = 0. 



VOL. X. 
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From this identity we derive formula 

+ a{v + l){v + y)a^+, = 0. P ^ 

ai and a© are connected by the equation ayai — a^ga^ = . Equation (4) gives 

a -_._1 °-/^ ^ (6) 

'~i.2....vXr+i)....(r+v-i)' rt- ^^ 

where Gl"^^ denotes a certain integer function of gr of the degree v. If we put 

~ r 1 "■ a ^l.2.r(r+l)' o» ^1.2. 



1.2.r(r+l)' a» ' 1.2.3.r(r + l)(r+2)- a* 

J ^liH) — - -t- 4- in inf 

^ 1.2.3.4.r(r + l)(r+2)(r+3)' of -h . . . . + in mi. 



(6) 



jP[a(a, /3, y, 6)g, x] will be certainly an integral function of the diflferential 
equation (2a) if Mod. (cc) <C 1 . Substituting a^ from equation (5) into equation 
(4) we obtain for the successive determination of the functions G^{J|, (xjj], . . . . , 
the formula 

G\;,^'^=\v[y+a + ^-8 + a{v + y + 6)]+a^g\G^^] ), . 

— av{a + v-l){^ + v-l){y + v-l).G^,r'' = 0^^ 

starting with the functions 

(7a) = gr, G<^, = a(}y'+{a + (3-8+l+a{y + S)}g-ay. 

In the special case a = 1 , gr = 1 , we have 

(7(j) = (a+ l)(a+ 2) .... {a + v-l).{^+ l)(/3 + 2) ....(/? + y_ 1), 

consequently 

i^[l (a, /?, y, 5) 1 , x] = J^'Ca, /3, y, x] . 

This relation is important, as it shows that Gkuss' hypergeometrical series may 
be looked at as a '' degeneration" of our general series F[a{a, /3, y, S)g, x]. 
Since the functions of Green* and Lamef are solutions of the differential 

*^* On the determination of the exterior and interior attractions,^^ etc., in the Transactions of the 
Cambridge Phil. Soc., 1885 (read 6th May, 1888). This paper contains already the fundamental proper- 
ties of the functions* which have been afterwards called by Heine ^^ hdhere Lam^sche Functionen." 

t Liouville^s Journal, t. IV (1889) and ^^ Legons sur les fonctions inverses,^' Paris, 1857. 



x{x~lXx-a)^ + ^lS:^-2{a+l)x + a']^-~n{n+l){x+g)w = 0. 
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equation 

n being a positive integer, we have the expression 

y,:=^F\a{-\ri,\{n+l),\,\)g,x\ 

A second solution of the diflTerential equation (2a) must necessarily have the 
form >7tt = a^~^1>(a;). 

Now an elementary transformation of the indices gives the relation"^ 
y.[ 0» 0, 0, al 

^ "" ""^1 0, 1-i, y_a + «-/3, ^-y+lj 

= x^-v^| 0» 0> 0» a-y+l| 

•^ll_(2_y), 1-8, y_a + «-^, /3-y+lJ 

Hence follows immediately 

yn = ^'y.Fla{a-y+l, fi — y+1, 2 — y, 5)flr, x]. (8) 

But if y = n + 1 (n being a positive integer), this second solution has to be 
rejected and substituted by 

y2i = %{x) + c^.Fla{a, /?, y, 8)g, a;].lg». 

The point cc = will be a pseudo-singular one if the condition c^ = be satisfied. 
It is evident that A^ contains no a^ whose index v is >n. Therefore -4^ is an 
integer function of g of the degree n. The coefficients Iq, Zj, . . . . /n ^^^ ^ ^^^ 
present case determined by the equation 

{x—iy{x — aY'^-^''^ = k + liX + l^u?+ +?nic'* + 

They are of course independent of g. Consequently the condition c„= will 
become an algebraical equation of the n^^ degree in respect to the quantity g. 
Hence the theorem : 

*This manner of denoting integral functions by tl^eir table of the indices is adopted from Riemann. 
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V. ** If, in the differential equation 

+ a^(x — g).vi = Oy 

of which F[a{a, P^ y, h)g, a] is a solution, the third element y takes the value 
y = n + 1 (n being a positive integer), then it is always possible to determine 
the characteristic parameter g by an algebraical equation of the degree n , so that 
the point a;= degenerates into a pseudo-singular one. The elements a, /?, 5 
are not subjected to any algebraical condition." 

Theorems altogether analogous to the preceding one may be enunciated in 
reference to the points a: = 1 , a , oo . 

5. 

Let us proceed to differential equations of the second order with any 
number of singular points. Suppose ^i, ^», . . . . ^o of t^© series ^i, ^21 • • • • ^i 
to have degenerated into pseudo-singular points. This hypothesis implies the 
equation (cf. Theorem III) 

Cn,= 0, c^^=0, . . . .c„^ = 0, (1) 

and subjects, therefore, the i — 2 characteristic parameters of the equation 

^(»)S + ;c(a')^ + Pi';i-n'ii-^'- + ;^i«'-»+.... + *._,]. »7 = (2) 

to V conditional equations. 

The original table of the indices of vj is 



fO, 0,U»Vi1 

ill. U l«,l?iJ 



As soon as 

Ii = — ni, I2 = — n,, . . . . I„ = — n« , 

Cn,= 0, c„^= 0, c^— 0, 

only ^^^1, ^„+2» • • • • ^i remain proper singular points of equation (2), which 
we write now in the form 

""*^^°S <?> («) = (« - ^,){x _ ^,) .... (X - U and ^, {x) = i|] . 
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The last diflferential equation has not the regular form (A) [No. 1], notwith- 
standing its general integral vi may be expressed by the general integral z of the 
auxiliary regular differential equation 

'^^^'^)^+Xi{^)^ + ^i{^)'^=^^ (4) 

where ;ci(a) and <oi{x) denote integer functions of the degrees i — v — 1, i — v — 2. 
The table of the indices of the new function z is supposed to be 

,0 ,....0, 1^1 



t»+i, U+,, . . . . t<, I?4-i — 7 , n^ 



t=i 



The general theory of linear differential equations requires the sum of all the 
indices in this table to be equal to t — 1 (cf. Fuchs, Journ. fur Mathematik, t. 66, 
pag. 146). In fact we have 



f=i 



1=1 

i=« l=» l=i t=» 



1=1 

t=i 

but / tt = / ni, consequently / It + I?|i + Ii*^i — / ^nt = i — 2, q. e. d. 

1 = 1 1 = 1 ir^l.+ l t = i 

The function Xi (^) is completely determined by the relations 

;cai) = -^(^t)ai-i)|l = t^+i, t; + 2,....K 
wi {x) must necessarily be of the form 

xi, xi, . . . . X|_,.8 being the characteristic parameters of the differential equa- 
tion (4). 

Now it is always possible to determine two integer functions Pq (x) and 
Pi{x) and to express Xj, x^, . . . . X|_«_, by means of »i, xi, . . . . Xi^^^ that 

the relation _ d / \ i d / \ ^^ 

y!=Pii{x).z + Pi(x).-^ 

exists between the functions ri and z. The particulars of this method of reduc- 
tion are fully explained in my paper quoted in the beginning of No. 1 (Acta 
Mathem. t. 11, pag. 97). 
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The preceding remarks lead to the subsequent theorem : 

VI. "Whenever v of the i zeros (^i, ^», . . • . ^<) of the integral function 
a}/ (x) in the differential equation 

4'(x).0 + ;k(«).5- + -(«').'; = o 

degenerates into pseudo-singular points, the function ri will be expressible 
rationally by a function z satisfying the regular differential equation 

where the zeros of '4'i {x) are the proper singular points of ri and its first deriva- 
dz 

tive function — . The i — v — 2 characteristic parameters of z are known 

functions of the i — 2 characteristic parameters of >?." 

Hence we conclude, if a; = is a pseudo-singular point of the differential 
equation (2a) [No. 4], the function F[a{a, fiy n+ l,l)gj x] will be expres- 
sible by the hypergeometrical series of Gauss. 
Frakefubt A.M., 27 Deo., 1887. 



P. S. — M. Poincar6 has requested me to correct an error in his memoir, "Sur 
les groupes des Equations lineaires," Acta Math., Vol. IV, p. 217 : "Pour qu'un 

infini des coefficients ^^ soit un point h, apparence singuli^re, il faut — ^ 

conditions" — this should be ". . . . 2/> — 2 conditions." K. H. 



« 
^ 



On some Applications of the Units of an n-^fold Space. 

By 0. H. Chapman. 



The following article originated in an attempt to obtain a proof of the rule 
for multiplying two determinants of the n*^ order by the principles of quater- 
nions. There is no diflficulty, of course, in the case of a determinant of the 
third order, but beyond that it seemed necessary to use a more general system 
of vector units than Hamilton's i, y, Tc. The symmetry of an w-dimensional 
space, where n is odd, leads at once to the proper assumptions, as has been often 
shown. In working with n rectangular unit vectors the symbols S and F as 
defined by Hamilton were found not suflSciently exclusive, and, as a makeshift, 
a new symbol 6)« was defined and found extremely useful. When applied to the 
product of two vectors o^ has the same selective power as F, but applied to the 
product of three vectors, it selects the same terms as 8. Applied to a product 
of more than three vectors q^ is equivalent neither to S nor F. 

Aided by this symbol, the rules for determinants of the ri^ order were 
found with ease and a method of inverting the linear and vector function ^ in 
space of n dimensions was generalized from that given by Hamilton for ordinary 
space. The fact that ^p efiects a linear substitution upon the coefficients of p 
leads on to the interesting connection between the operator ^ and the theory of 
linear differential equations, and by means of its properties a number of theo- 
rems may be demonstrated with facility. 

I begin by showing the connection between ordinary quaternions and 
determinants of the third order. 

If a, ^, y and a', ^', / be two systems of non-coplanar vectors in space of 
three dimensions, it is easy to obtain the following equation, viz : 

Sola, S^'a, Sya 
Sa^Y . S'a^^y = S. Va'^' V^y F/a' Sd^ , /S/?'/? , Sy^ 
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But plainly, 



Hence 



If now 



S. Va'^ V^y F/a' = S. Va'^' V. 7/?V Fy'a' 

= -S. Va'fi'.ySa'^y = — S'a'^y. 

Sa'a, S^'a, S^a 
Sa'P, S^^, Sy'^ 
Sa'y, S^'y, Sr/y 



SoL^Y.Sa'^y^ — 



(1) 
(2) 



then 



and 



Sa^y=z — 



a' = xil + yij + zik, P'=xil + yy+zik, 7'=^if' + vU + ^> 
xi, yi, «i SB^, yi, z 

— «». yi, 2» , —Sa'^y= xi, yi a 
xs, Vi, h a^, y't, 2] 

Sola = — {xjxi + 2/ii/i + ZiZi) , 
Sfi'a = — (zrxi + y,yi + z,zi), 
Sya^ — ixixi + yji/i + Zi^), 

and so on for the other scalars. Hence 

«i^+yiyi+zizi, xixi+yjyi+zi4, Xjxi+yji/^+ZiZ^ 

xA+i/syi+^i ^sxi+ysi/i+i'^, ^+ysys+z^ 



aa. 


yu «i 




'«», 


y». «» 


X 


«s> 


ys. 28 





xi, yi, 2i 
4, y%, 2» 
«'t, yi, 4 



«!, yi, % 


> 


«i, y%, «» 


^— 


Ks. ys, zs 





by eq. (2). Giving thus the rule for multiplying determinants of the third order. 
Noting that Va^ = {x^y^ — x^y^ ly + . . . . = {xiy%— x^yi) fe +...., eq. (1) gives 

^i2/% — yi^%y ^i^i — ^ihi yih — ^iy% 
^01 — y^i, z^^ — xsZi, ysZi — zsyi 

or the square of a determinant of the third order is equal to the determinant of 
its minors. 

To generalize these results I consider a system of n units like i,j\k in 
a space of n dimensions, where n is an odd integer. Let these units be 
?i» 4» 's » • • • • ?ni fl'^d let SIJr=^0; also ^^ = — Kh' Also the complete cycle 
when multiplied together produces a scalar. Assume then 

?i4 • • • • ?»-l?n =^ -4 (3) 

where -zl = db 1 , as will be shown. 

Again, since P=n=> — 1 , it follows that 






— 1 
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To determine the rule for the essential sign of A, note that, by eqs. (3) 

and (4), ?i4 4-i = — -^^n- 

Also by successive multiplications 

in ^^ -^^T-l^T— « . . . . ff" = ( 1)* Al^^iln^2 . . . . ?l = -^'n— A— 2 • • • • ?i , 

since n is odd. By the continued use of eq. (4) this becomes 





z„ = (-i)^T-«^.W,....?„-i. 


or 


?x4....?.-. = (-i)^^^=^']; 


hence 




or 


A _/ ,^?y»=« 1 



^-V-v . ^. (5) 

This is satisfied only if ji = (— l)""^*!^. From the symmetry of the space it is 
safe to conclude that in general 

IJk + I • • • • ?nVl • • • • t« — 1 = ( — 1) » = Aj 

or if proof were needed, multiplying ?i by the first member of eq. (3), then 
multiplying the result by 7i, we have, if the equation be preserved, 

or — Vg IJ^=—A, 

or yg ^1=^, 

a process which may be carried on indefinitely. Thus both the sign and numer- 
ical value of A are consistently determined by eq. (5) for the whole series of 
cyclic products formed from the n units. 

To determine what the value of y, is, since SIJ%=^ 0, it may be assumed 
at once that 

Then SIikl^ = = —Xi + x^SlJ^ + =— Xj. 

Likewise ar, = and Xs= — ^Ws? 3^4 = — ^Wii • • • • 

Hence the product of two vectors is a linear function of the remaining n — 2 
of the system. 

Let it be required to express a vector p linearly in terms of the funda- 
mental units Zi4 . . . . Zn • 

VOL. X. 



228 Chapman : On some Applicatiom of the Units of an n-fold Space. 



Assume the equation 
Then at once, multiplying by Z^ and taking scalars, 

which determines the coefficients. If 

pi=yih + yih + — +yJni 

since IJ, = — IJ,, 

and plainly also, Sppi = /Sjpip. 

Let ai, oj, . . . . a„ be a system of n vectors such that 

a, = x^Ji + XiJ^ + ^idh +.... + a^jn^ni 



(6) 



• "T ^nn^n • 



(7) 



(A) 



Let o^ be a symbol such that when applied to the product of any x vectors it 
shall select all those terms containing the product of any x dbtinct units and 
shall exclude all other terms, the selected terms being united into an aggregate 
by addition. 

Let co.aitts . . . . a«, or briefly 6)^(ai), when the cyclic order is perfect, be 
such an aggregate. Considering any two vectors a^aj, it is clear that only those 
terms of their product included in (Ogaia, enter into o^. Hence the symbol c^ 
may be arbitrarily inserted in a product under o^. And in general, if ;i<x, to 
insert o^ under 6)« before any group of X vectors is merely to bring into evidence 
an operation implied in q^ itself. Therefore 

6)^ai . . . . a^ = w^aiOg . . . . a^ [^^Aa^ + i • v • •] o^**4-a+i ••••«*• 

(d^ being merely selective, is plainly commutative with all scalars and distribu- 
tive over a sum. 

a)^(ai) is the sum of all the determinants in the matrix 



^m a^i2» a:i3, 

^21 » ^M» ^28 7 






*^kI 1 ^«2 1 •^kS » • • • • ^« 



each multiplied by the group of units whose suffixes are determined by the 
second suffixes of the principal diagonal. So far as the letters in each product 
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are concerned, this is only another statement of the definition of o^; and as to 
the signs, it need only be noticed that given any group of x units, 

(Jf), l^^ .... Irli^ 

where no two are identical, then any arrangement produced from {M) by ;i 
interchanges of consecutive vectors equals ( — l)^(Jf), so that the signs of the 
various terms are precisely those required. Hence, taking » = n, G),^(ai . . . . a„) 



^n > ai2 , . . . . a^in 
^i» 3^> • • • • ^n 



A, 



where A=>li. . . .1^. 

When dealing with only two vectors, % is the same as F, as a glance at the 
system (A) will show ; and On-i^i • • • • ^n-i is a vector, since the product of any 
n — 1 units produces the remaining one multiplied by ±-4; but 

^»-i(ai an-i) rji F.ai .... a,i_i. 

Also, while o^ai .... a^ is a scalar, it is not the same as /S.di • . . . a^. 
Prom eq. (7), then, (jjjpjp = — o^ppi. Hence 

o^tti a^-itt^ ttn = (o„ai .... (ci),a^«iaj ....«« 

= — '^nai • • • • (^ia^a«-i) . . . . a„ 
= — o^tti .... a«a^_i .... an . 

Therefore, to interchange two rows (or columns) changes the sign of the deter- 
minant. 

Again, o^ai .... a/i^ .... a„_i = o^ai .... (oja^a^) .... a^-.!. But (.)3|a»a« = 
evidently. Hence («)n(a) = if it contains the same vector twice, and a deter- 
minant vanishes if two of its jows are identical. 

If one of the n vectors oi . . . . a^ . . . . a^ is a linear function of the others, 
we have 

Ontti .... a^ .... a„ = o^aio, .... {c^a^ + c^o, + ....+ c^a^ . . . . a^ = 0, 

since every product will contain some vector twice. Also 

(i)„aia, (a^ + Citti + c,a, + . . . .) a^ = co„ai a^, 

since the products formed with the added vectors all vanish. Hence a determi- 
nant is not changed by adding to the terms of any row the corresponding terms 
of any other row multiplied by a common multiplier. 
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Consider the system 

^i = yiiai + 2/120,+ + yi»a„, 



^n = yniai = ynSOl + + Pnffl'n 

From what has already been shown it is clear that 



"„/3,/3, . 


2/11 . yu • 


yu. 2/u 
y%i, yn 


, yis — yin 
> yu — ytn 


"»ai . 


which again 


Vnu yn% 
■ • -yin 


. y 

X 


ns — y,« 

Xu , Xa . • 


. .»!• 




Vnu y„» 


— y«» 


a*,!, a, J . . 


• • *«» 



a. 



4. 



But 



^. 



^1 = (yii«u H- yisa-M + ^18*81 + + ym^ui) k 

+ iViiXvi + yua-s, + yjsOM + + yi„a5„j) ^ + . 

?,-. = iy^i«u + y^i^i + — ) '1 + {y,LiXi» + y^x^ + — ) ^ + — 

Hence O;,/?]/?, . . . . (i„ 

yu«ii+ y«*2i+ . . . . + yi»a„j, yiiXu+ yua;„+ +yi«»,» 

• • •^" •■•■ • 

yn\^\i+ynv^\+' . . • +y«naj„i, yni^n+ yf^^+ + y«i«a;«8, — > • - 

These results must be equal since co„ selects the same terms from a product 
whatever be the intermediate steps of the work, provided no reductions are 
made among the units. Thus we have the rule for multiplying determinants. 
I shall obtain it again in a moment. 

Assume a system of functions as follows : 

^1 = 2fiiO„_i(ai) + Zi^On^i{Q^ + . . . . +2i„On-l(an), 
*2 =2«lC«>n-l(ai) +222^n-8(a») + + Zgn^n - 1 («») » 

^«=Z|il"n-l(ai)+25«2"«-2(a2)+ • • • • + Znn6)« - 1 (««) » 

where 6)„_i(a^) = 6)„_ia^a^+i anaiOg .... a^-,. 

Let o\^iliJh . . . . hf, designate the result obtained by taking out of the 
product Jiji^ . . . . 7i^ all those terms containing the product of Jl distinct cyclic 
groups of units such as ?^?^+i . . . . IJJ^ . . . . /^_i. cjj_i is distributive over a 
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Bum, being merely selective; hence the products obtained may be separately 
considered. The same reasoning which showed that 

(i).aia,(o^a8a4 ) a^ = o^aiO, . . . . a« 

shows that <»^n-Jh^2 • • • • ("1-i^A+i ....)•••• ^xi 

where oJ^_i operates on any S functions, J<;i. 

In the first place, 

oi-i [(^«-.i(ai)6)(„_i)(ai)] = 0. 

For o„.i(ai) = GJik 4-i + A% L + 

= -A[GA + G^h+ G,l,+ G,k+> . . 
£[enc6 

^J-i K.i(ai)«n-i(ai)] = ^' [{GnG^ - G^G,) lj, + ....-] =0. 
Also tti-i[Wn-iK)6)«-i(aJ] = — <^i-i[co««i (ajw»-i(ax)] J 

for both are linear in the n units. This gives the rule for the signs and shows 
that no function o„-i(a^) can come in twice under cj^.i in the same product. It 
follows just as in previous cases that 



^S-iAA K = 



2li> ^12, Zisi 






2«1 1 ^n% > 2;„3 , . . . . 2nfi 



Qn^i [On-i(ai)(i)«.i(aj) .... o„_i(aO] . (8) 



(B) 



As before shown, 

where Gi^ is the coeflScient of ?ii^ . . . . Z^_i in the product aio, .... a^-i; but 
this is plainly 









^1 






aJn 



^n— 1,1> ^n— 1,2> ^— 1,3j • • • • i ^n—l^n—l 

and Cn is formed from this by dropping the left-hand column and adding on the 
right the next in cyclic order, and so on for the other (7's in a perfectly evident 
manner. That is, C^^ is the minor of the determinant 



a^u > ^ > a^s f • • • • > ^n 

^1 1 ^8 I ^X8 > • • • • J ^n 



^nli ^n%i ^nSi 



a?« 



= 2), 
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complementary to a5„„, On to x^^ Gi^ to a;^,, and so on, but plainly the arrange- 
ment is such that 

^nnGin + ^nlOn + X^^G^ + X^^Gi^ + + X^, n-1^1, *-l = D, 

Also we have plainly in the case of (i)n_i(ax), 

X^G^n + X^lO^ + X^O^+ + 35^,— iO'a,*-! =0, 

II being different from ;i — 1 . 
We have also 

XnnOin + Xi^Gf^ + O^n ^^n + + X^^^i^^G^^ = D , 

Xn,.Gi^ + Xi^G^ + X^^G^n + +a:n-l,M^nn = 0. 

All these equations are immediate consequences of the definition of a determi- 
nant combined with the equation 

(d^OLiOLf . • • . (XxOC'ff • • • . ^ . 

Now making 

% = «nl> 28| = Xu, 223 = X|i, • • • • > «;»* =a;n-l.l» 

231 = a^n»» 2;32=a^8» 2;33 = ^«> • • • • » 2;8/i =iC„_ij, 



there results 

— ^ *1 = bin^in + arinOlin + X^n^^^ + • 
+ [an«<^ll + Xxr^G^i + CCj^^Cii + . 

h, = -ADl^, 
h^ = — ADli, 
hs = — ADl^, 



• .J d "T • • • • » 



or 



(C) 



hn = — ADl^^^.^ 
It is plain enough now that 6)"_i does not differ in meaning from o^ multiplied 
by (— Ay. From the group (B) we have 

Giny Ql> Oi2f Ci8> •••• Q.n— 1 
Gin} Qa} Qa} Qb*-'*' Qi.n-1 



<i>;-i[tt,^i(ai)«»-i(a2) • • • 6)„-.i(a„)] = (— ^)' 



Gnnf Gfiiy C7„3, Q|8, • • • • CJj^n-l 



IfJA • • • • ^»-i (9) 



and from the group (0) 
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Substituting in equation (8) and replacing the 2^1, 212 .... by their values, 






•^n — 



'n-l,» 



> • • M/« 



'»-l,l 



^«, « — 1> ^l.n — li 2i,n— !>• •• ^n — l,n-l 



X 



^81 J ^22 I ^M > • • • ^2» 



Hence 



^U > ^U > ^18 > • • • • t^ln 



^nli ^nS > ^n8> • • • • ^i» 



( -^A^n?!" •?n-l- 



a« 



^nl> ^«8» W8> • • • • ^ni 

a well known theorem. 

Let it be required to determine ajj, a^, . . . . «« i^ ^^ equation 

p = cciO^-iCaj) + x^o^^i{a2) + + x^ o^^i (aj . 

We have 

We have seen that 

and also a„ = ar„i?i + aj^^Xj +....+ x^J^ . 

Hence 

^- [<^/t-i(ai)] a„ = ^ [a?»i^ii + a^njCia + + x^Gi^] =AD = Qn'(X'i(h 

Also 

S. [oin-.lM'] a~ = ^ [X^l0^i+ X^C^2 + + XnnG^n] = 0. 

Therefore 1 ^ 1 -. 1 ^ 

Xi — -^ Aba„p, ^ = jj^ oaip, x^ = ;^>^a^-ip- 

These results may be elegantly reached as follows, viz : The product of a,^ into 
^/i-i(ai) is made up of products of Z^ into terms which do contain l^ and terms 
which do not contain 7^ but contain the other n — 1 units. The former products 
are all vectors ; the latter are all scalars and when // = 1, 2, . . . . n their aggre- 
gate equals o^.aiOg . . . . a^ by definition. Hence /S. [on-iCO] <*M-i = ^n(aJ> 
and S. [ci)n-i(aM)] «a = for 6),^.a^a^^.i • • • • ax • • • • otx = as has been shown 
already. Hence S. a^_ip = x^o^ (a^) = x^AD . 
Hence 
ADf> = (i)^_i(ai) /S!x„p + 6)„.i (oa) aSxiP + o„_i(a8) Sa^p + | x^^x 

+ <i>»-iK).ASix„-ip3 
Let i^i, /?2, /?8> • • • • /?n be any n vectors, then 



^^/3n=^n-l(ai).^a«/?n + "n-1 («») • A^CX,/?,, + + CO^-l (««) • ^ttn- A i 
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and applying o^, 






DD = — 



A^'D^a^.^i /?n = A^D^.AB = A^'+W^B 

= co;Li[o^_.i(ai).a)„«i(a,) cj„-i(a„)] 

But o;_i[o^.i(«i)<^~-i(a») ^*- iK)] = (— lyA'"^^!^''^ by eq.-(9) ; and 

this is — ii"+^2?*~\ since n is odd. Therefore 

SoLiPi f Sa%pi , . . . • ScLf^Pi 

which is the rule for multiplication in another form. If the scalars be written 
out it takes the ordinary form. 

Let 4>p be a vector function into which p enters linearly ; there will be 
terms of the form SSyiy% . • . • yrP ^^^ terms of the form zp, where 2 is a scalar. 
By aid of eq. (10), p in the terms of the form zp may be expressed in terms of 
an arbitrary system of n vectors, ai, a^, . . . . a,», provided D does not vanish. 
The vectors S may be expressed in terms of the same system and 4>p will take 
the form 

4>p = w«_i(ai)[SAS.yuyi» yiMp] + <^n-i(a,)[2^. 721^28 yaf] + • • . • 

But XS.yiy^ . . . . y^p = /S'. [Syi^j • • • • yj p = ^Ap- Hence we have finally 

Eq. 11 being given, let it be required to express 4>"Y = P ^^ terms of the 
known operator ^. For brevity, write ^p as follows, viz : 

and take ^'p^ = /?i/S'5ipi + ^iSS^pi +....+ ^n^Kpi^ 

Then, pi being any vector whatever, 

Sfi^p = /^0'pi, evidently. 

Following Hamilton, on whose work all this is based, the functions ^ and ^' 

may be called conjugate to each other. Now take n — 1 vectors, Jli, Jig, ^«-i 

such that 0)^-1.^1^2 • • • • ^n-i = y = 4^P> i* is clear that 

o!^l^p = 0.>liG)„_i.>li>l3 • • • • 'In — 1 = O^ . AiJliAj .... >ln — 1 ■"" 0) 

S\^p^=^ S.^iPn^l'^l^ .... >l^ ... . ?v,j_i = 0,1 ./l^i/ls . . . . >l^ . , . . >l;,«i = 0, 
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hence, 



where ju=l,2, ....n — 1. But 

SX,^p=Sf>^X = 0, 
giving n — 1 conditions which will all be fulfilled if 

Twp =1 Ci)^_j.^';^^'^ .... 4>'>lrt— 1, 

m being a scalar whose value is to be found. 
But since 4>p = 6)„_i.Jli^ .... Jln-i» 

m^-'lQ^^i.^.,^, K-i] =0}n-i'^%1>% <?>X-i. (12) 

Let X^ be a vector such that o^.^i^ . . . . ;i« rj: 0; then 

= A3.'^»[^n — l-'^l • • • . '^n — ij ^= S, [f^a-l'^l^ .... >l» — J ^a ^^ ^w'^l^ .... Jin* 

Also 

Therefore, multiplying eq. (12) by 4>'^a and taking scalars, m is given by the 

equation ^n-0'^^'^ • • • • ^^''^n 

?w = ^-^ ^ . 

Qa • ^I'W • . • . Art 

As m is a homogeneous function of degree in Jlj, X,, . . . . Jl», it is not altered by 
linear transformation ; its value is therefore independent of the particular 
auxiliary system chosen in any given case. This is easy to see, viz : taking 



we have 

Also, 

and 
Hence 






(0«.Xi 



K = 






A= CA. 



m 



^nli ^n%i • . . . C^ 

^% = ^n^'^i + Cu^'k + .... + Cin^'ki 

Qfi . ^^^i<p'^ . . . . ^ Tin = C7ci)n . ^%^ 4 • • * * 4^'^n * 



Vol. X. 
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Making ^=z^ + gr and therefore ^' = ^' + gr, and repeating the calculation of 
m for the new function, it comes out 

(Ofi^AiA^ • • • • An 

= 4 <^n'i1>'+9)h{^' + 9)h .... il>' + 9)L- 

That is, 

mg=m + mig + mtg^ + ....+ m^ + + m^, 

the values of wii , wj, . . . . being evident, and in particular, m„ = 1 , From 
eq. (12), 

= ««-i. [{¥ + 9)Ml>' + 9)^-'" (^' + 9) ^«-i] 

Operating on both sides with {'p + 9), 

[m + m^g + m^ +.... + m^ + . . . . m^"] <a„_i. Ai^ .... ^n-x 
= mgo^_i. XiX, .... A„_i = mcin_i.^Xi .... X„_i + fl^ {^ M 

+9'{i>[o] + [5]} + . . . . +fl^-M<?»m + Wf 

N'ow ^ being any scalar whatever, its coefficients on both sides are equal, and 
this is assured by noting that the coefficients of g' and ^ are identical, since 
»n„ = 1 . Hence 

or [A] = «ii<|>-'o„_i (Xi) — »n<^-*o„_i (A-i) , 

that is, [J[] is a linear and vector function of Ci>„_i.(^), and the same may be 
shown for [£] , . . . . But we have 

<?'<a„ _, {X) + [if] = »i«_iO„_i (;ii) , 

^ [if] + [Z] = »J„_^„_i(;ii) , 

^[Z] + [^] =»n„-«a„-i(Jli), 

^[■B] + M =»n»<^»-i(^), 

«|>[il] + W^'^On.iC^i) = WliO„_i(/li). 
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Hence 

[Z] =[tn„.8 — m„«i4> + 4)»]6)«_i(;ii), 



m^-^On^i{Xi) = [mi — m^^ + m^'^ — — m^«i4>*-* + 4>""'^] Wa-i(>Ii) • 

^»-i(^i) is ai^ arbitrary vector; hence if it be omitted there will remain a 
symbolical equation in ^ true for any vector that may be inserted, therefore 

m^"^ = mi — m^^ + m^^ —....— mn^i^*"* + 4)*~\ (1 2) 

or 4>" — ^n-i^^**"^ + wi^.,^**"* —.... + m^^ — 77^4>* + mi^ — m=0. (13) 
The coeflScients twi, m,, . . . . m^^i are all independent of the vectors Jl^ . . . . ^l^, 
for they can be expressed in terms of the units Z^ . . . . 7« and the constant 
vectors of 4>'. 

Equation (13) may be written 

(<?> + 9i){^ + 9%) (^ + fl^n) = , 

which means that n vectors 5i, S,, . . . . in can be found such that each of them 
satisfies a relation of the form 

{^ + 9^)^ = 0, or ^S, = — gA* 
But plainly gi, gt, . . . . gn ar© the roots of m^ = 0. Of course there is a rela- 
tion of the same kind for 4>', viz : 

(<^' + h){^' + *s) . . . • (4>' + *n) = , 
where Jii . . . . h^ are the roots of an equation 

^* = 0, 

nij^ being the quantity related to ^' as m^ is to ^. The operation (4) + g)"^ has 
already been determined as follows, viz : 

^(;(<^ + fl^r'[«»-i-^ ^-J ="«-!. [(<!>'+ fl^)^(^'+fl^)^ (¥+9)^n-^ 

and for (4>' + h)"^ we have therefore 

w*(<?^+A)~^[^«-i.^i ^»-i]=Wn-i.[(^+A)Jti(<^+^) J^ (^+^)^n-l], 

^^^^^ m, = ^6>..(^ + h)l,{^ + A)4 . . . . (^ + h%. 



JD^p + Pi2?"-V + P^^'P + .... + Pnp = 0, whereZ>^= ^ , (18) 
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be a linear differential equation of the n*^ order in p with uniform coeflficients, 
and t be the independent scalar variable ; then, if 

p = Xitti + OjO, + + «««« 

be an integral of (18), a:i, ar^, . . . . »„ are a system of integrals of the scalar . 
equation D'x + PyD^^^x + + P„a; = , (19) 

provided 0^.0^0^ .... «« does not vanish. For substituting the value of p in 
eq. (18), the coefficients of ai, aj, . . . . a„ must separately vanish; but these 
coefficients are the results of substituting arj, 0:9, • • . . x„ successively in eq. (19). 
Evidently, also, if a^i, a:,, . . . . Xn are a system of independent integrals of eq. 
(19), the equation in p will be satisfied by 

p = xittj + ar^a, + ....+ ar^an, 
tti, . . . . ttn being any constant vectors whatever. 

If p be expressed in terms of any other set of independent vectors as 
i^i, ^2, ..../?„, the scalar coefficients will still be integrals of (19). For we 
have, changing the notation of eq. (10), 



whence 

If p be an integral of eq. (18), 4>p will also be an integral. For, evidently, 

^[D^p + PiZ)"-^ +.... + Pnp] = 0. 
But ^ is commutative with D as is well known, hence 

D-^p + P,D^-'^p+. . . . + P„2)p = 0. 
This is also clear from the fact that 4>p is obtained from p by a linear substitu- 
tion. For, taking 

p = Xitti + x^a, + + Xnany 

and 4)p = aiSl^ip + a^S^^p + .... + a«^/3«p, 

we have 4)ai = ai;S|3iai + a^S^^ai +....+ a^S^^ai^ 

or 4)ai = antti + a^^a^ +....+ a^^an, 

and in the same way, 

^fi = a^itti + a,,sfi^ + + a^„a». 

But 4>p = Xi^tti + X^^i +....+ Xn^n ; 

hence 

4>p = {onXx + a^ix^ + + a^^Xn) a^ + {a^tX^ + Oj^Xg +.... + a„,x«) a, 

+ + («l«i»l + (^%n^% +...•+ Clnn^ ) «» • (20) 
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So that p may be transformed by changing the vectors of reference or by apply- 
ing ^, and the coeflBcients will remain integrals of eq. (19). If 

is an integral of eq. (18), it follows that /SSp = XiS^ai + a^SSa% +...•+ ^nSSan 
is a general integral of eq. (19) ; and the same is true of S.^^p. Now let it 
be required to determine J. in such a manner that S.h^p=^hSSp, h being a 
constant scalar; that is, to determine an integral of eq. (19) which is unaltered 
by a certain linear transformation, except as to a constant factor. We have 

S. % = hS8p ; but S. % = Sp^'fi , 
hence hS8f> — Sp^'S , or S.p{hS — ^'8) = 

whatever be p; but this requires that ^'5 = ^^5, hence h must be a root of the 
equation in ^' corresponding to the equation (13) in ^, and 8 must be the 
corresponding vector. There are, therefore, n integrals of eq. (19) which are 
only multiplied by a constant by the transformation 4>. If 

S. % = hS^p , then S. ^^'p = A»/SSp . 
For S. ^^*p = S. 4)'% = S. <^'>5p = S. p<?>'*5 = S.ph'S = h'SpS . 

Hence the integrals /S5ip, /SSgp, .... SS^p determined by the above process are 
independent, as may be seen in the usual way. 

The above simple process may be varied as follows, viz : We have 

S.h^p = (anXi + aiiX^+ + a^^Xn) SSai+ + (oinXi + a2nX^+ a^nXn) SSan 

= hSSp = h (xySbai + x^Sha^ + ....+ x^S^an) ; 

giving n equations in h, viz : 

(ttji — h) S6ai + ai^SSoi +....+ OinSSan = , 

a2iS8ai + (oa — h) SSa2 +.... + a^^S^n = » 



whence h niust be a root of the equation 

^11 A , aj J ) ^18 } - • • • » ^In 

Oji > ^s A , a28 , . . . . , a^n 



= 0. (21) 

If hi be a root of eq. (21), it may be substituted in the preceding equations, and 
the result is n conditions to determine Si; hence the statement that 5i, 5$, . . . . i„ 
are determinate vectors is fully justified. 
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We know that the roots of eq. (21) are identical with those of 

Wa=0, (22) 

therefore the coefficients of the successive powers of A in eq. (21) are invariants. 
This fact is otherwise sufficiently clear, for those coefficients depend only upon 
certain constant vectors and not at all upon the variables in p. 

In case the eq. ^a = 

has a pair of equal roots, the properties of the corresponding integrals may be 
obtained with great ease, viz : It is clear that Si may be so taken as to satisfy 

the relation SSi^p = Sp^'Si = ^/Sjp^i, 

— hi being one of the equal roots. Then taking y^ so as to satisfy the equation 

4>V» = ^i + %2» (23) 

we have Sp^^y^ = Sy^^p = SSip + h^Sy^p . 

If more than two roots of eq. (22) are equal, let their number be ^ and let the 
vectors /j, ys? • • • • /a be given by the following equations, viz : 

4>V> = ^1 + ^y«» 
4>V8 = 5i + y» + %8» 

4>V4 = ^1 + n + ys + %4, 

4>Va= 3i + r% + n+ — + yx-i + %A. 

Then the integrals and their forms after the substitution ^ will be 

%p ; ^n^p — SSip + hiSy^p , 

Sy^ ; Sy^9 = 'S'^iP + %P + ^^^^sp, \ ^^^^ 

^^Ap; Sy^^p= SSip + Sy^f + 8y^ + +^i^Ap;- 

all these are obtained by multiplying by p and taking the scalars, remembering 

that Sp^'y = Sy^p . 

It may be noted that y, cannot be parallel to Si ; for, making y, = zSi and sub- 
stituting in eq. (23), we find 

zq)'Si=^Si + hizSi, 
or ^2^1 = 3i + hizSij or 5i = , 

which is not in general true. 
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We may obtain the integrals in a much simpler form by taking 

and the integrals before and after the substitution 4> will be as follows, viz : 
SSip ; SSi^p = kiSSip , 

Sy^p ; Sy^9 = *i [^ysp + ^2p] , f (25) 

^^Ap ; Syx^P = h [/S/Ap + /S'yx-ip] . > 

The form of the system (25) is that obtained by Jordan (Cours d' Analyse, III, 
No. 144) by a somewhat complex analysis. 

It remains to prove that the integrals of the system (25), together with 
these determined by the remaining vectors 5x+i . . . . 5n which satisfy the equa- 
tion <?>'5« — AA = 0, 

form an independent system. If they satisfy any linear relation, let it be the 
following : 

CiSSip + c^Sy^p + + Cj,Syj,p + c^^iSS^+ip + + CnSSnp = 0, 

which may be written 

^p.[cA + c,y2+ +CxyK + c^j^A^i + + cA] = = /Sjp[>7], (26) 

[>7] representing the bracketed vectors. Bq. (26) is satisfied if p is perpendicu- 
lar to [>7], which may happen only for certain directions; but, as t varies, p 
turns in an infinite number of directions ; and it follows that eq. (26) cannot be 
true for all values of p unless [>;] = . We must have then 

cA + <hiy%+ + Cx^A + Ca+i5x+i +....+ cA = 0. (27) 

Operating on eq. (27) with 

(4)' — Ai)(4>'-^A+i)(4>' — ^A+0 .... (4>'-^n), 
the vectors 5i, 5a+i, . . . . 5» all disappear, leaving the equation 

(4)' — Ai)(4)' — ^A+i) (^' — K)[<Hy% + +CAyA] = o. (28) 

Eq. (26) may be satisfied in two ways : (1) if the vectors yj . . . . y « are 
parallel respectively to any vectors of the system 5i, 5a+i, • • . . 5^; or (2) if 

c,y, 4- • . • . + Cxyx = 0. But, referring back to the assumed values of y,* yA» 

we have (4)' — hi) y, = 5i , (29) 
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and if y, — zSi, the first member vanishes leaving 81 = 0, which is false. If 
again y%=^zS^, we have 

z^'S, — zM« = 5i 
or z{K — hi)S, = Sii 

but S^ cannot be parallel to Si unless the roots h^ and ^ of eq. (22) are equal, as 
may be plainly seen from the remark immediately following eq. (21) ; and these 
roots are, by hypothesis, not equal. Hence y, cannot be parallel to any of the 
vectors ^i, 5a+i, . . . . 8n. Moreover, we have 

<?>Va — %A = JhY\-i • (30) 

Making y^ = z5^ in eq. (30), it becomes 

z(^. — *i)5^ = %A-i, 
that is, if any vector y^ is parallel to 5^, the next preceding it is also parallel 
to 5«. This leads directly back to the assertion that y, is parallel to 5«, which 
we know to be false. Therefore, if eq. (29) is true we must have 

C2y%+ +Cxyx=0. 

This reduces eq. (27) to the following, viz : 

Ci5i + Cx + A+i + . . . . + c^Sn = 0. 
Operating on eq. (31) with 4)' successively n — X times, we have 
cA + C;^+i8x+i +....+ cA = , 

^l^l^i + ^a + iCa+ A + l +....+ KCfiSn = 0, 



(31) 



hr'ciSi + A2+Jc,+ A+i + . . . '+K^'cX = 0. 
Eliminating Cj^i, Cx-i-i5a+i, .... c^Sn, it is found that the determinant 

1 ,1 ,...., 1 

'h 9 /^A^.!, . . . . , An 
/*! , Ax + i, ....,/«,. 

/li 1 '^A + lt • • • • > '*n 

must vanish. But the value of this determinant is the product of all the diflFer- 
ences (^a+i — Ai) . . . . , etc., and cannot vanish because no two of these roots 
are equal. Therefore there can be no linear relation among the integrals as 
determined above. 

The operator ^ represents the substitution which takes place among the 
independent integrals when t goes around a critical point and its constants neces- 
sarily change in passing from one critical point to another. 



A Problem suggested in the Geometry of Nets of Curves 

and applied^ to the Theory of Six Points having 

multiply Perspective Relations. 

By Eliakim H. Moore, Jr., New Haven, Conn. 



1. A 1.1 correspondence between the curves of two nets of curves, one in a 

plane B, the other in a plane n, may be established by making four curves of one 

net no three of which are linearly related, correspond to four such curves of the 

H 
other net. Let two arbitrary curves of the net in ^ intersect, besides in the 

common base point system (if any), in a group of^ points; the 1.1 correspon- 
dence between the curves of the nets establishes a p. j correspondence between 
the points of the two planes S , 11 . 

In particular, for j? = g = 1 , there is a 1 . 1 correspondence between the 
points of the planes, i. e. a Cremona transformation changes one plane of points 
into the other. The geometry of the net of curves and the points* of 3 is 
transformed into a similar geometry of the net of curves and the points of 11 . 
One and so simultaneously both of the nets of curves may be set in corre- 
spondence with the net of lines in a plane £i , and hence also arises a Cremona 
transformation between the points of £i and E, and of H and 11. Thus it is 
natural to speak of the geometry of the net of curves and the points of B or n 
in the terms adopted in the (ordinary) geometry of the lines and points of a 
plane £i. 

In the plane £1 let a figure E be determined by certain points ; these deter- 
mining points of E are subject to certain conditions or limitations as to generality 
of position in order that the figure E may enjoy certain properties. Assuming 
as fixed the correspondence between the curves of 11 and the lines of fl, the 

* That is, geometric constructionB and theorems which are or may he completely expressed in terms 
of points and curves of the net. 
Vol. X. 
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corresponding figure ^ of 11 is determined by the corresponding points, which 
are subject to the corresponding conditions (which now involve the determining 
points of jF separately and these points together with the base point system of 
the net in 11) in order that the figure F may enjoy the corresponding properties. 

However, after the general character of the net in 11, that is, the order of 
the curves and the full nature of the base point, or say principal, system has 
been determined upon, this principal system depends still upon certain arbitrary 
constants or parameters connected with the determination of position in 11. 
Now considering these parameters of the principal system of 11 at our disposal, 
it will in general be possible, by the suitable determination of an equal number 
of parameters, to relieve the determining points of ^ from all the conditions which 
involve also the principal system ; this leaves the points of F subject to say 
internal conditions only. 

Then, when the points of F have been fixed subject to the remaining 
internal conditions, a principal system (definite or with certain parameters still 
remaining equal in number to the excess of the original number of parameters 
over the number of conditions from which the points of F have been relieved) 
may be found ; that is, a net of curves in 11 of the required nature may be 
found, so that in the geometry of that net of curves the points of i^ shall deter- 
mine a figure F having the required properties corresponding to the properties 
of the figure E in the plane £i. 

It is possible that the points of jP, in particular positions, satisfy not only 
the required internal conditions, but also others likewise internal, and such as 
to give to the principal system an equal number of parameters. (See §3.) 

Especially noteworthy (e. gr., § 3, end, §4 fg.) are the cases in which in this 
way the points of F are released entirely from conditions. This will be pos- 
sible only when the number of conditions imposed upon them for a fixed principal 
system in IT is equal to or less than the number of parameters of the principal 
system. (The converse is not true ; see §3, the principal system has six param- 
eters, forn = 7 there are only five conditions, but of these two are strictly 
internal and cannot be relieved by suitable choice of principal system.) 

2. In the following paper I wish, when the net of curves under considera- 
tion in n is the net of conies through three points, to make this determination 
of the principal system for two figures F\ in the second case the figure will 
receive further consideration on its own account. 
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Consider between the points of the two planes II, 11 a quadratic trans- 
formation with as principal system in each plane three distinct non-collinear 
points, say in n, EiH^H^. Then with well-understood exceptions relating to 
the principal system in H, in the plane 11 to a point in £i corresponds a point, 
to a line in H, a conic passing through the three points H,, and to the net of 
lines in II, the net of conies through the three points H,. The (ordinary) 
geometry of the points and lines of II is transformed into the geometry of the 
points and this net of conies in the plane 11 , say for brevity into the geometry 
of the plane lic^^HyHtHt)^ where the subscript indicates the net of curves in 11 
corresponding to the net of lines in II; or, where no ambiguity will arise, 
the geometry of the plane 11^^^^^^, (indicating merely the principal points of the 
net) or even of the plane Iljy. The principal system consisting of three points 
has six parameters. 

Case I. 3. The simplest possible case will be taken as a good illustration. 

In £i let the figure E consist of n points (n >► 2) subject to the n — 2 con- 
ditions that they shall lie in the same straight line. 

In Us likewise the n points of F will be subject to the n — 2 conditions 
that they shall all lie on a conic passing through ffiH^H^. 

First, n > 5 . Then these n — 2 conditions are equivalent to the n — 5 
internal conditions that they shall all lie on the conic determined by any five of 
them, and the three conditions that this conic shall pass through j5i, R^, and H^. 
Let n points P^ («=!.... n) be subject merely to the n — 5 internal conditions 
that they shall be conconical* on say conic (7*. We expect to find a prin- 
cipal system H with (6 — 3 =) 3 remaining parameters, so that the n points 
shall be conconical with the points H, ; and in fact each point R, must lie on 
G^, but has on it one degree of freedom or its determination on it involves one 
parametric constant. Here the three conditions imposed upon the principal 
system are three independent conditions, one on each point ; and so the three 
parameters remaining are independent, one for each point. We cannot, for 
instance, take j3i arbitrarily (using two parameters) and afterwards determine 
R^Rz (with still one parameter).t 

* Conconical; juet as any number of points lying on { the^cireum^rencVoV k'ciro^^^ ^ "^^ 
x^y^ f colUnear ) 
^^Xconcydic]' 

t Compare 213, where the principal system has four remaining parameters, which may be used in 
determing HiHt at will, where Ht is determined as one of a finite number (two) of points. 
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Exceptional cases arise when no five of the n points fully determine a 
conic : 

(a) If n — 1 of the n points say P, (i=i....n-i) are collinear, say on the 
line p,'the conic is^ together with any line of the pencil through the remaining 
point P^. 

{h) If the n points are collinear on p^ the conic is p together with any 
line of the net of lines in the plane n . 

These afford illustrations of the remark near the close of §1. That is, in 

(a) n — 3 internal conditions are satisfied by the n points, two more than 
the required n — 5, which may be interpreted as the conditions that the conic 
G^ should decompose into two lines and then that it should be any conic of a 
certain pencil, that is, should have one parameter ; of these two additional internal 
conditions only the latter relieves the principal system H so that it has 
(3 + 1 =) 4 parameters ; say take Hi arbitrarily, and H^H^ each arbitrarily on 
the line-pair (Pn^i» p) - while in 

{b) n — 2 internal conditions are satisfied by the n points, three additional, 
of which only the two that the (degenerate-) conic should be any conic of a net, 
i. e. should have two parameters, relieve the principal system JJ, so that it has 
(3 + 2 =) 5 parameters; say take -Hi, jBT, arbitrarily, then H^ arbitrarily on the 
line-pair {HiH^, p)> 

Second, n < 5 . Here the n points are subject to no internal conditions, but 
may be taken at random. There are then the n — 2 conditions on the prin- 
cipal system H that the three points H, shall be conconical with the n points 
P^; the principal system subject to these conditions has (6 — (n— 2) =)8 — n 
parameters remaining. 

Case II. §§4-11. 

4. Let the figure ^ in XI be two triangles in perspective from a certain 
centre, L e. for a certain correspondence between the vertices of the triangles, 
the three lines joining corresponding vertices are concurrent in a point, the 
centre of perspective. The points of the figure satisfy one conditio^. 

In n^ the corresponding figure jF consists of two triangles A^A^A^, BiB^B^, 
such that the conies (7* for t= 1, 2, 3 pass through a fourth common point /, 
where Of is the conic through the five points HiHiR^A^B^. We say, in the 
plane 11^ the two triangles are in perspective from the centre /. Stated other- 
wise, there are three conies G^ of the pencil circumscribing the 4-gon HiH^H^I 
such that G^ passes through the points A,B^{,=.\,%,z). 
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Taking the two triangles, however, at random, the principal system R is 
subject to one condition and has five parameters remaining; that is, taking 
HiE^ at random, R^ must lie on a certain locus, and for a definite position of 
JBTs on this locus the centre / will be determined uniquely ; the second way of 
looking at the figure shows that /lies on the same locus and has R^ for its corre- 
sponding centre. The two points jBTg, /play entirely the same role and so may 
better be written Gi, G^. 

Then given Ri, R^, A,, 5, (1=1.8,3) at random, we are required to deter- 
mine Gij 0^ so that certain three conies GJ{RiR^A,B) shall pass through 
(?!, (t, forming a pencil with the base-points RiR^GiG^. 

5. Two quadrangles have circumscribing them two pencils of conies, any 
two of which meet in a group of points. Thus is determined an involution of the 
points of the plane, i. e. every point belongs to one and only one such group. 
The points of a group are said to be conjugate to one another, or, to specify the 
involution, conjugate with respect to the two quadrangles. Every group 
consists of 4, 3, 2, 1 points (the last case is nugatory) according as the two 
quadrangles have 0,1,2,3 vertices in common. 

In this way the two quadrangles {RiRf^A.^iB^,^^) (R^R^A^^^B,^^)'*' deter- 
mine a quadratic involution of the points of the plane EL; to any point X 
corresponds a point Y.^i^^^^f t^® fourth point of intersection of the two 
conies Gjl^x= G^{RiRftA^B^X), (A=i+i.t+»).* The points JT, 7,+i,,+, are 
conjugate with respect to the two quadrangles or say with respect to A,^iB,^i, 

Clearly the points GiG^ are conjugate with respect to A+iA+i> -^1+2^1+3 
for t=l, 2, 3, because Cx, g, passes through (?, (a=i,»,8); conversely, two 
points in these three ways conjugate are points GiG^ (except points XY such 
that Gf^ x> ^2*. XI ^1, X having RiR^XY in common yet do not form a pencil ; 
that is, have 00 points in common and so break up into a common line and three 
non-concurrent lines; this case arises for any two points XY on RiR^ unless 
AiBi, A^B^j A^B^ are concurrent). . 

If two points XY are in two of these three ways conjugate, since then 
(7x,x for ;i= 1, 2, 3 must pass through F, they are also in the third way con- 
jugate. 

6. We find the locus of the points GiG^, that is, of the points XY at the 

* Thi'oughout the paper the subscripts depending on i are to be taken modulo 8. 
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same time conjugate with respect to -4iBx, A^B^ and to AiB^, A^B^^ or say of 
the points X for which Y^ and F13 coincide, Y^ = F13 = Y. 

As X describes the range of points lying on a line I passing through H^ , 
the conic (7* ^= C^ (HiH^A.B.X) describes a pencil of conies circumscribing the 
quadrangle HiE^A.B,, which (since I passes through -ff,, a base-point of the 
pencil) is projective with the range ?; and hence for t = 1, 2, 3 the three pencils 
of conies are projective with one another. 

Any two corresponding conies Gf^xj ^i, x intersect in {Hu H^ and) two 
points JT, Fig conjugate with respect to A^Bi^ A^B^. The^ocus of the (variable) 
points of intersection of corresponding conies of the two projective pencils 
(7i* ^(jETjZTiilifii), (7,* ^ ( JETiJETjiljSg) , is a curve of the fourth order having double 
points at jSi^Tg and passing through J-j, J?i, A2, -B,; which here consists of 
the line ?, the locus of the point of intersection X and a certain cubic 
Gii^i {HlH^A^BiA^B^ having a double point at H^ and passing through the other 
five points as indicated by the parenthesis, the locus of the other point of inter- 
section Fij. In like manner there is a cubic Gi^^i^nin^A-^B^A^B^ the locus of 
points Fi3 conjugate to the points X of ?. 

Let the ray I describe the pencil about H^] its corresponding (7^, j will then 
describe a pencil of cubics whose nine base points are evident, H^ counting for 
four ; a line through H^ has one corresponding cubic of this pencil ; conversely, 
a cubic has one corresponding line, since any point on it Z7qua Fj, by its conju- 
gate point JT determines a line H^X=l, and the cubic G^^StX corresponding to 
this line H^X must be (the) one of the pencil passing through U, that is, the 
original cubic on which U lay. Thus the pencil of rays / through H^ is projec- 
tive with the pencil of cubics G\^{nin^AiB^A^B^^ and likewise with the pencil 
G!,{HIH,A^B,A,B,). 

If for a point JT, Fi,= Fi3= F, setting n^X = l, Y qua F^ lies on (7^,m 
Fqua F18 lies on (7i8,i, and so Fis. a point of intersection of two corresponding 
cubics of the pencils (7^, C^. Hence the locus of points JTF conjugate at once 
with respect to A-^B^, A^B^ and to AiBi, A^B^ is contained in the locus of points 
of intersection of corresponding cubics of the two projective pencils Gig, OS- 

7. This latter locus is a curve of the sixth order, G^{niHiA\B\A^B^A^B^. 
It contains the two lines HiA^^ S^B^, For let X describe the line H^A^. Then 
for X not j3i or A^, Glx^H^A^.H^B^ and GIj,= G^^H^H^A^B^X), which 
intersect at X on H^Ai and at Fig on H^B^. Thus as X describes H^A^, F^ 
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describes HiBi projectively. In fact the cubic of pencil G^{niE^AiB^A^B^ 
which contains one other point of H^B^ breaks up into this line HiB^ and the 
conic 0|^ J, = C^ (HiEiA^B^Ai) ] (this conic is locus of points F,, conjugate to the 
00^ points ^adjacent to and surrounding the base-point Ai). 

Thus for Z^i) = H^Aj^ , 

^12, (1) = BiBi. C/j^ j[j , 
and likewise (7i3, d, = HiBi . Cg^ ^^ ; 
and also for 7^2) = B^Bi , 

^12.(2) = -^-^l« ^2,-B, > 
^18 , (2) — -"1-^1 • ^8, Si • 

The equation of this locus is then by suitable choice of constant factors, writing 
C* = for equation of a curve (7^ 

^12. q) ^^13,(1) . 

/^3 — /nf3 » 
^12,(2) '-^13,(2) 



that is, giA.g'.^. _ S^x-GIa. ^ 

or ^^i.A5i(<7,* ^.^l.i».- <7|.i,.Q J = 0; 

say the locus is 



CI (H^HiAlBiA^B^sBi) = E^Aj^ . HyB^ . Gi {HmA^ByAtB^A^B;) 

where d = 01 ^. Gl ,. - Gl ^. C7». ^. . 

The locus of points -ZF conjugate in the three ways is contained in each of 
the three loci of the points of intersection of corresponding cubics for the three 
pairs of projective pencils ((7i|, C^^, {0^^, 0}^), ((a(8, Ci^). The first as just 
proved contains the two lines HiA^.HiBi and the other two in like manner 
contain {H^.^B,^), [HiA^.H^B^ respectively. These lines being in general 
distinct, do not belong to the locus of points XY conjugate in the three ways, 
which latter is hence a quartic G^^HIH^A^B^A^B^A^B^, whose equation may be 
written in three ways, 

putting in evidence that it passes also through the six points D,^ E,, defined as 
the fourth points of intersection of the two conies 

(C^.+i,A' C!?+2,a)i{G!+ub,, (7«4.2,^j respectively. 
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Here it has, however, been assumed that Gi contains no extraneous factors 
besides the lines EiAi, 5i-Bi. This appears as follows: Let F' be a point of 

intersection of two corresponding cubics G^a i, Gh i- To F' qua 4 ^r* ^ ^"'* 

I J^13 on Oi8, I 

corresponds a point (^" common to \\' % ^'' S* ^' • N'ow G! j, (H^H^A^B^Y') 

has already ^, in common with Z, and hence either (1) C/^ y/ intersects I in only 
one other point Xy^^^Xi^^ in which case the point of intersection P of two 
corresponding cubics is really one of a pair of points F', Xi2 = Xi8 conjugate at 
once with respect to AiBi, A^B^ and to A^Bi, A^Bg] or (2) Gf^j' contains the 
ray I completely {i. e. Gl^ ^ degenerates into a line-pair), in which case we do 
do not at all know that X-^ common to I and (7,* y/ coincides with JT^ common 
to 1 and Cg* y^, and in fact in general it does not. 

Hence if the two corresponding cubics do intersect in a point F' not one 
of a pair of points in the two ways conjugate, they must correspond to a line I 
which a conic of pencil Gl contains entirely, i. e. l=H^Aij ff^Bi or ff^Ri. The 
cubics corresponding to H^Ai{HiBi) have been shown to have in common 
the extraneous factor JSi^i (^l^i) . The cubics corresponding to SiHz ^ust pass 
through the intersection of AiBi, A^B^ and oi AiB^, A^B^ respectively ; they do 
not coincide and so have in common no extraneous factor. The assumption 
referred to is thus justified. 

8. Thus the locus of the points G1G2 such that the conies (7* ^^(1=1, 2, 3) 
form a pencil with the base-points HiH^GiG^ is a binodal quartic 

(^= G'{n^HlAfifi,E) G=i.8,8), 

on which the point-pairs G-fil^ form a quadratic involution. 

In case HiH^AiB^A^B^ are conconical, i. e. <7|.^, = (72%^, then the locus 
quartic C* contains this conic say CL* which is divided in an involution of points 
G1G2 by the pencil of conies G^. 

If further HiH^AiB^A^B^ are conconical on Cfsj this is likewise a factor of the 
locus quartic C*, and 0* = C?8Ci3- 

If still further HiH^A^B^A^B^ are conconical on Ofa, this is in like manner a 
factor of 0*; this can be if Cl3 = Cli = Ci2= say Cim* ^- ^- if the eight points 
HiRiA,B^{i=i,%,3) are conconical, or if in any way by the breaking up of the 
conies CijCis contains CU as a factor ; unless this is so, C* must bo indeterminate. 

These special cases may well be considered independently and more fully. 
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9. In the plane EL let three (non-coincident) conies 

Cr+i, .+,{H,H,A[^^B[^^A[^,B[^,) 0^1,2.3) 

have a common chord HiH^^ then their three other chords -4'-B,' (4=1,2,3) are 
concurrent* say at Gl^. 

Transform the plane into itself by a quadratic transformation with HiH^Qi 
(where 6?i is chosen at random in the plane) as principal points. The resulting 
theorem may be expressed thus : Let three (non-coincident) conies 

0?+i. 4+2(^1^2-^4+1^+1^+2^+2) (t=l.».3) 

exist. Then taking any point Qi of the plane, the three conies (7* q^ are con- 
current at G^ forming a pencil. 

Thus is established a quadratic involution of the points QiG^ of the plane, 
which must be identical with the quadratic involution of points conjugate with 
rfegard to A^B^, A^B^ conconical with HiH^ on Cij- (C* is indeterminate.) 

If HiHf^ are the two circular points at infinity, the quadratic involution is 
that of inverse points with reference to the radical centre and the orthogonal 
circle of the three circles. The known generalization of this inversion or trans- 
formaiion by reciprocal radii vectores is then to be considered, since by it these 
special cases become clear. 

10. Given a point G and a conic C^. Two points J8'i2" are said to be 
inverse with respect to the centre G and the conic (7* (or briefly, with respect to 
G and (7*) when R' and i2" are collinear with G and are conjugate with respect 
to Gc, i- e. the segment RfR' is divided harmonically by (7*. 

Let IIiH^ be the chord of contact of tangents through (7 to (7^. The points 
Wi = H^R'.n^R\ W^ = H^R".n^R are called the anti-points of E and R" with 
respect to HiH^\ R and J8" being fn verse with respect to G and Gl, the anti- 
points lie on (7*.t Hence the inverse of a line -ffiTF where W is on (7* is the 
line H^W. Any line through (7 of course inverts into itself. Points on -Si^i, 
(7jffi, GH^ invert into (7, jBTj, H^ respectively, or really into elements of direction 

* Salmon's Ck>iiic Sections, 6th ed., {266. 

t Let the line CRR' intersect HyH^ in U and CI in Fj F, . Then on this line CUV^ F, and RR'V^ V^ 
are two harmonic ranges. The harmonic pencil H^ (OUFiF,) gives on the conic the harmonic range 
-ffi-ffaFiFa, H^C being tangent at Hi. Let HiR intersect CI in (Hi and also) W. The pencil 
W (H1H2V1V2) is harmonic and cuts CRR' in the harmonic range i2'(TF£r2.i2'i2")FiFa , where since 
RR'Vi\\ is harmonic, WH^, . RR' = R\ i. e. WH^R' are collinear ; .-. in fact HiR and HiR intersect 
at (TF or) Wi on the coniCy and likewise for W3 . 
Voii. X. 
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at those points. This inversion is then a quadratic transformation of the plane 
with GHiR^, CH^Hi as corresponding principal points. A conic through HiH^ 
inverts into a conic through H^H^. In particular, a conic through two inverse 
points EE' intersecting CI in T and U, C^{H^ff^ER"TU) inverts into a 
G^{n^H^E'ETU), i. €. into itself; any two points aS"/S" on it collinear with C 
are inverse ; in particular, CT is tangent to the conic at T, which may be 
expressed by the theorem that Cc is the locus of the points of tangency of tangents 
through G to all conies (which invert into themselves) of a pencil through a 
pair of inverse points and SiH^ . Any two pairs of inverse points are conconical 
with H^H^. 

Conversely, given any six conconical points Eiff^AiBiA^B^ on Ci2> take 
C=AiBi.A2B^ and Cc that conic of pencil tangent to (7J3i, CH^ at iZi, R^ 
which divides AiB^ harmonically ; then AiBi are inverse with respect to G and 
Co and, by what precedes, also A^B^ are inverse. 

Two conies CI,- CI each through H^H^ and a pair of inverse points A^Bi, 
A^B^ intersect in two points X^Yy^, and since each conic inverts into itself, these 
points are a pair of inverse points.* That is, any two points XY^ conjugate 
with respect to AiB^, A^B^ in the sense of §5, where HiH^A-^B^A^B^ are conconical 
on Ci», are inverse points in the inversion determined by HJI^ as base-points and 
by -4.1-Bi, A^B^ as two pairs of inverse points; and conversely. Notice, however, 
as exception, that any point on CL is with respect to A^B^^ A^B^ conjugate to 
every other one. 

11. Let HiH^AiBiA^B^ be conconical on Ci2» thus determining a certain centre 
G and conic (7* of an inversion. Then the binodal quartic C^ degenerates into 
Ci2 and a conic of pencil G^ {HiH^A^B^) . The points conjugate with respect to 
AiBj, A^B^ are by §10 (except the point-pairs lying on CL) inverse. This conic 
of pencil CI qua locus of point-pairs OiG^ conjugate in three ways must invert 
into itself; that is, it is that conic of pencil which joins the two pairs of inverse 
points A^Ai B,Bi say C'{H^H,A,B,A^B^).'f 

This conic is determinate unless A^B^ are themselves inverse points. In 
fact in this case C* is indeterminate, for -4^5, (i=i, »,8) being inverse points. 



* Whence easily a proof of the theorem referred to in 29. 

/ A / 



{A* ( /y2 /y2 

«; may be defined as fourth intersection of \ z^^ "** ' ^ J ' "*• ; that is, 2I3 , B^ = Dg , ^g , 

in agreement with theory of §7. Here since CJ, ^,= C'J, b, = CJ, ^ = C'l, b = Cf a , DyEiD^E^ are inde- 
terminate. 
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any pair of inverse points XY is conconical with ^i^g^cJ'iO^ii^is)* ^^^ ^ 
is a pair of points Gi G^ . There are two cases of this kind ; (a) the six points A,B^ 
are conconical with 5i-Hj on one conic Ci2s» and the chords A,B, are concurrent 
at C'j (b) the six points are the points of intersection by pairs of three conies 
Cis, Ci3, CI3 having the common chord Eiff^. 

If A^B^ are not inverse but yet conconical with HiH^A^B^ on C13, then Cis 
qua (7? inverts into itself and so coincides with G^ {H^H^A^B^A'^B'^ , and the 

quartic C* breaks up into the two conies Cf,, Ci3« On-< J^J* the point-pairs GiG^ 

(Cl3 

are given as points of intersection with conies of the pencil] J^ . Observe that 

ffiR^A^B^A^B^ cannot be conconical, or A^B^ would be inverse, unless the eight 
points are conconical on Cm and the chords A,B, are not concurrent ; in this 
latter case C^ = Ci23CLs and any point of Cfjs is in three ways conjugate with 
every other point. 

Application of the results of Case IL §§12-18. 

12. Given six points K^. . . .K^ grouped in two ways (1)(2) into triples 
of pairs, -4^(i)J5,^j, ^.^^3,5,(3) (1=1,3,3). Taking ^i^i at random, two definite 
quartics C(i)» C(2) of the net* of quartics G^{B\n\K^ .... K^ are the loci of point 
pairs (?! (i)(j, (1^ , G^x(,, G^ (,> for the two correspondences or groupings ( 1) , ( 2) . These 
two quartics intersect in the base-points and also in (4* — (2.2* + 6)=) two 
other points /i/,. Let the point-pairs G^G^ for the correspondence 



f (1) be onf ^'^> ^i'^^<« ^^^ ^»^*<^) . 
42) lC?3) /i/i«) and47i(,/ 



Then the six points K^. . . .K^ have the perspective relations (1) and (2) in the 
plane n^,!?,/, from the centres /m), J\\x)'i ^^at is, the conies 



I m /IT TT T A D X for 6= 1, 2, 3 from a pencil through 1 ^ 



on Cm 



1(1) "" V(i) ^ 
1(3) on C(3) 

They have the same perspective relations in the plane Hh^h^i^ from the centres 

«^(l)«^3(8)« 

Thus, taking EiH^ at random, two and only two points /i/, can be found 
such that in each of the planes TLh^h^i^i ^^tH^t ^^^ ^^^ points Ki. . , .K^ shall 

*Net *, for a quartic is fallj determined by 14 conditions, and here there are 2.8 + 6 = 12. 
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have the two perspective relations according to the given correspondences 

(1). (2). 

13. In particular, separating the six points into two triangles KiK^K^y 
KJK^K^j there are three say cyclic correspondences, 

(K,K,K,\ (K,K,K,\ (K^,K,\ 

\k,k,kJ' \k,k,kJ' \k,k,kJ' 

say correspondences (1)(2)(3). 

In a plane the theorem holds ; if two triangles are perspective according to 
two correspondences of a cyclic set of three, then they are also perspective 
according to the third correspondence of that set.* By a quadratic transfor- 
mation this is shown to hold also in a plane 11^,^,^,. 

Now these two triangles are in perspective in the two ways (1)(2) in each 
of the planes H^^^f,/,* 11^,5^,/,; hence in each plane they must be in perspective 
also in the third way (3), and hence the corresponding locus quartic Cfs) must 
pass through j^, /g. 

The three locus quartics Ca)Cf2)C(8j of point-pairs G^G^ for three cyclic cor- 
respondences (1)(2)(3) of the vertices of two arbitrary triangles KiK^K^, K^K^K^ 
form a pencil in the net of quartics C* (ElE^Ki .... K^). 

14. The six points K^. . . , K^ may be divided in 10 ways into a pair of 
triangles ; the vertices of two triangles may be arranged in triples of pairs of 
corresponding vertices in 6 ways (arising from the six permutations of the three 
vertices of one of the triangles) ; any grouping of the six points into triples of 
pairs, A,B,j (§12) gives a correspondence between the vertices of 4 pairs of 

triangles (^|^;^», ^^^*^\ ;^|f;^», ^^^*^^^. Thus the six points n,ay be 

10 6 
grouped in— ^ =15 ways into triples of pairs of points. Every such grouping 

has a corresponding locus quartic C^ belonging to the net C^ (5?J3?jffi .... K^) . 

From §13 and the remark above it is clear that every such locus quartic 

belongs in four ways to a pencil of three such quartics. I hope at another time 

to discuss more fully this system of 15 quartics in the net C^{HfH}Ki .... ^e)- 

15. Suppose that for a grouping A,B, of the six given points Ki . . . . K^ the 
lines A,B,{v=^ 1, 2, 3) are concurrent say at Z; that is, that the corresponding 

* Von Staudt, Geometrie der Lage, p. 125 ; Rosanes, p. 550, and Schroter, p. 555 of the Math. 
Annalen, II. 
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perspective relation exists in the simple plarie H . Then clearly taking Ililli at 
random and any point JCon ^^i^^^, the perspective relation exists identically in 
the plane TIh^b^x ^ Tl(P(ff^H^z) from the centre Z, for a line G^^H^H^X) in the 
plane TVc^f^g^HX) consists of HiH^X itself and a line of the aimple plane 11, and in 
particular the conies C7* ^ from a pencil consisting of the common line H^H^X 
and the pencil of lines A,B, through Z. Thus, if for a grouping of the 
points -ffi . . . . -ffi iiito a triple of pairs, the perspective relation holds in the 
. simple plane n , then the locus quartic consists of the line H^H^ itself and the 
cubic G^ (HiH^Ki .... K^L) , i. e. that cubic of the pencil through the eight 
points HiH^Ki . . . .K^ which passes also through the centre of perspective ; this 
cubic is the real locus of point-pairs GiG% for this grouping (the point L alone 
corresponding to all points on EiH^i and conversely), and one may speak in this 
case of the locus cubic. 

If several perspective relations of the points K exist in the simple plane EL 
(that is, if for several groupings the lines A,B^ are concurrent), since the locus 
cubics for these groupings all pass through a point say H^^ the ninth base-point 
of the pencil of cubics through HiH^Ki . . . . K^, the same perspective relations 
exist in the plane Hj^,^,^^. Or more compactly, whatever perspective relations 
among the six points K exist in the simple plane Tl exist likewise in the plane Hh^h^h^ 
or Tlc^i^ff^ff^ff^), where HiH^H^ tcith Ki. . . . K^ malce up the nine base-points of a 
pencil of cubics. 

The converse is true ; for if a perspective relation exist in Hh^h^h^ i the corre- 
sponding locus quartic must pass through H^-, now the pencil of quartics of the 
net G^ {H^H^Ki .... K^) passing through ff^ consists of the common line BiB^ 
and the pencil of cubics through the nine base-points ; thus this particular locus 
quartic must contain the line HiH%j and the perspective relation must hold in the 
plane IIj^^^^^^ {X being any point on HiHi) , or, what is identically the same, in 
the simple plane n . 

16. I give two illustrative cases in which the theorems of §§15, 18 have 
application : (a) Two triangles may be in 1, 2, 3, 4 or 6 ways in perspective; this 
last case does not occur when both triangles are real, the simplest illustration 
being an equilateral triangle and the triangle with vertices at the two circular 
points at infinity and at the centre of the circle circumscribing the first triangle.* 

* Multiply perspective triangles were first discussed by Rosanes, Schrdter, Math. Annalen 11 ; later 
by Kantor, Ueber die Configurationen (3, 3) mit den Indices 8, 9, etc.; Sitzungsber. d. Wien. Akad. 
II Abtlieilung, 1881, LXXXIV, 915-932 ; and by Hess, Beitrage zur Theorie der mehrfach perspectiven 
Dreiecken und Tetraeder, Math. Ann. 1886, XXVIII, 167-260. 
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(6) Six poinU may form a GlehacKs avx-gon with the property that two triangles 
formed in any way with these six points as vertices are four-ply perspective,* 
The simplest illustration is the six-gon whose six vertices are the five vertices of 
a regular pentagon an(J its centre as sixth vertex. 

17. If we transform the plane 11 into itself by a quadratic transformation 
with any three points G^^), 0(2) » ^o) as self-corresponding principal points, the 
net of conies C^^HiH^H^ transforms into the net of trinodal quartics 
C'*(ff?i,iG^i)iff(i,8G^(o)iG^(0)9G^(o)3) (where H, transforms into 6?(o)c); we may say 
that the plane n^(^^) transforms into the plane I[.(^^q*^^^q^^^^. 

The theorem of §16 was, whatever perspective relations hold for the six 
points ^1 . . . . jffi in the simple plane n hold also in the plane n^Ta^jyj, where the 
nine points H,K;\ are the nine base-points of a pencil of cubics G^] and 
conversely. 

By a quadratic transformation with the arbitrary principal points G^d)^, this 
theorem becomes: Whatever perspective relations hold for the six points 

K[ ZJ in the plane n^(^^jjj hold likewise in the plane ^c^{G[,^,Q^f^^) where 

the nine points G^fi^,Kl are the 9 base-points of a pencil of G^{G\x))] and con- 
versely. 

By mathematical induction, using successive quadratic transformations, the 
general theorem is proved : 

Given six points K^ . . . , K^ and 3(n + 1) points G^(A)c(f=i;i;'8'*) ^^ which 
all are arbitrary except G^(o)3» which is determined (in general uniquely) 
by the condition that the nine points O^^^.K^ shall be the 9 base-points of a 
pencil of G^'^{Gl;^^''^)]X then whatever perspective relations among the six 

A = n 1 

points K hold in the plane 

A = n....l 

hold also in the plane 

A = n 1 k = n 

and conversely. 

*Thi8 six-gon discovered by Clebsch, Math. Ann. 1871, IV, 284, was further discussed, from the 
standpoint of ikosaedron investigations, by Klein and by Hess, under the name ^^ Das zehnfach Brian- 
chon^sche Sechseck," and more fuHy by Schroter, "Das Clebsch 'sche Sechseck," Math. Ann. 1887, 
XXVIII, 457-482, to whom the latter probably permanent name is due. 

t Throughout this number and the following ones < = l,2,8,x=zl,2....0. 

A = n 
t3 2 (8.2^-M' + »=(3.2-r. 

A = l 
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18. Given K^. . . . K^ with certain perspective relations in the simple plane 
n. Define any number of successive triples of points 5|x)i as follows: 

Let K^R^Q), be the nine base-points of a pencil of (7^ 
and then ^r^a). " " " " " O^'WoO, 

and then K^H,,,, " - " - ** (7"(J?(J).^).), 

and so on ; that is, in general, let 

Kj^H^^^, be the nine base-points of a pencil of (7''**(fi^)**~^'"^). 

A = 0.1 m— 1 

Each triple depends upon all the preceding triples ; these being known, two 
points of each triple determine (in general uniquely) the third point. 

The preceding general proposition, successively applied, shows that : What- 
ever perspective relations among the six points Ki . . , . K^ hold in the simple 
plane n hold likewise in the plane n^if^^^^), and hence in the plane YVqa^h^^^^h^^^^ 
and hence in the plane noi(jyj,j,^jj,ir^,), and so on and in general in the plane 

A=0.1....m 

Conversely, if a perspective relation among the six points Ki . . . . K^ holds in 
the plane with any one of these nets of curves Ii(/''^^ fB^^^^\ th^^ jt holds in 

A = 01....in 

all, and so also in the simple plane 11 . 

Yalb, New Haven, Conn., March 20, 1888. 

*In general case, for comparison of the theorems, set H'^x)^ = ^(m~ A)f 



Sur Vorisntation des systetnes de droites. 

Par M. G. Humbert. 



I. — Thk^r^mea fondamentaux. 

1. Laguerre a fait connaatre, dans le Bulletin de la Societ6 philomatique, 
plusieurs propositions geom6triques tr^ simples, relatives aux directions des 
syst^mes de droites dans le plan, et il en a deduit des consequences nombreuses 
et importantes : nous avons eu nous meme I'occasion, dans un m6moire sur le 
theoreme d'Abel, de retrouver analytiquement ces propositions et de leur donner 
une certaine extension ; notre but est maintenant de dfimontrer un principe ivhs 
g6n6ral, auquel pen vent se rattacher toutes les propri6t6s 6nonc6es jusqu'ici sur 
les directions des syst^mes de droites, et qui se prete ais6ment ^ des applications 
nouvelles. 

A cet effet, nous commencerons par presenter sous une forme nouvelle une 
notion importante, introduite dans la G6om6trie par Laguerre, celle de Vorienta- 
tion d'un systfeme de droites. La definition donn6e par Laguerre est la suivante. 

Soient, dans un plan, deux systemes de n droites, J. et J.' ; prenons arbi- 
trairement un axe fixe, H^ dans ce plan : si la somme des angles que font avec 
I'axe fixe les droites du systeme A est 6gale, k un multiple de n pr^, h la somme 
analogue pour les droites du systfeme A\ on dit que les systemes A et A' ont 
meme orientation: cette propri6t6 est 6videmment ind6pendante du choix de 
Paxe fixe H dans le plan : elle ne depend que des directions des droites con- 
sid6r6es. 

2. Cette definition pent etre transform6e et precisee, au point de vue 
analytique, comme il suit. 
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Menons par rorigine des paralleled : 

y — a^x = 0, y — aax = 0, y — a^x = 

et y — aix = , . . . .y — a^x = , 

aux n dreites de chacun des systfemes J. et J.'; soient ai . . • • anj af . . . . a^, lea 
angles de ces droites avec Oa;, les axes 6tant 8uppos6s rectangulaires. On a 

a. = arc tg a., ai = arc tg a^ 

d'oi : €*"« = cos (2 arc tg a^) + i sin (2 arc tg aj ,• 

c. k d. .,^ _ 1 — al . 2a, _ {l+ia,Y _ ^' — «ic 

^ '-l + aj'^'l + aj- 1 + ai -i + a/ 

et par suite ^ir..4-a,4-....-^^^_ (^' — ^i)(^' — ^2) ;- > > {i—(^n) 

{i + ai){i + a,) {% + a«) ' 

Soit pos6 maintenant 

{y — aix){y — a^) (y — a^x) =/(x, y), 

(y — ala) (2^ — a«a:) = ?>(«, y), 

ilvient jm (-.+.. + .... +^) — .-ZlLiiL 

y?(— 1, i) 

Si done les deux syst^mes A et A' ont meme orientation, c. k d. si I'on a, d'apr^ 
la d6finition 

Oi vh .... + ttn = «!+•••• + a4 + ^^ » 

on aura /(I, Q _ y(l, j) 

/(-l,i)-^(-l,tr 

On peut done consid6rer comme d6finissant Uorientation d'un syst&me de droites 
issues de Porigine, repr6sent6 par T^quation homog^ne /{x, y) = 0, le rapport 

Z^" \*\ . Si les droites ne passent pas toutes par I'origine, et si /(x, y, S) = 

est r6quation de leur ensemble, Torientation sera definie par le rapport f/" ' \ 
et, plus g6n6ralement encore, si/(a:, y, 0) = est T^quation d'une courbe alg6- 
brique quelconque, le rapport /_| ^ ix d6finira I'orientation du syst&me des 
directions asymptotiques de cette courbe. 

Vol. X. 
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3. Cela pose, considerons dans un plan un syst^me variable de n droites, 
dont r^quation depend rationnellement d'un paramfetre X, et soit 

^^A + X^-^B + + ;ii + M= 0, (1) 

cette Equation. L'orientation du syst^me est definie par le quotient : 

— ^M (l,t, 0) + ^^~^^ (l,*, ) + + M{l,%,Q) 

^~;M(— l,i,0) + A^-'-B(— l,t, 0) + + Jtf(— 1,<, 0)' 

Pour que o soit ind6pendant de A , c. a d. pour que le syst^me variable ait une 
orientation fixe, il faut et il suflBt que I'on ait: 

A{-1, i, 0) - B{-1, 1, 0) if(- 1, i, 0) • ^^^ 

Ces conditions peuvent s'interpreter geometriquement d'une manifere trfes 
616gante : les racines de T^quation ^^A (1 , i, 0) + . . . . + if (1 , i, 0) = sont en 
effet les valours de X qui correspondent aux systfemes compris dans Pequation 
(1) et contenant une droite qui passe par le point cyclique I{x = 1 , y = i, 2= 0) ; 
de meme les racines de I'^quation ^^A ( — 1 , i, 0) + . . . . + M{ — 1 , i, 0) = 
sont les valeurs de X qui correspondent aux syst^mes contenant une droite 
qui passe par le point cyclique J(a; = — 1 , y = i, z = 0); les conditions (2) 
expriment que ces equations ont les memes racines, c. k d. que tout systfeme 
contenant une droite (et gen6ralement x droites) passant par /, contient aussi 
une droite (et generalement x droites) passant par /. De la cette conclusion 
fondamentale : 

TMoreme. — Pour qu^un syethme variable de n droites^ dont Venation contient 
rationnellement un paramUre^ conserve dans le plan une orientation fixe^ ilfaut et il 
suffit que lorsqu^une ou plusieurs des droites du systhme viennent ci passer par un des 
points cycliqueSj dautres droites du systlme en meme nombre, passent au meme instant 
par Vautre point cyclique. 

?lus generalement, si Tequation (1) est celle d'une famille de courbes alg6- 
briques, on pent enoncer la proposition suivante : 

Soit une famille de courbes algebriquesj dont V Equation contient rationnellement 
un paramUre: pour que Vorientation du systhne des directions asymptotiques de 
cTiacune de ces courbes soit constante, il favi et il suffit qus toutes les courbes de 
la famille qui passent par un des points cycliques du plan, pa^seiU en meme temps 
par Vautre. 
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4. On peut faire de ces principes des applications nombreuses. Consid^rons 
d'abord le cas oil le paramfetre X figure au premier degr6 dans Tequation d'une 
famille de courbes ; ces courbes appartiennent alors a un meme faisceau ponctuel, 

L'orientation du systfeme des directions asymptotiques d'une des courbes pr6ce- 
dentes depend du coeflBcient 

^^ /(l,i,0) + Ay(l,i,0) 
/(-l,t,0) + ;^(-l,i,0) 

et de cette expression resulte imm6diatement ce th6oreme :" 

Si deux courbes alg^riques de degr^ n sont tellea que leurs systhnes respectifs 
d'asymptotes aient meme orientation, le syst^me des asymptotes de toute autre courhe 
de degre n, passant par les points dHntersection des deux premieres, aura meme orien- 
tation que chacun des deux systhnes primitifs. 

Si la courbe ^ = passe par les points cy cliques du plan, ^(1, », 0) et 
<p ( — 1 , i, 0) sont nuls ; par suite : 

Si deux courbes de meme degr& rencontrent aux memes points une courbe algS- 
brique quelconque passant par les points cycliqu^s du plan, les deux systhnes formis 
par leurs directions asymptotiques ont imme orientation. 

Comme cas particulier de cette proposition, on retrouve un th6oreme impor- 
tant, du k Laguerre, et qu'on obtient en supposant que la courbe alg6brique 
consider6e devienne un cercle : 

Si Von groupe deux h deux, d'u/ne mani^re quelconque, sur n droites, les 2n 
points communs h wn cercle et h une courbe algebrique d^ordre n, VorierUaiion de 
chojcun des systhmes de n droites ainsi obtenus est la meme que cdle des asymptotes 
de la courbe. 

II. — Orientation de certains systemes de tangentes. 

5. En transformant par polaires r6ciproques quelques unes des propositions 
qui precedent, on arrive k des theoremes int^ressants sur Torientation du syst&me 
des tangentes qu'on peut mener d'un point k une courbe ; ainsi, la proposition 
qui termine le n® 3 donne lieu h la suivante : 

Soit une famille de courbes dont V^uation tangentielle contient rationnellement un 
paramUre : pour que VorierUation du systhme des tangentes qu^on peut mener d^un 
point fixe, 0, h cTiacune de ces courbes demeure constante, ilfaut et il suffit que toutes 
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les courbes de la famiUe qui toucTmd une dee droitea isotropea issues de touchent 
V autre droite isotrope issue de ce point. 

En particulier, si les courbes con8id6r6es appartiennent k un meme faisceau 
tangentiel, une seule de ces courbes touchera une droite isotrope issue de ; si 
elle touche en meme temps Tautre droite isotrope, le point sera un foyer de 
cette courbe. Done : 

Soit un faisceau tangentiel de courbes algibriqties de classe n ; par un foyer 
f de Vune d^elles menons les n tangentes h Vune guelconque des autres: tons les 
systhnes avnsi obtenus h partir du point f ant meme orientation. Reciproque- 
ment, si un point f Jouit de cette propri6t6, c^est le foyer de Vune des courbes du 
faisceau. 

Si deux des courbes du faisceau sont homofocales, toutes les courbes du 
faisceau ont les memes foyers; Tune d'elles se decompose en une courbe de 
classe n — 2 et en deux points, qui sont les points cycliques du plan. Un point 
quelconque du plan peut etre consid6r6 comme un foyer de ce syst^me de deux 
points, il resulte de Ik, par Tapplication du th6oreme pr6c6dent, que : 

Les deux syst^mes formks par les tangentes que Von pevi mener d!un point 
quelconque h deux courbes homofocales de meme classe ont meme orientation; ou 
encore : 

Le systhne des tangentes menies d^un point quelcmique h une courbe algibrique 
de classe n, etle sysi^e des droites quijoignent le meme point aux n foyers r&els de 
la courbe ont meme orientation. [Laguerre.] 

En combinant ce r6sultat avec le pr6c6dent, on arrive k une proposition 
simple relative au lieu des foyers des courbes d'un meme faisceau tangentiel. 

Le lieu des foyers des courbes d!un faisceau tangentiel dStermin^ par deux courbes 
A et B, de classe n, est une courbe telle que si Von Joint un de ses points awx n foyers 
r^els de A et aux n foyers rkls de B, les deux sysihnes de droites ainsi obtenus aient 
meme orientation. 

6. Nous reviendrons plus loin, avec quelques details sur les consequences 
g6ometriques de ce theoreme ; auparavant, nous ferons une application des prin- 
cipes precedents i la solution d'un problfeme qui parait presenter un certain 
interet. 

Ce problSme est le suivant : 

JVouver toutes les courbes algeb)*iques telles que le syst^me des tangentes qvHon 
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peat mener d^un point h Vune d^elles ait une orientation fixe ind&pendante de la posi- 
tion de ce point dans le plan. 

Si Ton se reporte au th6oreme de Laguerre d6montr6 plus haut, on voit que 
ces courbes ne peuvent etre que celles qui ont tous leurs foyers k Tinfini ; mais 
avant d'aflBrmer inversement que les courbes qui ont tous leurs foyers a Finfini 
jouissent de la propriSte 6noncee, on doit faire une discussion, trfes simple 
d'ailleurs. 

Soit en eflfet G une courbe de classe n dont tous les foyers sont Jt Finfini : il 
est necessaire pour cela que la droite de Finfini soit une tangente multiple d'ordre 
n — 1, et que la courbe passe par les points cy cliques du plan. Si ces conditions 
sont remplies, toutes les tangentes qu'on pent mener k G par les points cycliques 
coincident avec la droite de Finfini, et tous les foyers de la courbe sont sur cette 
droite, mais leur position n'est pas d6termin6e, de sorte que le th6oreme de 
Laguerre ne parait pas imm6diatement applicable. 

On pent voir neanmoins, d'une autre manifere, que Forientation du systfeme 
des n tangentes menses k G d'un point quelconque du plan, ne depend pas de 
la position de ce point. Imaginons en effet que decrive une droite ; F6quation 
du syst^me des n tangentes issues de contient rationnellement un param^tre, et 
le theoreme g6n6ral du n** 3 est applicable. Par suite, Forientation de ce 
systfeme est fixe, si, toutes les fois qu'une ou plusieurs des tangentes issues'de 
passent par le point cyclique /, d'autres tangentes en meme nombre passent par 
le point cyclique J. C'est pr6cis6ment ce qui se presente ici; une tangente 
men6e de k G ne pent passer par / que si est k Finfini, et elle passe alors 
par /. Nous pouvons done 6noncer ce thSoreme : 

L' orientation du systhne des n tangentes menSes d^un point h une courbe 
algfibrique de classe w, n — 1 fois tangente h la droite de Tinfini et passant par 
les points cycliques^ est indSpendante de la position du point consid^ri dans le 
plan. 

Les courbes dont il s'agit sont necessairement tangentes k la droite de 
Finfini aux points cycliques, sinon on pourrait mener n + 1 tangentes de Fun de 
ces points. 

II est facile de donner F6quation gen6rale de ces courbes en coordonn6es 
tangentielles rectangulaires ; cette Equation est : 
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/6taiit un polynome quelconque de degr6 n — 2 en w et t?, et jP un polyiiome 
6galement quelconque de degr6 n, mais homogfene. 

7. Parmi les courbes qui ont tous leurs foyers k Tinfini, on peut citer, avec 
Laguerre, celles qui sont envelopp6es par une droite dont deux points donnes 
decrivent respectivement deux courbes algebriques, quelconques d'ailleurs. 

Un autre exemple int6ressant est fourni par la famille des ^picycloides 
algebriques. 

Si une courbe a tous ses foyers k Tinfini, c. k d. si les tangentes qu'on peut 
lui mener par les points cycliques coincident toutes avec la droite de Tinfini, la 
reciproque de cette courbe par rapport a un cercle de centre sera telle que les 
droites isotropes issues de ne la couperont qu'au point 0. 

Or la reciproque d'une epicycloide par rapport au cercle fixe a pour equa- 
tion, en coordonn6es polaires 

n designant le rapport du rayon du cercle mobile k celui du cercle fixe ; de plus 
n est positif pour Fepicycloide, et negatif pour Thypocycloide. 

M. Halphen a 6tudi6 d'une manifere complete les points multiples des courbes 
(3), dont il ecrit Tequation 

— = kcos^e, (4) 

r q ^ ^ 

p etq etant positifs et premiers entre eux. II r6sulte de ses belles recherches 
que les courbes pr6c6dentes n'ont un point singulier k Porigine, , que si p est 
plus grand que g'; en ce cas, la courbe pr6sente en deux cycles, dont les tan- 
gentes sont respectivement les droites isotropes ; Pordre de ces cycles est jp — q 

ou , selon que ^^ et 5 ne sont pas ou sont tous deux impairs ; la classe des 

cycles est 2g' ou ^. D'ailleurs le degre de la courbe est 2p ou p. L'une des 
droites isotropes issues de a en ce point avec la courbe un nombre d'intersec- 
tions egal a la somme de I'ordre et de la classe du cycle correspondant, et de 
I'ordre de Tautre cycle, c. a d. 6gal k 2p oukp, ou, si Ton veut, egal dans tous 
les cas au degr6 de la courbe. Elle ne coupe done la courbe qu'au point 0. 

II r6sulte de \k qu'une 6picycloide ou hypocycloi'de algSbrique aura tous ses 
foyers k Tinfini si sa reciproque a une Equation de la forme (4), p et q etant 
positifs, premiers entre eux, et jp etant superieur a q. 
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Soit alors w = — , ;i et f£ 6tant premiers entre eux; on aura 



q ~ 2n + l 2A + //' 

si f£ et X sont positifs, c. ^ d. si la courbe est une 6picycloide, p sera toujours 
infSrieur a q. 

Si la courbe est une hypocycloide, on devra supposer 7. negatif, et Ton aura, 



si a = — a' : iL = -t 



q ~ ti — 2)!' 

D faut, pour que p soit sup6rieur a q^ que ^ soit, en valeur absolue, sup6rieur ^ 
f£ — 2V, c. ^ d. que X' soit plus petit que ii] n est alors, en valeur absolue, 
inf6rieur a 1 . Done : 

Les hypocydoidea algSbriqves obtenues en faisant rouler un cercle h Vinterieur 
dJun cercle plus grand ont torn leurs foyers ti Vinfini; et par suite V orientation du 
syst^me des tangentes menees d'un point du plan h Vune de ces cowrhes est indSpen" 
dante de la position du point. 

Les autres courbes de la famille des 6picycloides ou hypocycloides alg6briques 
ne possedent pas la meme propriete. 

III. — Application h Vhypocycloide a trois rebroussements. 

8. La plus simple des hypocycloides qu'on vient de rencontrer est, apr^s la 
droite qui correspond au cas de w = g- , rhypocycloide a trois rebroussements, 

qui correspond a celui de n = — -g- ; le th6oreme precedent donne une propriete 

des tangentes h cette courbe qui parait nouvelle, et qu'on pent 6noncer ainsi: 

L^orientation du systhne des trois tangentes men^ d^un point quelconque h une 
hypocycloide h trois rebroussements est la meme que celle des trois axes de symitrie de 
la courbe. 

Ce theoreme permet, lorsqu'on connait deux tangentes de Thypocycloide, de 
construire immediatement et sans ambiguity la troisi^me tangente qu'on pent 
mener par le point d'intersection des deux premieres. On peut le regarder 
comme Tinterpretation geometrique, dans le cas de Fhypocycloide, de la propri6t6 
analytique fondamentale des courbes de troisieme classe, propri6te bien connue 
qu'on peut enoncer ainsi : il est possible de faire correspondre h chaque tangente 
d'une courbe de troisieme classe un argument, de telle sorte que les arguments 
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des trois tangentes issues d'un point quelconque aient une somme constante. 
En gen6ral, on ne connait pas la signification giom^trique de ces arguments, qui 
sHntroduisent par la consideration des fonctions elliptiques ; dans le cas de Thypo- 
cycloide, on voit que cette signification est trfes simple, I'argument 6tant Tangle 
que fait la tangente avec un des axes de sym6trie de la courbe. 

II importe, pour ce qui va suivre, de pr^ciser cette notion : soit t une tan- 
gente de rhypocycloide ; si par un point fixe nous menons une parallMe ktet 
une parall&le Ox h. Tun des axes de la courbe, choisi une fois pour toutes, nous 
designerons par a Tangle que font ces deux droites, en le comptant h partir de 
Ox, dans le sens trigonom6trique. Get angle n'est d6fini qu'ib un multiple pr^ 
de 7C, cequi n'a aucun inconvenient, puisque les orientations sont d^finies dans les 
memes conditions. 

9. Cela pos6, on d6duit ais6ment du th6oreme fondamental les consequences 
suivantes. 

Soit t une tangente en un point A de VhypocyclcUde : lea biaaectrice^ de Vangle des 
deux tangentea^ autrea que t, que Von peut metier h la courbe par tm point de cette 
droite, aont parallhlea h deux directiona fixea. 

Ces directions sont celles des tangentes aux points B et (7, oil la tangente t 
rencontre de nouveau rhypocycloide. 

On voit ainsi qu'une tangente ^ la courbe la rencontre de nouveau en deux 
points, oi les tangentes sont perpendiculaires Tune ^ I'autre : proposition bien 
connue, qui sert de base au beau ra^moire de M. Cremona sur rhypocycloide. 

Par deux pointa queUxmjquea d^une tangente t h Vhypocyclolde menona h la courbe 
lea qvaire tangerUea autrea que t: cea quatre droitea forment un quadrilaHhre inacrip- 
tible dana rni cercle. 

R&ciproquement, ai le quadrilaihre complet formk par quaJtre tangentea de Vhypo- 
cycloide a quatre de aea aommeta aur un cercle^ la droite qui joint lea deux autrea 
aommeta eat tme tangente de la courbe. 

Dana tout triangle iaoc^U drconacrit h u/ne hypocyclaide^ la di'oite qui joint le 
aommet au point de contact de la baae eat une tangente de la courbe. 

Par chaque aommet d!un triangle drconacrit h une hypocyclo'ide paaae une 
nouvelk tangente, diatincte dea cotSa du triangle : lea troia droitea ainai d&jiniea forment 
v/a nouveau triangle aembldble au premier. 
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10. Oe dernier th6oreme in'6rite d'etre 6tudi6 avec quelques details ; il 
donne lieu k des consequences int^ressantes. 

D'un triangle ABG, circonscrit a Thypocycloide, on deduit, en menant les 
tangentes, distinctes des c6t6s, qui passent par les trois sommets, un nouveau 
triangle J.1-B1O1 semblable au premier; en appliquant la meme construction k 
AiBiCi, on obtient un troisi^me triangle semblable aux deux premiers, et ainsi 
de suite. Oette s6rie de triangles est-elle illimit6e ? Retombe-t-on n6cessaire- 
ment sur un des triangles d6j^ trouv^s, ou Tun des triangles finit^il par se r6duire 
h im point ? Oe sont \k des questions auxquelles il est facile de r^pondre par 
Tapplication du th6oreme fondamental. 

D68ignons par a, ^, y les angles que font avec un des axes de sym6trie de 
la courbe les c6t6s du triangle ABG\ soit yi Uangle que fait avec ce meme axe 
la troisi^me tangente issue du point G. On a, d'apr^s le th6oreme fondamental : 

yi + a + ^ = A7t, 
d'oi Yi — Y — (^"H/^ + y) mod 7t, 

Par suite les angles ai, ^1, yi, que font avec Paxe consid6r6 les trois cotes 
du triangle A^BiGi sont : 

tti = a — (a + i3 + y) mod n , 
i3i = /?-(a + ^ + y), 
yi = y — (a + /? + y). 

Oe sont ces relations qui montrent la similitude des triangles ABG et A^BiGi^ 
puisque Ton en tire 6videmment 

ai — ^i = a— ^, oi — yi = a — y, /?i — yi=^ — y. 

Rien n'est plus aise que de determiner le rapport de similitude. 

Remarquons en effet que les cotes homologues des deux triangles se coupent 
sous des angles 6gaux a (a + ^ + y) ; or, d'apr&s un th6oreme connu de g^ometrie 
616mentaire, si, par les sommets d'un triangle, on mene des droites faisant avec 
les c6t6s opposes, dans un meme^ sens de rotation, des angles 6gaux o, on forme 
avec ces droites un nouveau triangle semblable au premier, avec un rapport de 
similitude 6gal ^ 2 cos o . 

Les triangles AiB^Gj et ABG sont done semblables avec un rapport de 
similitude 6gal k 2 cos {a + ^ + y). 

VOL. X. 
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11. De l£k se d6duisent de suite quelques resultats simples. 
En premier lieu, si a + ^ + y = ± — , cos (a + ^ + y) est 6gal a — , et 
les triangles ABG^ AxB^G^ sont 6gaux. On a d'ailleurs 

ai + /?i + n = — 2(a + /3 + y) = ±:-|- mod ?« 

et le triangle A^B^Gf d6duit de AiB^Gi sera 6gal aux deux pr6c6dents. On a 
pour ce triangle : 

a, = ai=F-^ = a±-^ mod tc. 



De meme pour le triangle A^B^G^ d6duit de A^B^G^, on aura : 
as = a2 — («$ + /^s + y%) = a mod n. 



Le triangle A^B^G^ coincide done avec AB(J^ puisqu'on ne pent mener ^ I'hypo- 
cyclolde qu'une seule tangente parallfele a une droite donn6e. 

On pent done 6noncer la proposition suivante : 

Pour simplifier, appelons premier triangle dSriv^, ou, plus simplement, triangle 
dSriv6 d'un triangle T, circonscrit h Thypocycloide, le triangle TJ form6 par les 
tangentes menses k la courbe des sommets de T, et distinctes des c6t6s de J'; 
appelons second triangle dhiv^ de T le premier triangle deriv6 de 7i, et ainsi de 
suite. On a en premier lieu la proposition g6n6rale : 

Tou8 les triangles dirivSs dun meme triangle lui sont sembldbles. La propri6t6 

d6montr6e plus haut dans le cas oi a + /iJ + y = =t -«- s'6nonce ainsi : 

Si les cotSs d^un triangle T, circonscrit h ThypocyclMde, forU avec un des a^xea 

de symkrie de la cawrbe des angles dont la somme est ± — , h un multiple prhs de 

o 

7t, les deux premiers triangles dSrivSs de T sont Sgaux h ce triangle, et le troisikme 

coincide avec T. 

En second lieu, si a+^ + y = -2-, le rapport de similitude est nul ; le 
triangle A^BiGi se r6duit done ^ un point. De plus on a : 

ai = a ^ mod 7t, 
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ce qui montre que les cot&i de AiBiGi sont perpendiculaires k ceux de ABO. 
' Done : 

Si les coUs d!un triangle circonscrit h Vhypocyclolde^ font avec un dea axes de 

» TT 

symkrie de la cou/rbe des angles dont la somme est-jr- , h un multiple prhs de n, les 

hauteurs de ce triangle sont des fangentes de Fhyjpocyclolde, et le triangle dMo^ se 
riduit par suite h v/n point. 

12. ReprenoDS maintenant les relations 

tti = a — (a + 1^ + y) mod 7t , 

entre les angles qui correspondent h, un triangle ABO et au triangle d6riv6 
AiBiOi. On a de meme, en passant au d6riv6 de AiBiOi : 

a2 = ai — (ai+/3i + yi) = a + (a + ^ + y) mod n, 



En g6n6ral, pour le n***"* triangle d6riv6 de ABO, on aura des expressions de la 
forme a^ = a + ^n (a + ^ + y) mod tc, 

yn = y + K {a+^ + y). 
Pour le (n + i)**™« triangle, il yiendra : 

a,+x = a,-(an + /?, + yj = a- [2A, + l](a + /? + y), 

d'oii, la loi de recurrence : 

^n+i+2;i,+ l = 0. 

On en tire, puisque ^^ = — 1 : ' 

_ (-2)^-1 
K- — 3 , 

et par suite, les angles a^, /?«» 7% q^® font avec I'axe les c6t6s du n**"* triangle 
deriv6 de ABO sont donn6s, en fonction des angles analogues a, /?, y qui corres- 
pondent h, ce triangle, par les formules : 

a,,==a+ ^~^^3~^ (a + i3 + y), 
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Observons enfin que le rapport de similitude des triangles 

est ^gal, d'apr^s un r^sultat rappel6 plus haut, k 

c. i d. Ji 2 cos 2'*-^(a + /? + y). 

13. Ces formules permettent de r^pondre aux questions que Ton s'6tait 



D'abord, dans quels cas la suite des triangles derives Pun de I'autre se termi- 
nera-t-elle k un point ? 

Pour que le triangle A^B^G^ se r6duire ^ un point, il faut que le rapport de 
similitude de ce triangle avec le triangle -i^.i-B^-iC^n-i soit nul, c. a d. que : 

2--i(a + /3 + y) = Y modTC, 



ou 



a+/3 + y= -^7C. 



On aurait pu arriver de suite a ce r6sultat en 6crivant que a^ + /3« + y^ est nul 
^ un multiple prfes de n. 

De la ce th^oreme, qui est la generalisation d'un r^sultat donn6 plus haut. 

Si les cotes djun triangle circonscrit h Vhypocycldide font avec un, des axes de 

symetrie de la courbe des angles dont la somme est de la forme — —^ n , la shie des 

triangles dhivSs du premier se terminera h un point, au hovi de n constructions. 

Ce point sera le point de concours des hauteurs du (n — \y^^^ triangle 
derive du triangle primitif. 

Cherchons maintenant dans quels cas on retombera, apr^s un certain nombre 
de constructions sur le triangle primitif. 

II faut pour cela que Ton ait a„ = a, /3n = /?, y» = y mod 7t, c. S. d. : 

Si n est le plus petit nombre pour lequel une relation de cette forme ait lieu, le 
^i*me triangle deriv6 du triangle primitif coincidera avec ce triangle, et si Ton 
continue les constructions, on retrouve tons les triangles dejS, formes. 



\ 
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Mais ici se pr6sente une particularity curieuse : c'est qu'en construisant les 
triangles successifs h partir du premier, il peut arriver que Tun d'eux coincide 
avec I'un des pr6c6dents sans que Ton ait retrouv6 de nouveau le premier triangle. 

En eflfet, le ^**™® et le 5**""® triangles d6riv6s {q >^) coincideront si Ton a : 

^~^^3~^ a + /3 + y)= ^~^^'~^ a + /3 + y) + fat, 
c. a d. : (— 2y{a + /? + y)[(— 2)^-^— 1] =3fct, 

OU 1/3 1 Sk 

Si cette condition est remplie, k 6tant premier ^ 2, le g^**"® triangle d6riv6 
coincidera avec le ^**™®, et, en continuant les constructions, on retrouvera ind6- 
finiment les triangles d6riv6s dont Tordre est compris entre ^ et qx—l, sans 
retomber jamais sur le triangle primitif et les ^ — 1 premiers triangles derives. 
Ainsi : 

Si les cdtSs d^un triangle drcomcrit h Vhypocyddide font avec un des axes de 

symHrie de la courhe des angles dofnJt la somme est de la forme j-— — —-— — -- 7t, 
le j""* triangle derivS de ce triangle coincidera avec le jp*^"**. 

14. II est ais6 d'expliquer a priori pourquoi, dans le cas qui nous occupe, 
le triangle primitif ne se reproduit pas n6cessairement : cela tient a ce que la 
suite des triangles d6riv6s n'est pas reversible sans ambiguity, ou, en termes plus 
precis, k ce qu'un meme triangle circonscrit h, rhypocycloide peut etre consid6r6 
comnie le derive de deux autres triangles circonscrits, et non pas d'un seul. 

Reprenons en effet les relations 

ai=a — (a+ /3+y) + kn, 
^i = ^-{a + P + y) + ln, 
yi = y — (a + /? + y) + mn. 

On en tire: 1 . . /> , x , l + m — k 

a = oi — -g- (ai + /?! + yi) H n, 

/3 = /3i-^(ax + i3, + yO + ^±f=-^, 

y = yi — -o-(ai + /'i + yi)+ -S — n- 



/ 
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Les nombres I + m — k, k + m — Z, A;+? — m sont de meme parity ; on aura 
done, pour a, /3, y , S, des multiples de n pr^, les deux systfemes de valeurs : 

1 1 TT 

a =ai— -^.(tti + /?! + yi), a = ai — — (tti + /?! + y,) + -y, 

y = yi— -y (ai + /?i + yi)» y = yi — -y («! + A + yO + ^• 

De IS, ce th6oreme : 

Dans Uyut triangle circonscrit h tme hypocydoidey on pent inscrire deux antres 
triangles circonscrits h la cov/rhe : ces deux triangles sont semblables au premier et 
semblables entre eux ; leurs cot&s Jiomologues sont rectangulaires. 

15. On pourrait pousser plus loin ces recherches, en 6tudiant Tensemble des 
triangles circonscrits qui admettent pour triangle deriv6 d'un ordre donn6 un 
meme triangle circonscrit, et Ton arriverait ainsi h des r&ultats assez curieux 
que nous n'6noncerons pas, afin de ne pas fatiguer I'attention du lecteur ; nous 
nous contenterons de signaler une proposition de nature differente qui se d^duit 
ais^ment du th^oreme fondamental. 

Soient A^ B, G les points de contact des tangentes men^ h Vhypocyclolde par 
un point M; sv/r les directions MA^ MB, MG portons, h partir de M^des longueurs 
May Mby MCf respectivement Sgales avjx inverses des segments MA, MB, MG: le point 
Mesth centre de gravitS du triangle abc. 

On pent donner une autre forme a ce th6oreme : 

La tangente en M au cercle qui passe par les points Jf, J., J?, est conJuguSe 
Tiarmonique de MG par rapport aux droites MA et MB; de plus, si Von porte sv/r 
la droite MG, h partir de Met dans le sens oppos6 h MG, une longueur Sgale h 2MGj 
Vextr^mite du segment ainsi obtenu est sur le cercle pricSdent. 

Sans insister sur les consequences que Ton pourrait d6duire de ces proposi- 
tions pour la th6orie de Fhypocycloide k trois rebroussements, nous reviendrons 
au theoreme d6montr6 plus haut, relativement au lieu des foyers d'un faisceau 
tangentiel de courbes planes, et nous montrerons qu'il met en Evidence une 
classe int^rressante de courbes, 6tudi6e8 d6ja par divers g^omfetres, et en par- 
ticulier par M. Darboux. 
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IV. — Lieu des foyers d^un faisceau tangentiel de cou/rbes plaruea. 

16. Nous avons demontr6 plus haut que : 

Le lieu des foyers des courbes d'un faisceau tangentiel d6termin6 par deux 
courbes A et J?, de classe n, est une courbe F, telle que si Ton joint im de ses 
points aux n foyers r6els de A et aux n foyers r6els de J?, les deux syst^mes de 
droites ainsi obtenus aient nieme orientation. 

Ce resultat pent etre pr6sent6 sous une autre forme. Groupons deux ^ 
deux, d'une mani&re quelconque, un foyer a^ de la courbe A et un foyer h^ de la 
courbe J?; il est clair que le lieu F est celui des points tels que, de Tun quel- 
conque d'entre eux, les n segments ajb^ soient vus sous des angles ayant une 
somme alg^brique 6gale k un multiple de 7«, et Ton retrouve ainsi des courbes 
remarquables 6tudi6es par M. Darboux. 

Ces courbes comprennent, comme cas particuliers, les courbes telles que 
Ton voie, de chacun de leurs points, n segments fixes sous des angles dont la 
somme alg^brique est 6gale i ime constante quelconque : il suffit en effet de 
supposer que chacune des courbes J. et J? a un foyer Ji Tinfini, c. a d. que ces 
courbes touchent toutes deux la droite de Finfini ; un des segments ajb^ est alors 
k I'infini, et il est vu de tout point du plan sous un angle constant, Q. La 
somme des angles sous lesquels les autres segments ^ distance finie sont vus 
d'un point quelconque du lieu F est done constante, et 6gale h. — 0, Sb un 
multiple prfes de 7t. 

De la definition meme du lieu F resulte imm6diatement une belle proposi- 
tion, donn6e par M. Darboux : 

Si une courbe est telk que, de chacun de ses points, plusieurs segments soient vus 
sous des angles dont la somme est wn midtiple de tc, elle conserve la memeproprike 
avec une infinite dJavires segments ayant tous lewrs extr&mit&s sv/r la cou/rbe. 

Ces segments s'obtiennent en joignant deux k deux, d'une manifere quel- 
conque, les foyers de deux courbes quelconques du faisceau tangentiel determine 
par les courbes Aet B qui ont servi k la definition primitive du lieu. 

Si -4. et J? touchent la droite de I'infini, il r&ulte de ce qui a 6t6 dit plus 
haut que la proposition pr6cedente doit etre modifi^e ainsi : 

Si une courbe est telle que, de chacun de ses points, phisiewrs segments soient vus 
sous des angles dont la somme est constante, elle conserve la meme proprietS avec une 
infinite d^autres segments, mais la valeur de la somme constante varie quand on passe 
dJun syst^e de segments h Vauire. 
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La definition du lieu F ne depend que de la poeition des foyers des courbes 
Aet B] on pent en particulier supposer que chacune de ces courbes se r^duise k 
ses n foyers reels, et Ton a ce theoreme : 

Si une courbe est telle qyden joignant un qvelconque de sea points h deux eyries 
de n poles fioces^ h distance finie ou injinie, on dbtienne deax syst^mes de meme orienr 
tationj cette cou/rbe est le lieu des foyers des courbes de classe n qui toucherU les n* 
droites joignant les poles de Vvme des series avx poles de V autre shie. 

17. L'ensemble des n foyers r^els d'une courbe appartenant a un faisceau 
tangentiel donn6 jouit de quelques propri6t6s simples, qui d^rivent ais6ment des 
principes precedents. 

Soient en eflfet -4i, J[,, . . . -4^ les n foyers r6els de la courbe A] Bi . . . . B^ 
ceux de la courbe -B ; if le foyer d'une courbe du faisceau tangentiel determine 
par Aei B ] if' le point infiniment voisin de if sur le lieu F. 




Menons par if un axe quelconque MX] design ons par o Tangle M'MX^ par 
a^ Tangle A^MX] par /3. Tangle BJIX. On a, d'apr^ la propri6t6 fondamentale 
du lieu F\ 

oi + a, + + a^ = ^1 + /?» + + /?n 

et, en passant de if ^ M\ 

dtti + da, + . . . . = d^i + d/3, + 

Or da^ est Tangle M!A^M^ et Ton a, dans le triangle M!AJi\ 

^* ~ MA ^^"^ ^" ~ ^'^^ 
Par suite : V^ sin (o — a^) _ V^ sin (g) — /?J . 

Z^ MA, -Z-/ ifg;; ' w 



HuKBEBT: Sur Vorientation dea syii^mes de droites. 275 

18. Ce r6sultat est susceptible d'une interpretation g6om6trique 616gante, si 
Ton introduit ime notion due k Laguerre. 

Cette notion est celle du centre harmonique d'un systfeme de points par rap- 
port h, un point. 

Etant donn6s dans un plan un point if et un groupe de n points, Ai. . . . A^y 
portons sur chaque droite MA^^ k partir de if, une longueur 6gale a Tinverse de 
MA^ : composons ces longueurs comme des forces ; sur la direction de leur r6sul- 
tante, portons, a partir de M^ une longueur 6gale a I'inverse de la n**"^® partie de 
cette r^sultante; Textr^mite, a, du segment obtenu sera dit le centre harmonique 
des points Ai. . . . A^ relativement au point M. 

D'aprfes cette definition, si Ton imagine par M deux axes rectangulaires, 
MX et MTy et si d, est Tangle de MA^ avec MX, les coordonn6es du centre 
harmonique a seront : 

etant pos6 ^ ^ cos a^ ^ sin a^ 

^-^-MAr '^-^'MAr 

On pent aussi ecrire : 



On aura des formules analogues pour les coordonn6es des centre harmonique, h , 
des points Bi. . , . B^ par rapport a if : 



6tant pos6 

tf — v 

ifjB, ' "' ""^ MB, 



tf — K COS /?« V,' — y ^^^ ^- 



Or la relation (6) donne : 

^ sin Q — >7 cos o = ^' sin ca — j?' cos ca, 

remplapons dans cette Equation ^ et >?, ^et >/ par leurs valeurs en Xet F, 
X' et r, il vient : 

Xsincj— FcosG) _ X' sin cj — T' cos o 
X^+Y^ — ^^ ^ y/» 

En d'autres termes, un meme cercle : 

X* + y* + >l (a sin 6) — y cos g))= 

YOUX. 
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passe par aeth: ce cercle est d'ailleurs tangent en if ^ la direction MM', c. k d. 

h, la courbe F. Done, les centres harmoniques des points Ai A^et Bi B^ 

par rapport k un meme point M du lieu F, sont sur un cercle tangent ^ ^ au 
point M, et, comme on pent remplacer les points Ai. . . . A^, ou J?i . . . . J?^ par 
les n foyers r6els d'une quelconque des courbes du faisceau tangentiel determine 
par les courbes -4. et J?, on a ce r^sultat : 

Soit F le lieu des foyers des courbes de classe n appartenanl h un faisceau tan- 
gentiel donnS : le centre harmonique des n foyers rSels de Vune quelconque de ces 
courbes par rapport h un point choisi arbitrairement su/r F reste sur un cercle^ 
tangent en ce point h la courbe F, 

19. Un cas particulier remarquable est celui oh le point M est un point 
double de la courbe F] I'equation 

^ sin G) — >7 cos 6) = ^' sin o — rf cos cj 

est alors v6rifi6e pour les deux valeurs de o qui correspondent aux deux branches 
de la courbe passant en M, et, par suite, on a n6cessairement ^ = ^', ^ = >?'• 
Done : 

Si la courbe F aun point douhle, le centre harmonique des n foyers r^ls d'une 
quelconque des courbes du faisceau tangentiel par rapport h ce point, est un point 
fixe. 

Si if est a Tinfini, et ne coincide pas avec un des points cycliques du plan, 
il est ais6 de voir que le centre harmonique d'un groupe de points par rapport ^ M 
coincide avec le centre des moyennes distances de ces points ; or on prouve facile- 
ment que, si aucune des courbes -4 et J5 n'a de foyer i Tinfini, la courbe F a une 
asymptote r6elle, et par suite, il resulte du th6oreme demontt^ plus haut, que le 
centre des moyennes distances des n foyers reels d'un courbe variable, appar- 
tenant a un faisceau tangentiel determine, d^crit une droite. 

L'application de ces th^oremes generaux au cas d'un faisceau tangentiel de 
coniques pr6sente quelque int^ret. 

V. — Lieu des foyers d^un faisceau tangentiel de coniques. 

20. Soient deux coniques, A^i B, ayant respectivement pour foyers r^els 
les points /et/', g et g' : le lieu, F^ des foyers des coniques inscrites dans le 
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meme quadrilatfere que les coniques AeiB est, d'aprfes la th6orie gfeerale, le 
lieu des points M tels que les systfemes de droites Mf ^t Mf\ Mg et M^ aient 
memes bissectrices. 

Rien n'est plus facile que d'obtenir, en partant de li, Tequation du lieu : on 
trouverait une cubique, passant par les points cycliques du plan, et ayant une 
asymptote parallfele h, la droite qui joint les milieux des segments ff et g^, 
c. a d. les centres des coniques -4 et J5. 

Cette cubique pent etre determin6e par points d'une manifere trfes simple. 

La conique A a deux foyers imaginaires, qui s'obtiennent en joignant / et /' 
aux points cycliques / et /, et en prenant les intersections, des droites ainsi 
obtenues j ces deux nouveaux points, /i et// , sont aussi sur le lieu des foyers F. 

De meme, si Conjoint les points/ et/ aux points g et ^, les droites /gr et 
f^^ f^ ^t fg se coupent respectivement en deux nouveaux points, h et Z/, qui 
sont sur F^ d'aprfes la propri6t6 fondamentale de ce lieu. 

II y a plus : les couples de points / et/', h et V jouent le meme role que 
les couples /et/ ou g et ^. La proposition est 6vidente pour les points/ et// 
qui sont des foyers d'une des coniques du faisceau; on pent montrer de meme 
que h ^iTd sont aussi les foyers d'une de ces coniques : en effet, une conique du 
faisceau a un foyer en k, puisque k est sur F] le second foyer reel de cette 
conique est n^cessairement en k!, puisque les couples de droites fk, fid et 
fk^ fk! ont memes bissectrices que les couples fg,fgf ^^f9if^^ avec lesquels 
ils coincident. 

En d'autres termes, le lieu F pent etre d6fini, au moyen des 3 couples de 
points /et/, g et g', I et J, de.la manifere suivante : on joint deux a deux les 
points de deux de ces couples, on obtient, par les intersections des droites ainsi 
construites, un nouveau couple ; en operant de la meme mani^re sur ce nouveau 
couple et sur le troisifeme, on obtient un cinquifeme couple, et on continue ainsi 
ind6finiment en combinant deux quelconques des couples obtenus; tons ces 
couples sont sur F. On reconnait la construction discontinue donn6e par 
Schroter pour les courbes du troisifeme ordre ; les couples de points consid^r^s 
sont des couples de poles conjugu6s ; ils jouissent de lapropriete que les tangentes 
men6es a la cubique aux deux points d'un couple se rencontrent sur la courbe. 

21. On pent dire d'aprfes cela que h lieu des foyers des coniques inscrites dans 
un quadrilaibre est une cutnque drculaire, dont les tangentes avac points cycliques se 
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coupent suT la courhe; ou, plus simplementf une cubtque cireulaire qui passe par son 
foyer singvlier. 

R6ciproquement, toute cubique cireulaire passant par son foyer singulier 
pent etre consid6r6e comme le lieu des foyers de coniques inscrites dans un quad- 
rilat^re : 11 suflSt de prendre sur cette cubique deux couples de poles conjugu^s 
quelconqueSj/et/', g et gr', du meme systfeme que le couple form6 par les points 
cycliques, et la cubique est le lieu des foyers des coniques du faisceau tangentiel 
d6terinin6 par deux coniques, quelconques d'ailleurs, ayant respectivement pour 
foyers les points /et/', g et gf'. 

La propri6t6 caract^ristique du lieu F pent, par ime transformation homo- 
graphique, etre mise sous la forme suivante : 

Les deux couples de droites qui joignent un point quelconque d'une cubique 
h deux couples de poles conjugu6s d'un meme systfeme, situ6s sur cette cubique, 
sont en involution. 

Ce theoreme est du k M. Cremona. 

22. Les propositions d6montr6es plus haut relativement aux centres har- 
moniques prennent une forme assez simple si Ton observe, avec Laguerre, que le 
centre harmonique, a, de deux points, / et /', par rapport k un point M est sur 
la circonference passant par M,fet/\ et que les points Jf, a,/,/ divisent har- 
moniquement cette circonference. 

Par un point Jf , du lieu F des coniques inscrites dans un quadrilafhe, et les 
foyers f etf de Vune quelconque de ces coniques ^faisaas passer un cercle^ et prenons^ 
sur ce cercle, le point a, qui, avec les points if, /, / divise harmoniquement la 
circonference: d'apr&s un theoreme 6tabli plus haut, le point a decrit un cercle 
tangent en Mhla courhe F. 

On voit ais6ment que ce cercle passe par le point obtenu en prolongeant 
d'une longueur 6gale a elle-meme la droite qui va de M au foyer singulier de la 
cubique. 

Si la courbe i^ a un point double, le centre harmonique des deux points 
d'un meme couple, / et /', par rapport a ce point double est un point fixe : il est 
trfes facile d^etablir que la courbe F n'aura de point double que si le faisceau de 
coniques qui sert a la d^finir contient un cercle ; le point double est alors le 
foyer du cercle. Done : 
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Si, par les foyers fetfde Vurve guelconque des ooniques inscribes dans un 
qtiadrila^e circonscrit h un cercle de centre o , et par le point o on fait parser une 
circonference, cette circonfSrence passe par un second point fixe^ o\ qui, avec les points 
Offetf, la divise Tiarmoniqueinent. Le segment ocf a pour milieu le foyer singu- 
lier de la cubique lieu des foyers /, f. 

La courbe F est alors ce que Qu6telet appelle une focale h noevd; une 
focale k noeud est, d'aprfes ce qui pr6c6de, une cubique unicursale passant par 
les points cycliques et par son foyer singulier. 

23. On rencontre cette courbe dans un probl^me assez int6ressant de la 
G6om6trie de Tespace. 

Ohasles a fait voir que le lieu des pieds des normales k un syst^me de quad- 
riques homofocales, contenues dans un plan donn6 P, est une. focale k noeud, et 
nous avons d6montr6 que le lieu des foyers des sections faites par le plan P 
dans les quadriques homofocales coincide avec le lieu de Chasles. On pent 
^tablir directement que le lieu des foyers est une focale h noeud, en s'appuyant 
sur les principes g4neraux.enonc6s au commencement de ce travail, et en deduire 
quelques propri6t6s g6om6triques simples. 

24. Cherchons en eflFet I'^quation tangentielle, dans le plan P, des coniques 
communes a ce plan et aux surfaces homofocales. 

II y a deux quadriques du syst^me homofocal qui touchent une droite donn6e ; 
done deux des coniques, dans le plan P, touchent une droite de ce plan, et 
r6quation generale cherch6e contiendra un paramfetre, 0, au second degr6. EUe 
sera de la forme : Ad^ + Bd + G= 0, 

et Ton pourra supposer que les coniques ^1 = et (7=0 sont deux quelconques 
des coniques du syst^me. 

Or parmi ces coniques figure celle qui se compose des deux points cycliques 
du plan P, puisque le cercle k Finfini fait partie du systfeme homofocal ; on pent 
done supposer que Ton a : 

.il = t^* + t?*, 
et r6quation devient 

{u^ + v')e' + Be+ 0=0. 
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Les coniques ainsi representees sont homofocales aux coniques 

j?e+ (7=0, 

qui appartiennent i iin meme faisceau tangentiel. 

Cette remarque suffit pour 6tablir que le lieu des foyers des coniques est 
une cubique circulaire, passant par son foyer singulier ; observons maint^nant 
qu'une des quadriques du systfeme homofocal touche le plan P, et par suite une 
des coniques se reduit (au point de vue tangentiel) au point de contact compt6 
deux fois ; ce point est done un point double de la cubique, qui est d^ lors une 
focale a noeud. 

Si maintenant on d^signe par / et /', g et g\ les foyers de deux des coniques, 
la focale a noeud pent etre consider^e, comme le lieu des foyers des coniques tan- 
gentes aux droites fg, f^^fg^ f^, et, puisqu'elle a un point double, ces quatre 
droites doivent n6cessairement toucher un cercle d^crit du point double comme 
centre. 

25. On pent done 6noncer les propositions suivantes. 

Le lieu des foyers des sections faites dans une serie de quad/iiques homofocales 
par un plan P est wne focale h nceud, dont le point dovhle est le point de contact^ o, 
du plan P avec la quadrique du sysi^me qui toucJie ce plan. 

Si par le point o et les foyers f et f de Vune des coniques d^ intersection on fait 
passer un cercle^ ce cercle passe par un second point fixe, o\ qui, avec les points o,f 
et f divise harmoniquement la drconferervce, 

Le segment od a pour milieu le foyer singulier, ^, de la focale ; ce point ^ est le 
foyer de laparabole qui figure parmi les coniques dHntersection. 

Les quatre droites quijoignent les foyers reels de Vune des coniques dHntersection 
aux foyers reels d^une autre de ces coniques toucJient un meme cercle qui a pour centre 
le point 0. 

En particulier : 

Les droites quijoignent deux h deux les points d' intersection de deux coniques, 
focales Vune de V autre, par un meme plan^ formerU un quadrilai^re circonscriptible 
h un cercle. 
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VI. — PropriSti des foyers des cov/rbes apjpartenant h tm/aisceau tangentiel. 

26. Nous avons d6moiitr6 au n** 18, comme consequence d'une proposition 
fondamentale, que le centre harmonique des n foyers reels d'une courbe appar- 
tenant a un faisceau tangentiel de classe n, par rapport a un point du lieu F 
correspondent, reste sur un cercle, tangent en ce point h. la courbe F. 

Par des considerations d'un autre ordre, sur lesquelles nous aurons ^ revenir, 
h, un point de vue plus g6n6ral, dans un travail ult6rieur, on arrive h. un r&ultat 
qui complete le precedent, et que nous nous bornerons ^ enoncer : 

Le centre harmonique^ par rapport h un point du plan, des foyers riels de 
chacune des cov/rbes d^un faisceau tangentiel^ dScrit tm cercle. 

Ce theoreme pent recevoir une forme plus Elegante si Ton observe avec 
Laguerre que le centre harmonique des foyers reels d'une courbe par rapport a 
un point coincide avec le centre harmonique des points de contact des tangentes 
qu'on pent mener de ce point k la courbe. Ainsi : 

Le centre harmonique, par rapport h un point du plan, des points de contact des 
tangentes qu!on pent mener de ce point h chacune des cov/rbes dJun meme faisceau 
tangentiel dicrit un cercle. 
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Sur lea lignes geodesiques des surfaces a courbure 

constante. 

Par R. Liouville. 



L'objet de ce m^moire est d'indiquer la signification g6om6trique des Equa- 
tions diflFErentielles du second ordre ayant leur int^grale g6n6rale lin6aire par 
rapport anx constantes arbitraires et de former leurs invariants pour toutes les 
substitutions qui ne changent point, soit I'inconnue, soit la variable indepen- 
dante. 

I. Les lignes geodesiques d'une surface h courbure constante peuvent etre 
transform^es toutes ensemble en un syst^me plan de lignes droites, car, apr^s 
application sur une sphere, les plans qui passent par le centre de cette derni^re 
tracent sur celui qu'on a choisi toutes les lignes droites qui y sont contenues. 

J'ajoute que chaque Equation difTErentielle du second ordre, capable de 
reprEsenter les droites d'un plan, c'est h, dire ayant son intEgrale g6n6rale linEaire 
par rapport aux constantes arbitraires, pent etre regardEe comme dEfinissant les 
lignes g6od6siques d'une surface k courbure constante. Soit en effet donnEe ainsi 

aiZi + (i^ + a^=0, (1) 

I'intEgrale dont il s'agit; 01,09,08 dEsignent des constantes arbitraires, Zi, z^, z^, 
des fonctions connues des variables x et ^, entre lesquelles a lieu I'Equation 
diffErentielle : le premier membre de (1) est la solution generale d'un syst^me 
d'Equations linEaires aux dErivEes partielles du second ordre. 






(2) 
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et Ton peut, dans celui-ci, multiplier Finconnue «, par un facteur fi, sans que la 
relation (1) soit essentiellement modifiSe. Si done on fait en sorte que le 
produit 

ii'iA + A + A), (3) 

soit une constante c*, les expressions zy/i, z^, 6tant celles qui dSterminent 

les points d'une sphere en coordonn6es cartesiennes, et l'6quation 6tablie entre 
xety n'ayant pas chang6, il est mis en Evidence qu'elle appartient aux lignes 
g6od6siques d'une surface k courbure constante. 

Ainsi la recherche de ces lignes 6quivaut pr6cis6ment a I'^tude d'une Equa- 
tion differentielle, dont Tint^grale ne contient qu'au premier degr6 les constantes 
arbitraires ; comme on le montrerait sans peine, tout revient en ce cas h FintE- 
gration d'une Equation differentielle linEaire, du troisifeme ordre, 

Lorsqu'on donne FelEment lineaire, 

ds = Ved^ + 2/dxdj/ + gd<x?, 

d'une surface, FEquation des lignes gEodEsiques s'en d6duit par des formules 
determinEes et connues, mais la question inverse, notamment pour les surfaces k 
courbure constante, mErite quelques explications. Soit done 

y" + aiy '' + 3a^'» H- Sasy + a, = , (4) 

F6quation des lignes g6odesiques pour une surface de cette esp^ce ; ai, Oj, , a^ 

sont fonctions d'x et d^y et verifient des relations faciles k former. Pour trouver 
les expressions correspondantes de e,/, gr, il convient d'obtenir d'abord le 
syst^me, analogue a (2), correlatif de I'equation (4) et dont trois intEgrales satis- 
font k la condition 

X:? = 2i + 4 + 4=i' (5) 

Je supposerai que ce soit le systfeme (2) lui-meme et il en resultera Evidemment 

c'est k dire d^ = T'dx^ + 2 Tdxdy + Tdy^ ; (6) 

comme on connait Fun des syst^mes qui peuvent etre pris pour corrElatifs de 
Fequation (4), par exemple le suivant 

^^ I ^^ ^^1 /^^4 9^8 , o o 2^ n AN/ \ 
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le point est de trouver le facteur ^, par lequel 11 faut multiplier ses int^grales 
pour justifier Fequation (5), ou, ce qui est la meme chose, de determiner, pour le 
syst^me enti^rement donne (7), I'expression de la somme 

or un calcul trfes simple fournit les quatre Equations, aux derivees partielles du 
troisi&me ordre satisfaites par la fonction 6: 

etc., 

elles sont lin6aires et admettent six integrales communes ; de I'une d'elles, on 
conclut un syst^me d'expressions pour T, T, T" ou e,/, ^. 

Ainsi, quand Inequation (4) est donn6e, les coefficients e, /, g du carr6 de 
r616ment lin6aire ne sont pas compl&tement determines ; leurs expressions ren- 
ferment six constantes arbitraires, qui y entrent d'une mani&re homog^ne. 
Soient (ei,/i, gfi), {e%,f%^g^^ deux syst^mes distincts d'expressions pour les 
coefficients c,/, gr et soient (sci, yi), (xj, y^), respectivement, les variables corres- 
pondantes: la substitution (ai, ^i; a:,, y^) est visiblement Tune de celles, en 
nombre infini, qui transforment r6quation (4) en elle-meme. 

II. D'apr^s ce qui pr6cfede, il est clair que les Equations semblables k (4) 
sont toutes r^ductibles Jl celle-ci 

et par consequent les unes aux autres ; elles ne peuvent done avoir d'invariants 
pour I'ensemble des transformations gen6rales 

Xi = ^{x, y), y, = ij/(cc, y); 
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mais il n'en est pas de meme si Ton se borne h changer, soit la variable, soit 
rinconnue et, pour fixer les id6es, c'est de ce dernier changement qu'il sera ques- 
tion, Fautre 6tant d'ailleurs exactement pareil. 

II convient d'appeler invariants relaii/s, k regard des transformations 

Xi = x, yi = '^{x,y), (8) 

dont il s'agit, les fonctions des coefficients o^, o^, . . . . , a^ et de leurs d6riv6es, 
qui se divisent par une puissance de 

dy 

aprfes la substitution (8) ; Texposant de cette puissance est le poids de Finvariant 
consid6r6 ; s'il est nul. Tin variant est dit ahsolu. D'apr^ ces deux formules, 

le coefficient de y^, dans F^quation transform6e de (4), est 



«i( 



^y.' 

^J' 



ai est done un premier invariant relatif, de poids 6gal a 2. 

Une forme invariante ou canonique de F6quation propos6e en r6sulte sans 
difficult^, car la fonction ^ definie par cette relation 



ay,\dy / 



constante, 



ou, avec plus de g6n6ralit6, par la suivante 

est manifestement un invariant absolu ; lorsqu'on la prend pour inconnue dans 
F6quation (4), la transform^e est canonique; ses coefficients jouent le role 
d'invariants absolus, mais ils dependent d'une quadrature et ne sont point 
en consequence des invariants proprement dits. Or certaines questions exigent 
que Fon distingue les invariants de cette espfece ; il convient done de chercher 
un syst&me de fonctions, formSes uniquement par combinaisons alg^briques des 
coefficients et de leurs d6riv6es, donn^es en outre de la propri6t6 d'invariance. 
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C'est ^ quoi Ton peut parvenir en g6n6ral comme je devais expliquer. 

z, -^ , -^ , Bont des fonctions d!x et d'y, d6termin6es par les relations (2); elles 

deviennent des fonctions d'une seule variable satisfaisant aux Equations diff^r- 
entielles 

dfes qu'on y remplace y par Tune des expressions qui v6rifient T^quation (4). Je 
consid^re en particulier la combinaison 

1+^ = ^ (10) 

oii j'ai d6sign6 par 2, une fonction arbitraire d'a; et d'y. Aucune des transforma- 

dz 
tions (8) ne peut introduire -^ dans le premier membre de (10) et il r6sulte du 

systfeme (9), 

d^= -g- [2^-{Pdx + Pdy)-] + {^-Xz)[Xdy - {Qdx + Qdy)] 

+ g [dx — {Tdx H- Tdy)'\ . (11) 

Par un choix convenable de ^l, je puis rendre nul le coefiScient de -^— , dans cette 

relation, ce qui exige 

X = i> + Py; (12) 

cela fait, les transformations (8) laisseront toutes ^ P^quation (11) le caract^re 
d'une relation entre « et ^ seulement; ^ est done, en vertu de (12), Texpression 

dz 
d'un invariant ; il est visible de plus que z est un invariant absolu, -^ un inva- 
riant relatif, de poids 1 ; il en est done de meme de X. Ainsi, le premier 
membre de I'^quation (12) et par suite la combinaison 

p' + py 

jouent le rdle d'invariant relatif, de poids 6gal ^ 1 . Une autre combinaison de 
meme esp^ce est connue avant toute recherche, c'est le determinant fonctionnel 
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des trois solutioDS du syst^me (2) et I'on salt que d'ailleura on a 
d log A = - [(P' +Q)dy{- (P" +Q!)dx-], 

outre les relations, d6j^ signal^es dans un M6moire ant^rieur (Journal de I'EcoIe 
Polytechnique, LVIP Oahier), 

P = a^, 2P—Q=Sat, P'-2(^=Sas, g" = — a,. 

On en d6duit d'abord ,> _ 1 3 log A . 

mais A peut etre pris ^ volont6 parmi les invariants relati& de poids 1 , sans que 

la correspondance 6tablie entre T^quation donn6e (4) et le syst&me (2) soit 

troubl6e. 

J'en profite pour poser 

A» = ai; 

I'expression (12) se change alors en la suivante 

et, si Ton divise par a\ ce covariant de TSquation (4), le quotient n'est modifi6 
en aucune manifere par les transformations indiqu6es ; pour obtenir une condi- 
tion invariante, il suflBra d'exprimer que ce quotient, multipli6 par dx, 



a\dy+(a^T*-^aT*^-^)dx, 



est une diflF6rentielle exacte. Je trouve ainsi la relation 

dont le premier membre ne peut etre autre chose qu'un invariant relatif, et la 
substitution simple, ct/i = y 

en montre immSdiatement le poids, pourvu que c soit une constante. La con- 
clusion est que cette combinaison 

..= M^ + ^4(^-«a.a.)-3^(f-6<^), (U) 

des coeflBcients de T^quation (4) et de leurs deriv6es, est im invariant de poids 
6gal & 6 . 
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J'ai remarqu6, dans un autre travail, une Equation du second ordre, cova- 
riante de (4), pour toutes les transformations qui n'en changent pas la variable ; 
void cette Equation 

k laquelle on peut donner le nom d^adjomte de la propos^e, car il y a entre elle 
et le syst^me adjoint Jl (2) la meme. correspondance qu'entre F^quation et le 
systSme (2). II est clair qu'un nouveau covariant des equations (4) et (16) est 
leur difference, qui se reduit au premier ordre ; on aura done une condition inva- 
riante h satisfaire, si la valeur dy qui fait 6vanouir Texpression (13) doit annuler 
aussi cette difference, ce qui implique 

(^ - 6«i«»)(^ - 3«i«») - 6«? (^ - ^ + «^«0 = ^- (^^> 

On en conclut que le premier membre v^ de la relation pr6cedente est un inva- 
riant relatif, de poids 5 . 

Enfin, Ton en trouve un troisifeme, en cherchant sous quelle condition 
r^quation diffi&rentielle 

et une int^grale premiere de la propos6e. L'expression qui doit alors etre nulle 
et qui se repr^sente ainsi 

est un invariant, de poids 9 . 

Je suppose d'abord que I'un au moins des invariants absolus 

veaf', vlaT\ rjaf* (19) 
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contienne la variable y; en le prenant pour inconnue, on met T^quation (4) sous 
forme invariante, sans qu'aucune quadrature ait 6t6 n^cessaire. Ses coefiScients 
sont alors des invariants absolus propremeqt dits, entre lesquels T^limination 
d^y 6tablit trois relations caract6risques. 

Je suppose au contraire les trois expressions (19) fonctions de x seulement; 
en ce cas, il faut recourir k la transform^e canonique d^jh signal^e, dans laquelle 
le coeflficient d^y^ ne depend que de x ; je I'^cris de cette mani^re 

/ + a^^ + 3a^« + 3aa2/ + «*= (20) 

et je remarque d'abord que la relation 

v^T^ = ^{x), 

jointe k celles-ci 9ai ^ 3ai , 

entraine ^ d(u , ai , . 

^^ = "^ — r^(^)- 

Si done on a d^termin^ ai, comme cela est permis, par la formule 

6ai — ai^pi (x) = 0, 

on voit que a, ne contient pas y. 

Ayant de plus v^aY ^=^^{x), 

ou, ce qui est la meme chose, 

(^hi{x) + 6\{a^ai — aioi + 2aJ — SaiOjiaj + ajaj = , (21) 

on connait, entre ag et a^^ une relation lin^aire oii n'entre que la variable x. 
Par suite, T^quation Vs^f* = 4> (^) 

qui a lieu aussi suivant Fhjpoth^se et qui s'6crit encore de cette fapon 

6a!(-^ H-aia^ — ai) + 6aia8(a{ — SaiOj) + alq>{x) = 0, (22) 

d6finit pour 03 une fonction lin^aire de y. 

Soient Xi» A l®s expressions, signal^es ailleurs (0. R. de I'Acad. des Sc. de 

Paris, 28 nov. 1887), qui s'6vanouissent quand T^quation (20) a son int^grale 

g^n^rale lin6aire par rapport aux constantes arbitraires; ai, o^ ne renfermant 

pas y, la combinaison 

aiLi — a^L^ 
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peut etre representee sons la forme 

aiZi — a,A= g^[^i"5"~^'5^~ 2ai-^ + aia8a4 — 3a8(aH-aia8)] 

— -^ f «»«! — ttiots + 2aS — SaiO^as + afa^J (23) 

comme on le prouverait sans peine. Or rensemble des tennes compris dans la 
derni&re parenth&se est une fonction de a; d'aprfes r^quation (21), le premier 
membre de P^quation (23) est nul; les termes qui y figurent dans la premiere 
parenth&se constituent done une fonction lin^aire de y et cela ne se peut 6videm- 

ment, si Ton n'a pas -^ = 0. 

Cette Equation ayant lieu, a^ et par suite a^^ c'est ^ dire tons les coefficients 
de r6quation (20) sont fonctions de la seule variable a, ce qui donne un cas 
deja 6tudi6 et ramene aux quadratures. C'est le seul dans lequel la m^thode 
indiqu6e ne conduise point i une transform6e canonique a Paide des invariants 
proprement dits, quand ai n'est pas nul, et il est clair qu'il devait 6chapper en 
effet ^ toute consideration fondee sur Temploi unique de ces invariants. 

Si Oi est nul, I'integration depend d'une equation diff6rentielle, lineaire et da 
troisi^me ordre, ne contenant aucun paramMre : la formation de cette derni&re est 
le moyen le plus commode d'6tudier Tequation proposee ; mais, ayant d6jJL trait6 
ce sujet, je n'ai point k en parler ici. 

Dans le cas g6n6ral, j'ai montr^ comment Fintegration de Tequation (4) se 
ram&ne aux operations suivantes : ^ 

1°. Ohercher une solution du syst^me lineaire 



dV 

^-PY—PZ =0, 

dy 

7)7 

^—T'V—TZ =0, 
dy 



(24) 



dans lequel la variable x est regardee comme une constante ; 

T. Integrer une equation differentielle, lineaire et du 3** ordre, oh vHentre 
av/cwa paramUre. 

Or, on peut etablir que la fonction Z joue le role d'un invariant relatif, 
de poids 1 , pour toutes les transformations (8) et il en resulte que, si Ton consi- 
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d&re rSquation deduite du syst^me (24), h. laquelle satisferait Tinconnue 

isol6e des deux autres, ses invariants absolus, sont, au sens meme qui a 6te donn6 
^ ce mot par Mr. Halphen, des invariants de Inequation propos6e (4), tels que 
nous les avond definis. 

Deux cas surtout sont dignes de remarque. 

Le premier se pr6sente quand toutes les relations entre ces invariants 
demeurent ind6pendantes d'y; les solutions du syst&me (24) s'obtiennent alors 
par des quadratures ; 

Le second a lieu, quand toutes ces relations sont au contraire ind6pendantes 

de cc; le syst^me (24), dont il faut avoir une int6grale, pent se reduire alors a 

une Equation differentielle, du troisifeme ordre et lin6aire, ne renfermant aucun 

paramUre, de sorte que tout le probl^me aboutit a des equations de cette nature. 

Paris, le 20 avril 1888. 
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On tne Primitive Groups of Transformations in Space 

of Fov/r Dimensions. 

By James M. Page. 



In a series of papers published at various intervals since 1873 Sophus Lie 
has developed a new mathematical theory, which he calls the ** Theory of 
Groups of Transformations." His researches are nearly related to several 
other branches of mathematics, especially to the *' Theory of Substitutions" 
of Galois, to the Modern Geometry and Modern Algebra, and to the Theory 
of Differential Equations. Lie has very materially modified this last-named 
theory by basing it upon his Theory of Groups, and by showing that this is the 
natural and correct starting point for a Theory of Differential Equations. 

But, in order to derive practical advantage from the Theory of Groups for 
the Theory of Differential Equations and its kindred branches of mathematics, 
it is necessary to know some, and if possible, all groups of transformations. 
Lie has already given methods for finding all of certain classes of groups in any 
number of variables, although to carry out the necessary calculations in some 
cases may be practically impossible. However, he has actually calculated all 
groups in one, two, and three variables. It will be the object of this paper to 
find all of a certain class of groups — the so-called pHmUive ones — in four 
variables. 

As Lie's theory, since he has not yet published a connected work on the 
subject, is not generally known, we shall collect the principal definitions and 
theorems of the same needed in this paper, in an 

Introduction. 

A. We shall always operate with ** infinitesimal point transformations," 
inasmuch as they are most convenient for our calculations, and Lie has shown 
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how to find the groups of finite transformations by very simple means, when we 
know the groups of infinitesimal transformations. 

Lie defines an infinitesimal point transformation in n variables by the equa- 
tions Xi:= Xi + ^i{xi . . . . Xn) St, i = 1 . . . . n, (a) 

where 8t is an infinitesimal quantity, and where ^< are "analytical functions" 
of their arguments, in Weierstrass' sense of the word. 

For the infinitesimal transformation (a) , Lie has introduced the symbol 

n 

or, when we write as is customary, 

the symbol is ^i^ 

^{/)=y\^i{xi Xn)pi. 

1 

From this symbol we can see at a glance the form of (a) ; for if / is any func- 
tion of «! . . . • scjj, we have 

/{Xi ....xL) =/{x, ....Xn) + X{f) 8t, 

from which follows 

Xi=Xi + ^i(Xi Xn)St. 

It is easy to see that the symbol -Z'(/), or as we shall for convenience simply 
write it, JC/, is independent of the choice of variables.* 

If XJ,XJ....Xrf 

are r infinitesimal transformations, they are said to be independent^ when it is 
impossible to choose r such constants Cj^ as make the expression 

swinish identically. 

When we perform the operation 

n 

1 ^ 



* If the inflnitesimal transformation Xf is repeated an infinite number of times, we getoo^ finite 
Lsformations ._ 

where ^ is an arbitrary parameter. 



transformations v— ^j.* Trf^\A, ^* Tn^t^\^ 
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we say that we combine the two infinitesimal transformations Xtf and X^f. For 
this operation we shall write Jacobi's simple symbol 

Now Lie has given the fundamental 

Definition: "If r independent infinitesimal transformations Xif . . . . Xrf 
satisfy in pairs all relations of the form 

r 

1 
where the c^t are constants, then form the infinitesimal transformations 

r 

1 

where the c* are constants, a group with r members." 

The system of constants c<j, is called the composition (Zusammensetzung) 
of our group. 

Any three transformations -Z</, Xjf, X^f must satisfy the celebrated 
identity of Jacobi, 

(X,{XjX,)) + (Xj{X,X,)) + (X,{XjX,)) = 0, 

and this gives relations which the c^g must satisfy, if they form the composition 
of a group, viz : 



7*, i<^U8'<^9kv + Gjk9^Ci^y + Cku -c^^m) = 0, 



Lie has shown, conversely, that if we have a system of c^, which satisfy the 
equations last written, there are always groups with r members which possess 
this composition. 

If all ca, = 0, 

we say that our above transformations are in pairs commviahle (paarweise 
vertauschbar), or simply commutable. We may take any r independent infini- 
tesimal transformations of our above group, say Xif .... Xrf, as representatives 
of that group, since all of its infinitesimal transformations are included in the 
general infinitesimal transformation of the group 



7*1 cLX^f, {cjt const.). 
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and when we know X^f .... X^/, we may at once write all other transforma- 
tions of the group. 

For a group of transformations of r members we shall sometimes use the 
symbol Gy. 

If among all the infinitesimal transformations 

r 
1 

of our (r^, there are some, say 

Xif. . . . -Zi._p/, 

which form themselves a group, we call this group a svhgroup (Untergruppe) 
of the original Or. If the G^ contains a subgroup 

YJ=du^XJ+ . . . . + d^rXrf, h=l.... r-p, 

where relations hold of form 

{T^,) = '^d^Y.f, i, k=l....r, 

1 

then is the subgroup Fj/ .... F^^^said to be invariant in the Gr X^f .... Xrf\ 
and the Yi/ are said to form an invariant subgroup. 

The finding of all subgroups of a given Q^ involves only the performance 
of algebraic operations. 

Two groups are said to be similar (ahnlich) when by a proper choice of 

independent variables the one group can be transformed to the other ; that is, 

if we have the two Q^, 

XJ Xrf and Xif Xif, 

they are similar, when it is possible to introduce into XiJ such new independent 
variables that relations hold of the forms 



-^*/= 2^ ^iciXlf, k=l r , 



where c^^ are constants. 

We shall consider all groups Jmown, which are similar to a given group. 

B. For a space of n dimensions we shall use the customary symbol R^ ; 
and for a manifoldness of h dimensions, M^ . 

In all operations with infinitesimal transformations we shall be satisfied 
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with B.jflr8t approximation to accuracy ; that is, we shall drop out of consideration 
infinitesimals of the second and higher orders. 
Now a function ^{xi . . . . Xn) 

is transformed by the infinitesimal transformation Xf, in the same variables, to 

^ + X{p)8t. 

We say that the function ^ admits of (gestattet) the infinitesimal transformation 
Xfj or is invariant under X/, when 

i. e. when ^ is a solution of the linear partial differential equation of the first 
order, Xf=0. 

If in the ordinary XF-plane, a function ^{xy) admits of each infinitesimal trans- 
formation of a Grj it is evident that each of the oo^ curves 

^ (xy) = const. 

is unchanged by the transformations of the group ; that is, each curve of the 
family is invariant under the group. Thus each ordinary point of the plane 
must be simply moved up on one of the curves by the transformations of the 
group. In this case the O^ is said to be intransitive. If, on the contrary, a Gr 
in xy can transform every ordinary point of the plane to every other ordinary 
point of the plane, the Gr is said to be transitive. 

Similarly in i2„, if a function <^(a:i . . . . x^) admits of every infinitesimal 
transformation of a group, it is evident that each of the oo^ Jlf„_i , 

^ (cci . . . . Xn) = const. 

is unchanged by the transformations of the (?,., is invariant under the G^. Here 
every point of general position in R^ is moved up on one of these i/^_i by the 
transformations of our Q^. In this case our group in n variables is said to be 
intransitive. 

If, on the contrary, every ordinary point in R^ can be carried by the trans- 
formations of our Gr to every other such point in R^^ we call the group transitive. 
Analytically expressed, the group 

Xif .... Xrf 

is transitive^ when the equations 

Xif= Xrf= 

have no common solution. 
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But each member of the family of curves 

^ {xy) = const, 
in the plane, or, as we may write it, 

V (^) = const., 

where ^ is an arbitrary function of ^, need not be invariant for the whole 

family to be invariant. The family as a whole is still invariant when its various 

members are swapped around among each other by the transformations of our 

Gr . Now we know 

^ {xy) = const. 

goes by means of the infinitesimal transformation JT/to 

^ + X{^) U = const. 

Thus if x\^) =*(4)) 

the family of curves is as a whole evidently invariant. 

This family of curves is defined by a linear partial differential equation 10 , 

and when the family is invariant under X/, the differential equation is also said 

to be invariant under that transformation. 

The analytical criterium that 

Af=Q 
should be invariant under Xf is 

(X, ^) = p(a^).4/, 

where p is some function of x and y. 

Now a group X^f .... Xrf 

in the plane is said to be imprimitive when it leaves a family of oo^ curves, 

^ (jcy) = c 
invariant, i. e. when 

X,{^) = %{^), i=l....r. 

Otherwise is the group said to be primitive. 
Similarly, in i2„ the oo«-^if^, 

are said to be invariant as a whole under the transformation X/, in the same 
variables, when 

X(^0 = iii(4>i.-..^n-(^), 
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where the il are some functions of ^ . . . . ^;i_^. These Mg are represented in 
En by a system of q linear partial differential equations 10, 

Fi/=0 TJ=0, 

where ^i^ ^ 

and for these Ytf must hold the relations 

1 
Such a system is called a " complete (vollstandig)* system with q members." 

It may be shown that a complete system with q members in n variables 
always has (n — q) independent solutions. 

The analytical criterium that this system should be invariant under the 

transformation Xf in the same variables is 

g 

(X, F,) = 2 Pm (xi . . . . a^) TJ, 

1 

where the p are some functions of a5i . . . . x^ . 

Now we say that a group Xif .... Xrf in n variables is imprimitive, when 
it leaves a family of oo'^-^if^ (which fill R^ exactly once), 

invariant, i. e. when 

^.(^*)=ii«(4>i. . . .^»-.). {iZ} ::::"~^. 

where the il are some functions of ^x . . . . ^«_,. Otherwise is the group said 
to be primitive. 

If we hold any ordinary point in the plane, the directions through it are 
transformed among each other by the transformations of any group. If now the 
group leaves a family of qo^ curves, 

4> (»y) = c 
invariant, one such curve goes through each ordinary point in the plane ; and 
when we hold such a point, the curve, and its tangential direction through that 
point, must remain invariant with the point. Lie has shown, vice versa, that a 
group in the plane is imprimitive, when with each ordinary point which we hold, 

*TJi6 Theory of the Complete System was developed by Jacobi and Clebsch. 

VOL. X. 
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an invariant direction through the point is connected — a necessary and suflBcient 
criterium. 

Thus, a group in the plane is primitive when with each ordinary point which 
we hold, no invariant direction is connected. 

Similarly in jB^, if we have a group which leaves a family of oo '^-^if^ inva- 
riant, through each ordinary point goes a pencil of oo^-^ directions, which are 
transformed among each other by the transformations of the group, when we hold 
the point. 

Lie has shown that if with each ordinary point in i2^ such a pencil of oo«-^ 
directions is invariantly connected, a system of q linear partial diflFerential equa- 
tions 10 is invariant. If this system is complete^ then it is evident that the group 
in question is imprimitive ; if the system is not complete, the group may be 
primitive. 

Applying the above to w= 4, we see that in B^ there are three cases: A 
single direction may be invariant with each ordinary point; or a pencil of »* 
directions, and no single direction, may be invariant ; or a pencil of oo^ direc- 
tions — and no single direction, and no pencil of oo^ directions — may be invariant. 
In the first case the groups are evidently imprimitive ; at any rate, it is easy 
to see that they must be so. Lie has shown that they are also in the second 
case imprimitive. In the third case, however, the groups may be primitive. 

C From now on we shall confine ourselves to four variables. 
In the infinitesimal transformation 

4 



xfz=2^ki{^i — ^^Pi 



the ^^ are analytical functions. Thus, if a:J is an ordinary point in R^, the ^, may 
be expanded in its neighborhood in powers of a:< — x\. Let us choose the 
origin as an ordinary point, and then we may expand the ^< in its neighborhood 
in powers of «<. Thus we may write for the neighborhood of the origin 

4 1 . . .4 1 . . .4 

^f= 2^ ^iP* + z^ ^ik^iPh + 2^ Yikj^i^hPi + — 

1 ek ikj 

Here a, ^3 . • . . are constants, some of which may be zero. If the constant 
coefficients of all terms up to the {k — 1)^* vanish, that is, if the transformation 
Xf begin with terms of the Jc^^ degree, we say Xf is of the k^^ order. We call 
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the terms of the Jtf'^ degree of a transformation of the lif^ order the initial terms 
of the transformation. 

It is easy to see that a transformation of the t*** order combined with a 
transformation of the A;*^ order gives a transformation of at least the (i + k — 1) 
order, 

4 

We may remark that all transformations of the forms \< a<^< are mere 

1...4 1^ 

translations^ and / baXtpj, linear homogeneous transformations. 

ik 

Our object is to find all groups in B^ which transform the directions through 
an ordinary point, which we hold, so that no direction and no plane pencil of 
00* directions is invariant. Having chosen the origin as an ordinary point, let us 
hold it, and see how the directions through it are transformed by a transforma- 
tion Xf. If we expand Xf in the neighborhood of the origin, we see that the 
most general transformation which leaves this point invariant has the form 

1...4 1...4 

X/=2^^ijtXiPk + / ^ykfi^i^kPj + 

ik ikj 

But Xf does transform the points, very near the origin, with the coordinates 
dxi. Any such point cfo^J, together with the origin, determines a direction 
through the origin; and these directions are transformed just as the points very 
near the origin dxi are. But we see, when we drop infinitesimals of the second 
and higher orders, that Xf transforms the points dxtj that is, the directions 
through the origin, just as 

1. ..4 
ik 

does; that is, the directions through the origin are transformed by a linear 
homogeneous transformation. If now we have a Grj 

Lie has proved that all transformations of the (?,. which leave a point invariant, 
form a subgroup of the original (?,.. We have seen that all primitive groups 
are also transitive. Thus in the G^ which we seek there must always be four 
infinitesimal transformations of the zero order: 
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otherwise would every ordinary point like the origin be translated on a mani- 
foldness by the transformations of our group; that is, the group would be 
intransitive. Thus in a primitive Gr in JB4 there must always be (r — 4) inde- 
pendent infinitesimal transformations of the form 

1...4 1...4 

ih ikj 

p= 1 . • . • T 4, 

and the X^must satisfy relations of the form 

{X,X,) = ^Ca^J. (y) 

1 

The directions through the origin will be transformed by 

1 . . .4 

^p/=/,Atp^<i>ifc» p=l r— 4, 

ik 

exactly as by X/i .... X-4/; and if we substitute for X^f . • . . X^^J their 
values in (y), we find 

r— 4 

(r,F,) = |2i„,ry, t, A=l . . . . r-4. 
1 

That w, CUT primitive Gr in R^ transforms the directions through the origin when we 
hold this point just as the initial terms of its transformations 10 do. These initial 
terms of the transformations 10 form^ taken hy themselves^ a group of linear homo- 
geneaas transformations. 

Thus to attack the problem of finding all primitive G^ in JB4 we shall first 
find all linear homogeneous Gyj Ytf, in B^, which leave no direction and no 
pencil of 00* directions through an ordinary point, which we hold, invariant. 
Then we take the transformations of these linear homogeneous groups as initial 
terms of the transformations 10 of the primitive Gr which we seek. 

But since the Yjtf are linear and homogeneous in Xi . . . . cc^, we may con- 
sider the xi • • . . a?4 as homogeneous coordinates in jBg. Thus to find the linear 
homogeneous Gr in B^^ we must write the projective groups in B^ homogeneous 
and linear in a^^ • . • . x^. 

We shall then choose those of these linear homogeneous Gr which leave no 
direction, and no pencil of 00* directions, through an ordinary point which we 
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hold, invariant, and determine the combinations of the primitive Gr and the G^ 
themselves. 

In calculating our primitive Gr we shall make use of an important theorem 
of Lie. He has proved that if we can give a Or which has the same combination 
as a required Gr, and if the initial terms of the transformations of (he two groups are 
the same, then are the two groups similae. 

Suppose now we have a Gr in 5^, 

^\f • • • • ^rf} 

where the transformations have been developed in series, so that 



x»/=^»> + 



where we only write the initial terms on the right hand. Then the expres- 
sions _ -i^ 

1 
form themselves a G^r- If now 

r 

1 
and at the same time _!:^ 

{X^Xj,)=y'^Ci^XJ 
1 

where c<^ are the same constants in both equations, then we say that X^f .... Xrf 
are connected by normal relations. 

D. Lie has found all projective Gr in JB3 and has classified them according 
to the figures they leave invariant. He distinguishes 

(1). The general projective (?, which leaves no figure invariant. 



(2). • 






* *' plane " 


(3). ' 






* " linear complex invariant. 


(4). ' 






' ** straight line " 


(6)* ' 






a 2?T 


(6). ' 






' *' twisted curve IIIO invariant. 


(7). • 






^ " point invariant. 



* ^'1^2" IB sometiinee used for " Surface of second degree. 
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Lie has already found the primitive Gr in -B4 given by cases (1) and (5) ; we 
give them at the end of this paper. 

We may exclude case (7) at once, since that evidently assigns to each point 
of general position, which we hold, an invariant direction, so that the groups are 
imprimitive. Further, it is easy to prove by the theory of Pfaflf's Problem, as 
Lie has shown, that case (2) gives only imprimitive (?,.. 

Thus we have only the cases (3), (4), and (6) to discuss. The cases (3) and 
(6) give only one projective Gr each, which assign to a point of general position, 
which we hold, no invariant direction. But there are a large number of sub- 
groups of the general (?,. in case (4) which may give primitive Gr in ^4. 

Thus our first object will be to find these subgroups in case (4). 

E. The general projective group in B^ which leaves a straight line which 
we may choosef as 2 = const. = c, invariant, 

has the form p, q^ zp, zq . . . . (7i), 

xq, xp — yq, yp {Uj), 

^j »P + yg^ + 2zr, xzp + yzq-^z^r (F*), 

xp + yq (TF). 

We see that the transformations 7i are in pairs commutable, and that they leave 
each of the planes z = c, and each point on the straight line 2 = c, absolutely 
invariant. Further, the Uj^ form a group which leaves the planes 2 = c singly 
invariant, but transforms the points on the straight line 2= c. We see that the 
T]t form an invariant subgroup of the group Z7t, 7^. 

The Ffc form a group, of the same combination as the U^tj which leaves the 
points on the straight line 2 = c invariant, but transforms the planes 2 = c. And 
the 7i also form an invariant subgroup of 7i, 7*. U^ and F^, by the Principle 
of Duality, are equally privileged groups. 

The transformation W leaves the points on the line 2 = c as well as the 
planes 2 = c both absolutely invariant. We see that 7i, 27^, Vk form a Giq — a 
subgroup of our (?u — of which each transformation is absolutely invariant 
under W. 

From what we said above we see that the subgroups which we seek must 
leave no point or plane in ^3 invariant. Thus : 

We wish to find all avhgroups of the above Gn which leave the straight line 
z=^c, but no point or plane^ invariant. 
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Consider two transformations of our G^: 

^ {aj,T, + fij,U, + y,,U, + SjW). 

If we combine these two we get a transformation in which the new ^ depend 
only on the old ^, and the new y on the old y. No 5 occurs in the new trans- 
formation. Thus we conclude that 

form themselves a group. 
Further, we see that 

form also a group. 

If we compare the group V^^^^C^^ with the original On, we see that the 
two groups transform the points on the line 2 = c in exactly the same manner ; 
and also the group ^< y^7< transforms the planes 2 = just as the On does. 

Thus if the group \< /?„C7i contains less than three members, a point on 

the straight line 2 = c will be invariant,* which case is excluded. Same way 

must the group V^y„Pi contain three members, otherwise we would have an 
invariant plane. 

Thus we wish to find all subgroups of the group 

which transform the above-mentioned points and planes so that no point or 

plane is invariant. Hence, since all the U must occur, we may write these 

subgroups, 

3 9 s 

1 1 1 

But since all the V must occur, we may write the required groups, 

8 8 8 

Ill 

* By a theorem of Lie's on the groups of the Mi . 
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Since U and V are equally privileged, we easily see that the only possibilities 
here are the two groups 

Vi+ Uu F,- D;, Fj- Us, and 7^, F„ F3, U,, U,, U^. 
We shall call these two our "abridged" (verkurzte) groups. The Or which we 
seek must all contain the transformations of one of these abridged groups. 
Since the 7i and W transform neither the points nor the planes mentioned above, 
these transformations may occur in the required O^ free, or added with constant 
coefficients to the transformations of one of the abridged groups. 

(A). Let us take up the case where the transformations of the first of the 
above abridged groups occur in our sought subgroups ; that is, the transforma- 
tions of Fi+ t7i, F,— 17,, Fg— Us occur. 

(1). Suppose for the present no transformation TF occurs at all; and also no 

free transformation of the form //^^ S^T^. Then the transformations of our 

1 
sought groups can only have the forms 

Vi+U^ + ^a,T,, V,-U, + ^^jTj, V,-Us + ^yun. 

Let us introduce new variables into these transformations by means of the sub- 
stitution ^ — ^ ^orl_^ -/— «,-L^« 

Since nothing depends upon the symbols we use, we can drop the accents 
from the new transformations, and our substitution is equivalent to putting 

ai = otg = ^, = • 

We now easily find by combining our transformations, and remembering that 
they must form a group, that the only possible group is 

r + xg, 2{yq + zr), xzp + yzg + ifr — yp. 

It is easy to see that this projective group leaves the jPi, 

y — 2aj = 

and all generators of one family, absolutely invariant. 

If the transformation W occurs, it is easy to see that it cannot occur 
additively, i. e. only free. Hence we get the group 

r + xq, xp+yq, 2{yqi-zr), xzp + yzq + ^r — yp. 
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This group leaves the Ji, 

y — zx^=0 

and two different generators of one family invariant. 
(2). Suppose a transformation of the form 

1 

occurs free. Suppose for the present that no W occurs ; our transformations are 
T + xq + ^a,T,, 2{yg + zr) + ^^jTj, {xz-y)p + yzq + ^r + ^y,Tu 

By making the same change of variables as in (1), we can again put 

ai = a2 = ^, = 0. 

By combination we find that the transformations 

(5, + S,){p -zq) + (8, - 8,){q + zp) , 

5«9 — ^%^P 
must occur. 

(I). Suppose 5, = — ^8 ^^^ 

(a). ig = . 

Then we see (§4 — h'^{q + zp) 

must occur. 

(i). Suppose 5i = ^4. Then must 5i X ^4 :^ 0. Hence 

p + zq 

occurs. Any other transformation /< afT^, which occurs has the form 

a/> + &5f + C2p. 

Combine this transformation with r + orj + /\ ^i'^i^ ^^^ ^^ s^^ 

c{p — zq) — aq, 

and 2cq 

occur. If here c 4^ we see 

jp, q, zp, zq, 

Voifc X. 



1 
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must all occur. Thus we find the group 

T'\'xq, yg + zr, {xz — y)p + yzq + ;?r,p, zp, q, zq. 

If the transformation W occurs, we see that it can only occur free, and we find 
a group of which the last is a subgroup, 

r + xq, yq + zr, {xz — y)p + yzq + s?r, xp + yq,p, zp, q, zq. 

It is easy to see that these groups leave two coinciding straight lines invariant. 
If above we have c = and a :^ 0, we find these groups again. Thus 

c^=a = 0, 
and we see then 6 = 0. 

Our transformations now have the forms 

r + xq + agzp + a^^, 2{yq + zr) + P^ + I3^zq, 

{xz — y)p + yzq + ^r+y^^y^Ti,p+zq. 

By combination we easily find 

y< = as = /?4=0, ^3=— a4. 
If now a^ = we find the group 

r + xq, yq + zr, {xz — y)p + yzq + ^r,p + zq. 
If a4 4^ 0, introduce new variables by means of the substitution 

and we find our last group again. 

This group leaves the surface of second degree 

y — ZX=:0 

and two coinciding generators of the same invariant. 

If the transformation xp + yp occur, it can only occur free, which gives 
the group 

r + xq, yq + zr, {xz — y)p + yzq + ^r,p + zq, xp + yq. 

This group leaves a surface second degree invariant, and also one of its gene- 
rators. 

(ii). Suppose now 5i 4^ ^4. 



in Space of Four Dimenmons. 309 

Thus we see q + zp occurs. Combine this transformation with r + a^ -f \* a< 7^ 

and we see p — zq^ q 

occur also. 

We see at once that no other transformation /^5^7]^ can occur, unless all 

occur, a case which we have already finished. 
We easily find the group 

r + xqjyq + zr, {xz — y)p + yzq + ^r, q, zp,p — zq. 

The transformation xp + yq may occur free, which gives a group of which the 
last is a subgroup, 

r + xq, yq + zTj {xz — y)p + yzq + ^r, xp + yq, q, zp,p — zq. 

Lie has shown that these groups leave a linear complex and one of its straight 
lines invariant. 

We now come to the case 

(b). ^2 = — ^8, ij-^s 4^ 0. 

We see at once that the transformation 9 + zp occurs. Combine this with 

r + »? + /V.^i^< ^"^^ t^^°^ w® fi°^ ^^^ ^^so 

p — zq,q 
must occur. Thus we have the same groups as in the last case. 

(II). 5,41-53. 

Tl^"^' p-zq + H<l + ^p). A:=|^; 

occurs; also h^q — h^zp. 

(a). If now ^8 4^ , then zp — -j- q occurs. Combine with 

r + gg + y^ajyi 
and we see p — zj, j 

occur. Thus we have again the same case as above. 

(b). If §8= 0, then 5, 4^ and q must occur, withjp — zq'\'h.zp. If A; 4^ 0, 
we see that we g^ the above case again. 

If Aj= 0, we have 

q,p — zq. 
Combine the last transformation with 

{xz—y)p + yzq-^^T+ 7^y<7; 
and we see that we get still our often-mentioned case above. 
These are all the groups possible in category (A). 
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(B). Let us now take up the case where the transformations of the abridged 
group t7i, U^, Usi 7i, F„ V^ 

occur in our sought groups. 

(!)• Suppose no transformation 25 7 occur free. Then we have 

We easily find that this gives the group 

xq, xp — yq, yp\ r, xp + yq+ 2zr, {xz — y)p + yzq + !?r. 
The transformation xp + yq may occur free, which gives the group 

^^f »p, yqj yp) r, xp + yq+ 2zr, {xz — y) p + yzq + ^r . 
These groups leave two different straight lines in R^ invariant. 

(2). If one transformation V* 5^7], occurs free, it is easy to see that all the 
rmust then occur free. Thus we find the group 

arj, xp — yq, yp\ r, xp + yq-^ 2sst, xzp-^ yzq-^ ^r — yp, p, q, zp, zq. 

As usual, xp + yq may occur free ; and we find so the original (tu, of which the 
last is a subgroup which leaves a straight line invariant. 
These are all of our required groups. 



Lie has given general formulae for writing projective transformations in 
(n — 1) variables linear and homogeneous in n variables. For writing projective 
transformations in xyz linear and homogeneous in XxX^x^^, the formulae are 
xq = xip^, xr = XxPs, yp = x^pi, yr = x^p^, 
zp = xspij zq = QCsPi, 
p = x^pi, q = x^p2, r = x^ps, 
x.U= — Xip4^y y.U= — X2p^, z.U= — x^p^, 
U+ xp = xipi — x^p^, U+yq = X2Pi — x^^, 
U+ zr = XsPB — X4p^, 



zr 



1 1 
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where we write for brevity 

U=xp + yq + zr. 

If we reverse these formulae of transformation, and write the transformation 

4 

1 

in the variables xyz, we get zero, i. e. the ^* identicaV^ transformation. Thus we see 
that when we write our projective Or, in xyz, linear and homogeneous in XyX^x^^, 
the transformation U may also occur in the linear homogeneous group, free, or 
added with a constant coefficient to the other transformations. 



Chapter I. 
A Twisted Gv/rve IIIO is Invariant in B^. 

§1. 

The projective group written in the variables xyz has the form 
p + 2xq + Syr, xp + 2yq + 3zr, Z7?p + Zxyq + Zxzr — 2yp — zq, 

and leaves the curve IIIO 

y — si? = 0, 2 — 0^=0, 
invariant. 

When written linear and homogeneous in XiX^x^^ according to the formulae 

p. 310. the group has the form 

x^Pi + 2xipi + Sx^p^, xipi — x^p^ + 3 {xip^ — Xsps), 2x^Pi + x^p^ + 3a?ii?4i 
to which may be added 

4 

u=iy*^^x^Pi. 
1 

In the following we shall only write the initial terms of our transformations, for 
the sake of brevity. 

When we have found the transformations of a group in finite form we shall 
enclose them in a frame to catch the eye. 
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§2. 

crrmmfl ixta nnixT- aPAlr ViavA tliA -fnrTna — 



Thus the transformations 10 of the groups we now seek have the forms — I 



writing only the initial terms — 

Si = x^pi + 2xipfi + Zx^ps, 

Si = xipi —x^pt +Z{xAPi — ^Pz), 

Ss = 2XiPi + XsP9 + ZXip^ , 

to which may be added _i^ 

For the initial terms of these transformations the relations hold 

(SA) = - 2^„ (^1^3) = S,, {S,Ss) = - 2^3, (SiU) = 0. 
Thus we see that if the transformation U does not occur free, it cannot occur 
at all. 

We vmh to see what traruiformations of an order higher than the first can occwr. 

If a transformation 10 occurs it must have the form 

Xf= l^i{xix^x^pi + ^» (agaves) i?» + ^z{^^^Pz + L {^^^Pi- 
For we know that the four transformations zero 0\pic must occur ; thus, if ^^ were 
a function of a^g , we could by a proper combination of Xf with the pj, get a 
transformation 10 of the form 

37= x^pi + >722?2 + >73jp3 + Yi^p^. 

But Yf must be a transformation of our group, and so, linear in the Si . We see 
at once that this is impossible, hence ^i is free of a% . Same way we see that 
^2) ^3» ^4 have the above forms. 

Since the ^^ are analytical functions of their arguments, we may write 

X/= (aia^ + 6ia| + Cia;| + diXiX^ + e^XiX^ +fi^^A)Pi + (^s^^ + h^x^ + c^pz 
+ («»a^ + \A + <hA + d^^v^ + ^a^i«3 +/»^a^8)jPs + («4^ + *4a^a^4 + <^4p^A)Pi 

where a, 6, .... C4 are certain constants. 

Combine now X/ with ^3, and we get a transformation /O, 

ZJ= (203X3 + 63X1 + f%x^)p^ + (630^ + 2C3X3) p3 , 

which must belong to our group. Thus we must have 



ZJ=^aj,Su + aU, 
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where the a are certain constants. But we see at once that this relation gives 

Cj = e, =f^ = 6g = 2c8 = 0. 
Hence 

+ (o^a^ + ijccf + ^a^iaJj) i>« + {P'aA + 642^^:4 + <^4?^^ Pa • 
Now combine X/with^?*, and we find a transformation /O, 

Z,/= (2C1X4 + 61X1 +fiXi)pi + (64»i + 204X4)^4, 
which must belong to our group. Thus as before we must have 

8 

1 

where the ^ are certain constants. We find without difficulty that this gives 

Ci = ei = /i = 64 = C4 = . 

Proceeding in exactly the same manner with Xf and ^1 and p^ we find 

ai = di = Oj == dj = a4 = 5i = Jg = as == . 

Thus we find that all constants are zero ; that is, that no transformation IIO can 
occur at all. Also none of IIIO can occur, for a transformation IIIO combined 
with a transformation zero gives a transformation IIO, which cannot occur. 
We see in this manner that no transformation of an order higher than the first can 
occur. 

We have now two cases according as the transformation U occurs or not. 

§3. 

Suppose the transformation U occurs. In this case the transformations of our 

group are 

4 

Pi^P2,P^iPa] ASi = a;4jpi + 2x1^8 + SxjjjPs, ?7=7< a:<jp<, 

1 
S^ = Xip^ — x^pi + 3 (X4i>4 — ^sPa) ; 
Sz = 2X2P1 + ^sPi + ^^Pi • 
Let us find the composition of our group. We see that the /Si and U are con- 
nected by normal relations, and so are the Si among each other. We shall first 
choose the transformations zero so that they are connected with U by normal 
relations, i. e. we shall ** normalize" with Z7, and then we shall see how the 
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transformations zero are connected with the other transformations 10 and with 
each other. 

If now we combine pi and U we must get a transformation of our group, 
thus, ^i^ 

(Pi ^) =i>i +• 21. ^*^* + ^^^ (^< ' ^ consts.) . 

Let us introduce a new^j by means of the substitution 

8 
1 

where ^ and B are certain constants. Then we have 

8 3 

1 1 

Now put A^=:atf -B = /3, 

and we have (Pi U) = Pi. 

Since nothing depends upon the symbol we use, we may write this 

remembering that this is a new pi . 

Proceeding in just the same manner we may write 

'ip,U) = p,. 

{PsU)=Psj 

{p,U)=p,. 

Thus we have normalized the transformations zero with U. Let us find the 
relations between the pi, and the /Si . We have 



{PiSi) = 2p, + ^a,S, + bU. 



Form Jacobi's Identity withjpi, Si and J7, thus 

(iPiSi) U) +{{S,U)pO + ({Upi)SO=0, 
or 2{p,U)-{piS,) = 0, 

and {PiSi)=2p^. 

Thus pi and Si are connected by a normal relation. In exactly the same manner 
we find that the other transformations zero and 10 are connected by normal 
relations. 
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It remains to see how the transformations zero are connected among each 
other. 

We cannot say a priori of what order a transformation will be which we 
obtain by combining two transformations of zero 0, since no transformations of 
minus first order can occur. 

Thus we must write 

4 8 

1 1 

where a^, 5^, c are certain constants. 

Now form Jacobi's Identity with ^, p^ and Z7, thus 

((i>ii>.) TJ) + ((i^D^)i>i) + {SJJp^P,) = 0, 
or * 

1 

i. c. (i>ii?»)=o. 

In the same way we find 

Thus we have found the composition of our group, and find that all transforma- 
tions are connected by normal relations. 

A group of this composition whose transformations have the same initial 
terms is 



Pi» JP2, i>8» JP4; «ii>i — ^V^ + 3 {x^p^ — x^p^ ; 2x^pi + x^p^ + Zx^p^, 
»4i>i + '^iP% + 3a^2P3) ^P\ + a^i>8 + aJsjPs + aJ4jP4- 



By Lie's theorem, p. 303, this is thus the group we seek. This group is primitive^ 
for with any ordinary point which we hold is, as is easy to see, no plane pencil of 
directions invariantly connected, and also no direction. 

§4. 
Sv^ppose U does not o&swr. 

Here we have the four transformations zero and the transformations 10, 

Si = XiPi + axip, + 3a,j?s, 

St = Xipi — Xipa + 3 {xtpi — Xsps) , 

Ss = 2x,pi + x,pi + BxiPi. 

VOfcX. 
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We see that the transformations 10 are connected by normal relations. To find 
the composition of our group, let us normalize with S%. We have 

8 

{piS%) =i>i + ^ a^iSi , (a, const.) , 
1 

and when we introduce a new pi by means of 

8 

^1 =2>i + 2L ^''^* ' ^^ const.) , 
1 
we get _ - v^ v^ 

1 1 

We can evidently choose our constants Ai so that 

or, as we may write it, (jp^/Si) =jpi. 

In the same way we find 

iCP«>Si) = — i>s, 
(i>8^) = — 3i>3, 
(i^A) = 3p4. 

Now we wish to see how the p^ are connected with Si and 8^. We have 

8 

p (Pi^i) = 2p2 + y^o^iSj , (Oi const.) . 

1 

Form Jacobins Identity with jpi, /Si and S^^, thus 

((i^i^i) S,) + ({SA)Pi) + ({S,pi) A^O = , 
or {piSi)=2p^. 

Thus we see pi and /Si are connected by a normal relation, and in same manner 
we find that all (picSi) are normal. 

It only remains to see how the transformations zero are connected among 
each other. We have 

4 8 

(PiPi) = 2L ^'^' "^ S ^*'^* ' ^^' ^ const.) . 
1 1 

Form Jacobi's Identity with p^ , p^ and /Si ; thus 

({PiP%) ^2) — {P1P2) + {piP%) = 0, 
or ai = ttj = ttg = a4 = /?i = ^8 = • 



in Space of Fowr Dime/nsions. 
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Same way 



Thus, {piPf) = M^^ 

^{pij?s) = ri^i, 

^ iPlPA) = {P%PB) = 0, 
{P2P4)=^8Ssj 

Form Jacobi's Identity with^i, p^ and^g; thus 

(iPlP9)PB) + ({P2Pb)Pi) + ({P3Pl)P%) = 0, 
or 3/?,2>8+3yi2>, = 0, y^ = —/?,. 

Also ((j?iP%) Si) — 3 {pips) = 0, 

or ^^%Si — SyiSi=0, i.e. ^2 = yi = 0. 

Similarly we find without diflficulty by means of Jacobi's Identity 

Hence all (PiPk) = 0, 

and our transformations are connected by normal relations. Our group is evi- 
dently 



i>i» P%f i>ii Pij ^iPi + ^P% + 3a8i>8, ^x^Pi + OsJPs + 3a^i?4; 
XiPi — x^p^+Z{x^p^ — x^p^. 



This group is a subgroup of the one found in §3, and we see at once that this 
one is also primitive for the same reason that that one is. 



Chapter II. 
A Linear Complex is Fnvaria'fjfi in R^. 

§1. 

The projective group written in xyz has the form 

p — yr, g' + a^r, r, ag, yp, xp — yq, xp + yq+2zr, 

zq + x.U, zp — y*U, xzp ••{• yzq + !?r , (where U=xp + yq + zr)f 

and leaves the linear complex 

dz + Qcdy — ydx = 
invariant. 
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When written linear and homogeneous in 3^X1X^4 according to the formulae 
p. 310, the group has the form 

iCiPi — XtPs, «iPi + XiP„ Xip„ XiPt, Xipi — Xtp,, Xtpi, 
«sPl + «»Pi, «SpS — X4Pi, «sP» — XlPi, XfPi, 

to which may be added * 



U=y*^X(Pi. 



§2. 

Thus the transformations 10 of the groups we now seek have the forms 

Si = x^Pi — X2Ps, Si = x^p^ + xip^, Ss = X^Pq, S^ = xip^, 

S^ = XiPi — x^P2, AS« = a^i>i, Sj = XsPi + XtPi, Ss = XsPs — x^p^y 

S9 = XsP2—XiP^, Sio=XsPi, 

to which may be added _i^ 

U=2^XiPi. 

Let vs see what transformations of an order higher than th^ first can occur. 
Let s be the maximum order, so that we suppose a transformation of form 

xf= ^i> + ^i'>i., + e^^p, + ^['% 

occurs, where the index (s) shows that the ^„ are of the s^^ degree. 

Since in our group jci, X2 are equally privileged with x^, x^, we can suppose 
that ^i'^ and gi'^ are not both zero. If now ^i'^ ^ 0, by combining X/with 

a^iJPs, XiPs — x^Pi, Xip^ — xsp^ 

in proper order, we see that 

Tf= xUh + ^i'lh + mh + ei% 

occurs. Combine jh ^^^ Xf^ hence 

Zf= sxr% + y'r^'p, + 2^J'-^>i>8 + yi'-^>i>4 
must be a transformation of our group. 
Combine now ^ and I/, hence 

must occur. But s is the maximum order, hence 

2s— 2<s+ 1, or «<3. 
Thus when ^i'^ =1:0, «<3. 
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If ^i« = 0, then ^ir' + 0, and 

Combine this transformation with 

in proper order, and we find that 

must occur, and proceeding just as with ly above, we see «< 3. 

Thus at aU events is S'^S. 

Now let us see what transformations IIO, if any, can occur. If any trans- 
formation IIO occurs, we wish now to show that one of the form 

must occur, where ^?^ d^ . 

First we must prove that no transformation IIO of the form 

can occur, and since Xi, Xf are equally privileged with ar,, a;^, of course then 

none of the form ^^Ps + ^aPa 

could occur. 

If Xf occurs, then must ^i be d[:0. For if not, a transformation 

must occur. Combine this tl'ansformation with x^Pi and we see 

^i^P% — ^iPi 
must occur. Combine the last transformation with a^^, and we get a transfor- 
mation IIIO, which is impossible. 

Thus ^1 4^ when Xf occurs. 

By combining Xf properly with x^p^ and x^p^ , we can arrange so that 

Ili^XB)pl+^%P% 

must occur. But from the transformations 10 we see that ^i can contain no x^ 
here. Thus a transformation 

X/=7^Pl+^2P% 

occurs. Combine XiPi — x^p^ with Xf and we see 



r/=ai;>.+ {a,^-a,-^+|,}i. 
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must be a transformation of our group. Here Tf must be the same transforma- 
tion as Xfj otherwise, by subtracting, we would find a transformation 

which would belong to our group. But we saw no such transformation can 

occur; thus Yf=Xf^ 

and hence .^ 9^» _i_ 3^» /. y k f \ 

Hence ^= APi + («ai«i + JaJ + cx^i + da3)i>f 

Combine this transformation with ^3, p^ and we see 

6 = c = d=0; 
thus 7\pi + axiXip^ 

occurs. Combine this with p^ and we see at once 

a= — 2. 
Combine now o\pi — ^XiX^p^ 

with Xip% and we find that a^j 

must occur. But we saw that this was impossible ; thus, no transformation of 

form HTpi + », or ^i% + kTPi 

can occur. Thus if a transformation of form 

occurs, but not 

we must suppose that ^?^ :(: 0. Hence 

Xf=APi + &P. + ifp. + iTp, 
must occur. Combine this transformation with o^i — Xip^ and we see 

must belong to our group. Subtract Xf from Yf and we see that 

("^ ^ - «* t'>' + (- -^ - ^ :S- «■> + ( )i>« 

also belongs to the group. But this is a transformation of the form Zfj and 
since by hypothesis none such can occur, we must have 
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and hence ^2 = ^2(«ia^, Oj, 354), ^3 = ^sCaaa^j* a<s> a;4),ai 

and i?4 = ^4(aJiai» a^s» x^).Xi. 

Since our transformation is of the IIO, 

^8 = 3:1.^8(0^, X4), ^4=3^-^4(21^, a^O- 

Thus a transfonnation of the form 

^Pi + («ai»$ + bx^^ + (x4 + da(?^Pi + xi{ex^ + 9Xi)ps + Xi{efx^+g'x^)p^ 

occurs. By combining this transformation Pi, Pzt Psf Pi we easily see that also 

T^px — 2xia,jp2 + {ex^i + ca| + daf^p% + Xi{ex^+ idac^p^ + sci {2cx^ + ^^Pa 

must belong to our group. Combine this transformation with a^jp, and we see 
that aijjpj must occur, which we saw to be impossible. 
Thus a transformation of the form 

must occur, if any transformation IIO occur at all ; and here iS^ -jfi , and not 
^f\ ^T both can be zero. 

Combine properly with Xip^ and x^p^j and we see that a transformation 

Xf= ^2 (CCI , X^)p^ + ^3JPb + ^42>4 

occurs, where all ^j. are free of Oj. Combine JC/ again with x^p^ and we find 

But no such transformation can occur, hence 

^3 = ^8 («i«8) . Ii = -^ • Is + >74 (aiOs) • 

From the transformation /O we see that no Xi can occur in ^g here ; thus 

^g = aa|, ii='ax^^ + ri^{xix^), (a = const.). 
Thus a transformation IIO of form 

^% (aJi^s) P% + oj^Pz + { «a:8X4 + >74 (xiXg) } jp4 
must belong to our group. Combine this with p^ and we see a = ; thus 

^/= ^2 {^i^z)p% + ^4 (aaa^8)i>4, 
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where ^^.^4 :(: 0. By combining Xf properly with oi^p^ — x^% we see that 

occurs, or ccjjp^ + {da^ + hxiX^ + cJS)Pi - 

Combine with pi and p^ and we see 

5 = — 2, c=0; 
thus a^^4 + (da^ — 2aJiX8)i^ 

occurs. Combine with X4p>^ and we see 

occurs. Combine x^pi with Zi/ and we see 

occurs. Combine Xyf and X,/ and we get a transformation IIIO ; but such a 
transformation cannot occur ; thus no transformaiion IIO can occur. 

We now have two cases according as U occurs or not. We easily see that 
U cannot occur additively. 

§3. 

Suppose U occurs free. 

In this case we ** normalize" with 17 just as in §3, Chap. I, and find without 
any diflSculty the group 



Pi^P%yPz^P^] ^aPi — ^Ps, ^iP^ + ^Ps^ XiPs3^Pi — x%P2i x^Pif^iPiJ 
x^Pi + x^p^, arsjpg— CC1JP4, x^p^, x^Ps — x^p^, XiPi + X2P2+ XsPs+ x^^. 



We see at once that this group is primitive^ for the same reason as those found in 
the last chapter are primitive. 

§4. 

Suppose U does not occv/r free. 
Our transformations 10 are 

^iPi — x%Pzi XiP% + ^Pz^ ^iPsj aJijps, XiPi — x^p^, x^pi, 

^bPi + X^Pi^ XzP% — ^iPl^ ^Pi^ ^SPS — ^iPi' 

Let us designate the first nine of these transformations in the order written 
respectively by aSi . • . . /Si , and put 

T= XiPi — x^Pi + (x^ps — x^p^) . 



in Space of Four Dimensiona. 



323 



These transformations 10 are connected by normal relations, and we see by 
combination that U cannot occur additively. We may at once choose the jp*, 
without loss of generality, so that 

{p,T) = -p,, 
iPzT)^ P3, 

Purther, we find without difficulty by means of Jacobi's Identity that now all 
the relations {pJS^ are normal. It remains to see how the transformations 
zero are connected among each other. We have 

4 9 

{PlP%) = ^ hPi + 2 "^^^^ + *^' 
1 1 

Form Jacobi's Identity withjpi, p^ and T, thus 

((i>iB)7^)=0, 
or {p^p^) = (h8^ + (hS^ + a,/Si + 6 r. 

Also now ((jPiPs) ^) = > *'• ^- 07 = 5 = . 

Finally ((PiPs) >Si) = , i.e. o^ = aj = . 

Thus {PiP%j = . 

Analogously we find {Pipk) = • 

Thus we find that all of our transformations are connected by normal relations. 
Our group is evidently 



PlyP%^PziP^] ^Pl — ^^Pzy XaP%+^iPz^ ^iPsf ^P%f O^Pl — ^P%] 

^%P\^ ^Pi + a:2i>4, a?8jP« — ^iPaj x^Pij x^Ps — x^p^. 



This is a subgroup of the one in §3, and is, for the same reason as that one, 
primitive. 



YOL.X. 
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Chapter III. 
A Surface of the Second Degree and One of its Generators Invariant in B^ . 

§1. 

The projective group written in the variables xj/z has the form 

r+ocq, yq + zr, {xz — y) p + yzq + ^r, xp'\- yq, p + zq, 

and leaves the surface of the second degree 

y — 2fx = 

with one of its generators, invariant. 

When written linear and homogeneous in XiX^x^^ according to the formulae 
p. 310, our group has the form* 

^iPi — ^Psj ^iPi — ^%P% + ^3Pz — XiPif X9P% — XiPij ^Pi — oc^p^, 

XiPi — X^Pi — JTs Ps + ^iPi , 

to which may be added ^.i^ 

U=2^Xip,. 

1 

§2. 

Thus the transformations 10 of the groups we now seek have the forms 

Si = x^p^ — x^Ps, S,i = Xi2h — ^P2 + ^I^s — ^iP4, >X = »8i>2 — aJiJP4» 
Si = XsPi — x^Pi , /S; = xipi — Xip^ — x^ps + XiPi , 

to which may be added _t^ 

U=2^XiPi. 

1 

For the initial terms of these transformations the relations hold, 

{StT7)=0. 

* The form in the text is not that given immediately by the formulae p. cit^ but an equivalent one 
which we choose on account of the following calculations being so somewhat more convenient. We 
obtain the group given by the formulae p. ctY., when we perform the simple transformation 

on the group in the text. 

The same change is made in the next three chapters. 



in Space of Four Dimensions. 325 

Thus we see that if Udoes not occur free, it can occur additively only with S^^ 
in form S^ + aU^ (a const.) . 

Let us see what transformations of an order higher than the first can occur. 
No transformation IIO of the form 

can occur ; for then we would have 

and by combining with^^, we find that then 

Thus if a transformation IIO of form 

4 
1 

occurs, we must have either ^j?^ ij: 0, or ^?^ ^^ 0. We see also 
Thus if * 

1 

is a transformation sO which occurs, by combining Improperly with x^p^ — ^iPi^ 
we can arrange so that 

^Pt + rii^Pz + nfPi + nrPi 

must occur, when we suppose ^^'^ :J: . In this case thus, when s is the maximum 
order, we must have «<[3. 

If ^i'> = 0, then ^i'> :J: , and 

^zP, + n^'p, + rirPi + nTPA 

must occur. Thus, as above, s<3. 

Thus, at all events, no transformation of an order higher than the second can 
occur. 

Whai transformalioTis IIO can occur in our group ? 

(1). Suppose *^ 
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is a transformation IIO which occurs, and let ^?> be :(: 0. Then as above a 
transformation 

must occur. Combine Xf with XiPi — x^p^ , and we see 

occurs. Either 37* is the same transformation as Xf, or not; if not, a transfor- 
mation IIO of the form 

Vs {^^3)Pz + >7l {^XsX^ Pi + »74 (3^X4)^4 

which we get by subtracting Tf from Xf, must occur. Here we must have 
>73 4: 0, and by combining the last transformation properly with x^p^ — ^iPii we 
see a transformation of form 

Z/= aips + yii{xi^8X4)pi + m {x^i)P4 
occurs. 

By combining ^^3 with Zfwe see that rii = yii{xiX4). 
Combine ^ with oc^Ps — x^j)^, and we see 

must occur. Subtract this transformation from Zf and we find 

^*a^=^^'^*a^4 = ^^*' 

or >7i = aia:ia;4 , rj^ = /?4cc| , (ai , ^4 const.) . 

Thus Z/= aip^ + aiXiX^ih + ^i^iPi • 

By combining Zf with pi and2>4 we find 

ai = /?4=0. 
Thus Z/=Qips, 

and no such transformation can occur. 

Thus we find that Yf must be the same transformation as Xf; that is, 

'^»a^-^»' "^dxi -^' '"'dx, -«*• 

Thus ^t = ax^», ^i = ^i(«s,xt), ^t = bx^i, 

or sip, + ax^aPs + {ca\ + tfor,a;« + «5a^)i?i + &«»!e42>4 

occurs. 
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By combining this transformation with pz, Pi, P2 respectively, and express- 
ing the results linearly in the transformation /O, we find when U occurs free, 

c = c=0; a=6=l = — d. 

Thus in this case the transformation IIO, 

Xi/= aip^ + x^pz — x^^pi + xfc^^ 

occurs. Combine this transformation with Xsp% — XiP4^ and we find that 

X^= 4ps + x^sp^ + XiX^Pi — x^x^p^ 

also occurs, and by combining the general transformation IIO with p^, we find 
that X^f and X^ are the only transformations IIO which can occur when TJ 
occurs free. We easily see that if TJ does not occur, no transformation IIO can 
occur at all, and if TJ occurs in the form 

S^-VaTJ (a const) 
we find that X^f and X^f can occur where 

a = — 2. 
Now we come to case 

(2), where i^?^ = in the original transformation //O, 

4 

1 

In this case we have a transformation of form 

»73i>8 + »74JP4 + »7lJPli 

and we saw on the last page that no such transformation could occur. 

In finding our groups we shall now distinguish the two cases where trans- 
formations IIO occur, and where no transformations IIO occur. 

§3. 

Suppose 7V0 transformations IIO occur. 

If the transformation TJ occurs free, we normalize as usual with it, and find 
without diflSculty the group 



i>i»i^».jP8»i>4; ^aPx—^Pz> ^li^i— a^2jp» + «8P8— «4i>4i «8i>8 — a:ii>4» 

^P\ — ^Pii ^Pl—^P% — ^bPs + ^iP4> ^iPl + ^P% + ^Pfi + ^iPi' 
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But this group is imprimitive, since the family of oo* manifoldnesses 

f a:^ = const. 

1x8 = congt. 
is invariant. 

Suppose U does not occur free. Our transformations are then 

Pk] XiPi — ^Pz = Siy x^p^ — x^p^ + x^p^ — x^p^=S^y x^P% — Xilh = Sz, 

XBPl — ^Pi=S^, 

4 

S^ + a.U=XiPi — x^p^ — XsP3 + x^p^ + a.2^XiPi= T, 

1 
where a is some constant. 

Let us normalize with S%. 

We easily see that we can, without loss of generality, choose the transfor- 
mations zero 0, so that ({PiS%) = P\ 

(jP2/^) = — Bl 

\PA) = —Pi^ 

and we find without any difficulty, in the usual manner, by means of Jacobi's 
Identity, that all the relations (jPfc/Si) and {pkT) are normal. We wish to see 
how the transformations zero are connected among each other. 

We find directly from forming Jacobi's Identity with jp^ Ph and /Si, 

{PlPB)=hSl, 

{PiPi) = (hS% + aT+ a^S^, 

{p%Pi)=rBSisj 

where the hjb . . . . c^ are certain constants. 

Now form Jacobi's Identity with^j, p^, /Si, thus 

((i>iB)^) + (i>ii>8) = 0, 
or — 26,/Si + Ji/Si = 0, &i = 2\. 

Proceed in exactly the same manner with the other ^i, p^,^ S^ and^<, jpj^, T, and 
we find a number of relations between our constants, viz : 
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a = & = c = a4=a, = j33i = 0. 
a. 61=0, /?4(a— 2) = 0, /?(a— 1) = 0, C4(a— 1) = 0, b^{a^l)=Oi 
2^1 = 73=26,, 64 = /? = — C4, 6, = C8. 

(1). Suppose a = 1 , then Jj = yg = 6, = /J^ = , and wp have 
(jPii>») = 6A, (i>2i>3) = 64^, (l>8P4) = — 64^4 » 

and by forming Jacobi's Identity with^, p^^ Ps, we find 64= 0. 

Hence all of our transformations are connected by normal relations in this 
case, and we find the group 



PU P%jP3iPa] ^iPl — ^PS, XiPi — X^p^ + XsPs — «4i>4, ^Bp^ — ^IpA, 
^bPi — «8i>4» ^iPl — ^P% — ^IPZ + »42^4> ^Pl + a:4i^4. 



This is a subgroup of the last one found, and is imprimitive for the same reason 
that that one is. 

(2). Suppose (Jt :(: 1 . 

(a). Let a = 2 J hence 

61 = yi = 6jj.= Cj = C4 = 64 = /? = . 

All relations are normal except 

{PiPz) = ^aSi. 

Thus we see that pi, p^ is an invariant Q^ in our group, and hence the group is 
imprimitive.* 

(b). Suppose (a — l)(a — 2) ^i ; hence 

^ = C4=64 = i34 = 0, 

and we have 

{PiP%) — hS%, 
{PiPs)=^hSi, 
{PiPi) = 0=i(p^2h)^ 

{P2Pi)= ^hSs, 
{PbP4) = \S^' 

•For Pi=0,p4 = 

is an invariant complete system with the two solutions 

X2 = const. , x^ =: const. 
Thus our group leaves the family of ao^Jf, , X2 = const., x^ =: const., invariant. 
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Form Jacobi's Identity with^, P21 JPs ^^d we see at once 

6,= 0. 

Hence all of our relations are in this case normal, and we find again the imprim- 
itive group written above. 

§4. 

Suppose transformations IIO occur. 
Let us further suppose — 

(a). U occurs free. In this case we normalize with U as usual and find 
without difl&culty the group : 



PliPt^PzyPlj ^iPi — ^iPsj ^Pi — ^Pi + ^sPs — ^iPii ^P%—^PiJ 
^zPi — ^Pi^ ^xhPi — ^P% — XsPs+x^p^j XiPi + X^P^ + XsPs + X^^, 
ccg. U— {xix^ + 0:3X4) i?4, x^. U— (aJiJTs + oc^dPi^ 



This group is imprimitive, since the family of oo* manifoldnesses, 

fccn = const. 

la?g = const, 
is invariant. Let us now suppose 

(b). Udoes not occu/r free. Here, as we saw above, 

S^—2U 
must occur. Thus our transformations have the form 

Pty XiPl — ^P3=Si, XiPi — X2Pji + XsPs — X^p^=S^, 
^zP% — ^Pi=Sz, X^Pl — X^p^ — X^p^ + X^^=:S^, 

T=—8^+ iU=x^p^ + 3 (x^p^ + x^p^) + X4P4, 

Xj=:X^.U—{XiX^ + X^^p^, XJ=X^.U—{)px. 

Let us normalize with T. We have 

{81 T) = aXJ + hXJ, (a , h const.) . 

Let us introduce a new S^ by means of 

S^^S^^AXJ^'BXJ. 

Then {SyT) = aXJ + IXJ— 3 {AX^f) + BXJ) . 
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Here we may choose our arbitrary constants ^1 , jB so that 

(S,T) = 0, 

or {S,T) = 0, 

as we may write it. 

Same way, we may without loss of generality choose the other /S* so that 
the relations (StT) are all normal. The S^ and X</ are already connected by 
normal relations ; we wish to find how the S^t are connected among each other. 
We have ^^^^^^ ^ ^^^ ^ ^^^^ ^ ^^^^ 

Form Jacobins Identity with Si, S^ and T] thus 

mS>) T) + ((^,7') S,) + {{TS,) ^) = 0, 
or {{S,S,)T) = 0, 

L e. Oi = /3i = . 

Hence {S^S^) = 2/Si, 

a normal relation. Analogously we find that all {SiS^) are normal. 
Now let us normalize the transformations zero 0. We have 

1 

Introduce a new jpi by means of 

4 2 

1 1 

Thus 

4 2 4 

1 11 

8 



+ yXJ- lA^B^ - 3 ^ A!^J. 



VOI-X. 
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Here we may choose the constants so that 

(ft 7') = ^, 
or {PiT) = Pi. 



Analogously 






Now to find how the p^ are connected with the other transformations of our 
group. We have 

{Pi^if) = St-\- OiXif + OtXif. 

Form Jacobi's Identity with pi , Xif and T; thus 

({p,XJ) T) + {{XJT)p,) - ({p,T) XJ) = 0, 

or — 2/S; — 3 {a^XJ+ a^XJ) + 2{p,X^ = 0, 

i.e. {pi^xf)=fS^' 

Analogously we find that the other {pj^X^f) are also normal. 
Now for the {PiS^)- We have 

1 1 

Form Jacobi's Identity with^i, Si, T, thus 

({pA)T)-{pA) = o, 

i. e. (PiSi) = 0. 

In the same manner we find that the other (puSi) are normal also. 

It remains to see how the transformations zero are connected among each 
other. We have 

4 4 8 

(Pilh) = ^a,p, + "^b^S, + bT+^CjXjf. 
11 1 

Form Jacobi's Identity with ^, p,, T, thus 

({PiP*)T)-4{prp,) = 0, 

i.e. {piPi) = 0. 
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Analogously we find {PiPt) = • 

Thus all of our transformations are connected by normal relations, and we find 
the group : 



PiiPi^PsfPi) ^iPi — ^Ps, XiPx—Xtp^ + XsPs — x^p^,XsPi—Xip^,XsPi — x^p^, 
^Pi + 3 {x^P2 + a-sPs) + ^4Pai ^S' U— {xix^ + x^^p^, a,. U— {x^x^ + x^^p^. 



This is a subgroup of the one last found, and is imprimitive for the same reason 
that that one is. 



Chapter IV. 
4 Surface of the Second Degree and Tvoo Coinciding Generators Invariant in R^ . 

§1. 

The projective group written in xyz has the form 

r + xq, yq + zr, {xz — y)p + yzq + ^r, p + zq, 

and leaves the surface y — za = 

and two of its generators which coincide invariant. When written linear and 
homogeneous in XiXfc^^ our group has the form 

^iPi — a»i>8» ^Pi — ^%P% + ^Pz — ^iPA^ ^Pi — xip^f ^Pi — ^Pi^ 
to which may be added * 



^-E 



XiPt. 



§2. 

Thus the transformations 10 of the groups we seek in this chapter have 
the forms 

Si = x^i—x^Ps, S^=xipi—x^p2+x^ps—x^p^, Ss=XsPfr-Xip^, S^=x^pY—x^p^, 

to which may be added ^i^ 

U=2^^iPi* 
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As to the transformations of «(? which may occur in our group, we find 
immediately as in Chapter III, §2, that when s is the maximum order, 

Let U8 see what transformationa IIO can occwr. 

The calculations here are similar to those in the above-mentioned chapter 
and §. 

Suppose ^i^ 

1 

is a transformation IIO which occurs, and let us suppose for the present that 
^f^ 4: . Then we see a transformation IIO of form 

must occur. 

Combine Xf with /^ and we find 

must occur. 

If Yf is not the same transformation as Xf, we see by subtraction that a 
transformation of the form 

must occur, where rif^ is 4^ 0. Hence we see that 
must belong to our group. Combine Zf9.nA S%, so 

occurs. Multiply Zf hy S, and add to the last transformation ; thus we get 
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From the last equation 4- ^ ^*\ 

But since r/^^ is only of the second degree, we have 

^4=0. 

We now easily' find by combining ^ with the ^^ that also 

Hence Z/=aipsj 

and we see at a glance that this transformation cannot belong to our group. 
Thus Tf must be the same transformation as Xf, i. e. 

Hence ^g = ax^, ^1 = bxix^ + cx^i^ ^4 ^= dx^x^. 

Thus -^/= Ap% + ^a^^ajPs + {bxxx^^ + cav»4)^i + (foiX4/)4. 

Combine Xf with the j^^ and we find at once 

Since ^p^ cannot occur, we see that no transformation IIO can occur at all. 
Thus in the case where ^^*\ in the transformation //O, 

4 

1 

is :(: 0, no transformation IIO can occur in our group. 
If i^j*> = , we have a transformation of the form 

yiTpi + nTpz + nTp,. 

which, as we saw above, cannot occur. 

Hence no transformations of an order higher than the Jirat can occur in our 
groups. 

We shall, as usual, distinguish the two cases where U occurs free and where 
U does not occur free. 



} 
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§3. 
Suppose U occurs free. 

We normalize as usual with this transformation and find without any diffi- 
culty the group : 



PiPzPsPi ; ^iPi — ^Pz , ^iPi — ^P% + ^sPb — ^iPi » ^P% — ^ilh » 
^zPi — ^P^^ ^>hPi + ^P% + ^zPz + ^APi' 



This group is evidently imprimitive. 



§4. 



Suppose U does not occur free. 

We easily see that in this case U can occur additive ly only in the form 

/Si + a. CT (a const.). 
Thus our transformations 10 are 

Si=x^Pi — x^Ps, Si = XiPi — X^p^ + X^Pi — X^^, Ss = X9P^ — XiP^, 

4 

T= Si + a. U=XsPi — x^Pi + a^/^^XiPi. 

Let us normalize with /^. We easily find that we may without loss of 
generality choose the transformations zero 0, so that 

{{PA)= Pi, 
{P%^) = —P%f 
{p,S,)= ps, 

HpA) = —Pi' 

Now we wish to see how the p^^ are connected with the Si and with T. We 
have ^^ 

1 

Form Jacobi's Identity with^, Si and S^, thus 

((PrSdS,)-S(pA) = 0, 
i.e. iPiSi)=0. 
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Thus pi and Si are connected by a normal relation ; in the same manner we find 
that the other {pkSi) and (pjtT) are normal. 

It remains to see how the transformations zero are connected among 
each other. 

In the usual manner, by forming Jacobi's Identity with Pt, Pt and /^, we 

find CiPiP,) = hS, + bT, 

{PiPi) = (hSi + aT, 
{p,Ps)=M + (3T, 

{P%P4)=7Z^1 

Now form Jacobi's Identity with jp^, p^ and /Si, thus 

({PiP2)Si) + {piPs) = 0, 
or — 26,aS; + 6ia^=0, 6i=26,. 

Proceed in the same manner with Pi, Pu, Sj]Pi, pj^, T and Pt, Pu, Pj] then 
we find that our above constants must satisfy the relations 

Jj = yj=:Jg=C2 = a2 = /?8 = a:=6 = C=0, 

Hence (p^p;) = {p^p^ = (^1^4) = {p^p^ = {p^p^ = ; 

{P^P,) = ^'T. 

These relations show that the transformations p^j p^ form an invariant O^ in the 
groups we here seek. Hence are these groups imprimitive.* 

If /? 4^ 0, it is easy to see that we find the following very peculiar imprimi- 
tive group : 



Pi^Pt^ Pz + ^v^zPi — -^ Pi^ Pi^zPi — ^P^f (3^4 2")^^~^^« 

+ -g-l>4. «iP\ — «^P% + XsPt — »4i>4, «»Pi — XiPi + -3- ih- 



* Compare p. 829, note. 



338 Page: On the Primitive Qroups of TransformaiionB 

If, on the contrary, |3 = 0, our transformations are connected by normal 
relations, and we evidently get the imprimitive group : 






Chapter V. 



A Surface of the Second Degree and Two Different Generators of one Family 

Invariant in R^. 

§1. 

The projective group written in the variables xyz has the Torm 
r + arg^, xp + yq^ {xz — y)p + yzq + s?rj yq + zr, 

and leaves the surface of the second degree 

y — 2ar = 

and two different generators of one family on this surface invariant. 

When written linear and homogeneous in XiX^^x^, the group has the form 

^iPi — ^Ps^ XiPi — x^Pi + XsPs — x^jp^', XsPt — Xip^] XiPi — XiPi — x^Ps — x^Pi, 

to which may be added * ,^i^ 

U=2^^iPi' 

1 

§2. 
Thus the transformations 10 of the groups we seek now have the forms 

XiPi — XaPi=Si, XiPi — XiPi + X3P9 — XiPi = S„ X3Pt — XiPi=S3, 
XiPi — XiPi — XsPj + XiPi = aSi , 
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to which may be added *^ 



What transformations IIO can occur ? If any transformation IIO occurs, 
it must have the form 

= (oai + hxix^+ax^)pi + ( )i>» + ( )i?8 + ( )pi' 

By combining this transformation with the pt we easily see that all the constants 
db . . . . are zero. 

Thus, no transformation of an order higher than the first can occur in our 
groups. 

We shall distinguish as usual the cases where U occurs free and where U 
does not occur free. 

§3. 

U occurs free. 

Here we normalize with the transformation U as usual and find without 
difficulty the group : 



PulhiPs^Pii ^iPi — ^lh, ^iPi — ^P^ + ^sPs — ^iPi^ ^P% — ^Pii 
XiPi—x^Pi — XsPs + x^p^, XiPi + a,i>8 + x^ps + x^p^. 



We see at once that this group is imprimitive since the family of oo'jM^, 

ffl^= const. 
Iar3= const. 



as well as that of f iCi = const. 

const, 
are invariant. 



(X^ = i 

1x4 = 

§4. 



U does not occur free. 

It is easy to see that U can occur additively only in the form 

S^ + a.U, (a = const.). 

VOL. X. 
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Our transformations 10 are 

Si = XiPi—XtPi,. St = XiPi — X,pg + XiP, — XtPi, S3 = X3Pt— XiPt, 

4 

St + a. U=XiPi — x,p, + XsPs + XiPi + a.^a<i),= y. 

1 

Let us normalize with Sf We find as usual without trouble 

{{PiS,)= Pi, 
{p»S,)=—p„ 

(PiSt) = Ps, 

(jpA) = —Pi- 

We find in the ordinary manner that all the other relations (p^Si), (ptT) are 
normal. 

We wish to see how the transformations of the zero are connected. We 
find in the usual manner by forming Jacobi's Identity with Pi, pt, and St, 

{pip,) = hSt-\-bT, 
iPiP3) = hSi, 
(PiPd = (hS, +aT, 
{PfPB) = Mt + (3T, 

{ptpi)=rs^3, 

{P3p4) = CiSt+cT. 

By forming further Jacobi's Identity with Pi, pt, Sj', pi,pi, T and Pi, pk,pj, 
we find for our above constants the relations 

a = aj = /8 = /8,= 0, c=—h, 6i = ^3= 26, = 2g8, 6,-6 + ^8=0, 

a . 6 =: a . ij = . 

If a :4^ 0, we see that all constants are zero, and our transformations are all con- 
nected by normal relations. This gives the group: 



Pi , Pi , Ps.p*; ^iPi — ^iPs ; ^ipi — ^iPi + «3i>3 — ^iPi ; mh — ^ip* ; 

^iPi — ^ilh — ^sPs + ^iPi H- a i^iPi + ^zPi + «3p3 H- ^iP^- 
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If, on the contrary, a^ 0, we have 

iPiPt) = 26,/S, 
(PiPi) = ; 
(i>.i>s) = 0, 
(PtPt) = 26,'S',, 
(P,Pi)'=h,iS*-^St). 

Here we may suppose bt^O, otherwise we would get the above group 
again. We may arrange so that 6,= 1 if we put 5,.p, for a new j?,, and b^.p, 
for a newj>j. This gives the group: 



Pi, Pt+ ^Pi — (4a5ia% — ^avc^Pi — ^XiX^Pi + ^XtPt, 
Pi, Ps-h ^XiPi — 2x^iPt — (4xjX4 + 2xiXi)ps + ist^pt, 
XiPi — «tP», ^Pi—x,p, + XsPa — XiPi, XsPt — XiPi, 
^Pi — ^P% — «8i's + XiPi- 



Both the groups in this § are imprimitive, since the family of oo* manifoldnesses 

{Xi = const. 
Xi = const, 
b invariant under both. 



Ohapteb VI. 
A Surface of the Second Degree and all Generators of One Family Invariant in i?j. 

§1. 

The projective group written in the variables xyz has the form 
r + xq, yq + zr, {xz — y)p + yzq + 2?r, 

and leaves the surface of the second degree 

y — 2535 = 

and each generator, of one family, of this surface invariant. 
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Written linear and homogeneous in the variables XiX^^^ our group has 
the form 

^aPi — ^Pz^ ^iPi — ^Pt-^-x^Pz — x^p^, x^p^ — Xip^, 

to which may be added — i^ 

U^2^^iPi^ 

1 

§2. 
Thus the transformations 10 of the groups we now seek have the forms 

4 

8i = x^^ — x^p^, S^ = x^Pi — x^p^'\'X^p^ — x^^, 8z=:x^p^—xip^, U=y^XiPi, 

1 
where U may or may not occur. For the initial terms of these transformations 
the relations hold, 

Thus we see that if U does not occur free, it cannot occur additively. 
Let vs see what trans/ormatiojis HO can occur. 
We easily see that the general transformation IIO has the form 

Xf=l^\x,x,)p, + {iS\x,x,)p, + a*>(^X3)i>s + ^T{x,x,)p, 
= {aA + hxix^ + ca:J)i>i + ( ) 2>2 + ( )pz + ( )i?4, 

where a, 6, c . . . . are certain constants. If now we combine Xf with 
Pij P2J Ps, pi and express the results linearly in the transformation /O, we find 

TIius no transformation IIO can occur, and so none of an order higher than the 
first can occur. 

As usual, we have two cases according as ?7 occurs or not. 

§3. 

Suj^pose U occurs. 

Here we normalize with U as in the preceding chapters, and without any 
diflSculty find the group : 



Pi » P% , Pz 1 Pa ; ^iPi — XiPs , arii>i — x^jh + XsPs — x^p^ , 
Xslh — Xi2hi XiPi + x^p^ + x^p^ + x^p^. 
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This group is imprimitive, since the family of oo*J^, 

{ iCi = const. 
I aj4 = const. 

as well as that of f ar^ = const. 

const, 
are invariant. 



la:3 = < 
§4. 



Suppose U does not occit/r. 

Let us normalize here with S%. Our transformations are 

PijI>%iP$^Pi7 ^iPi — ^P3 = Sii ^Pi — ^P% + <^P3 — ^4Pi=S^, ^p%—^ihPi = Ss. 

We easily see that, just as in §3, Chap. I, we may choose, without loss of 
generality, the transformations zero 0, so that 

{p,S,)= i?i, 
{p%S2) = —Pi, 
(i>8^) = Ps^ 
{pA) = —Pi' 

Now let us see how the transformations zero are connected with the 
other transformations 10. We have for example 

8 

(pi^i) = ^ ^A f (a< const.). 
1 

Form Jacobi's Identity with^jASi and S%, thus 

({pA)S,)-3{pA) = 0, 

or {PiSi) = 0. 

Thus (piSi) is normal ; same way we find that the other (ptSi) are also normal. 

It remains to see how the transformations zero are connected among each 

other. We have — i^ "^ 

{PiP%) = 2^ <^iPi + 2l^ hSj . 
1 1 

Form Jacobi's Identity withjpi,jpj and /Si, thus 

({PiP^)S,) = 0, 
or a< = 6i = is = 

and (jPiJP») = *2^' 
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Same way 



Page: On the Primitive Groups of Transformations 



iPiP^ = d^Si, 

{P2PB)=(^S^f 
{P%PA) = ^Ssf 

HPsP4)=ASii' 
Now form Jacobi's Identity with^, p^ and /Si, thus 

((i>ii>0^) — (i^i>4) = 0, 
or 2b^Ss — e^Ss = 0, 21^ = 6^. 

Same way ({PiP^) /Si) + (piPs) = , 

or — 2biSi + OiSi = 0, 26j = Oj. 

Further — (p, {p^p,)) — (p, (p^p,)) + {p, (p^p^)) = , 

or — 6,^3 — c^pi — oips = 0, 6, = — ai, cj = 0. 

Thus J, = ai = C8 = C2 = 0, 

and we easily find in the same way that 

Thus all of our transformations are connected by normal relations, and we 
evidently get the group : 



PijP%iPsjP4] ^iPi — ^Ps, ^iPi — ^P% + XsPB — ^iPiy ^P% — ^Pi* 



This is a subgroup of the one found in the last §, and is imprimitive for the same 
reason that that one is. 

The necessary limits of this article do not permit me to give at present the 
calculations in the four cases which remain of this problem. Suffice it to say 
that I have finished these somewhat long and difficult calculations, and have 
shown that no primitive groups, except those already known, exist in the space 
of four dimensions. I hope to publish the calculations themselves at a later date, 
thereby furnishing a solution of a considerable part of the important and exten- 
sive problem of finding all groups, primitive and imprimitive, in R^ . 
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Synopsis of all Primitive Groups in E^. 

We shall designate those groups, which Lie has determined, as he has done, 
and refer to his works for an explanation of the names, when such is needed. 

(A). Grovps which transform the directions through a pointy of general posi- 
turn in -B4, which we hold, in the most general manner possible. 



Pjc] ^iPk] 23i?7; Oj. U] x^.UjX^.U] i, A;= 1 . . . . 4, 



i^H 



Here as usual U denotes / < ^ XjPj . This is the general projective group in JB4. 



2). 



Pk, «tpic', i,k=l 4. 



This is the general linear group. 



3). 



Pk, ic^Pk, XiPk — XtPt; i:^h', i,k=:l 4. 



This is the special linear group. 

(B). Groups which leave- a Surface of the Second Degree in Bg invariant. 



1). 



Pij ^iPk — ^kPi] i,h=l 4. 



This is the group of Euclidean motions {Euhlidische Bevyegungen) 
2). 



Pi, XiPt — x^pt, 2^ ^jPj> », * = 1 4 . 



This is the group of Euclidean motions and similar transformaikms {Euhlidische 
Bewegungen und Ahnlichkeitstoff). 



3). 



Pi—Xf U, XtPi — x^pt; i,k=l . . . . 4. 
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This group leaves a surface of second degree 

4 

2=^ = 1 

1 

in JB4 invariant. 
4). 



Fi, XiPk — XiPi 






This is the group oi conform trans f or mationa. 

(C). Qrouj>s which leave a twisted curve IIIO in R^ invariant. 



1). 



2). 



pk, «iPi — XtP% + 3 (x^p^ — 0:3^),) , XiPi + x,p, + x^ps + x^pt, 
XiPi + 2*1 J), + 3x,Pj, 2XiPi + x^Pi + 3x1^4 . 



Pk, XiPi + 2xii>, + 3a-,/>s, ^iPi + a'si>,+ 3sciP4, 
«ii'i — «^Pi + 3 (a4^4 — XtPa) . 



(D). Groups which have a linear complex in Bg invariant. 



Pkf XtPl—XiPs, XiPt+XiPs, XiPs, XiPi — XtPt, XtPi, Xip,, X3Pi + XiPt, 

«sP» — «iPi, XsPi, XsPs — ^ilh' Xipi + XiPt + Xips + XiPt. 



2). 



Pk, i>:tPi — x%Ps, X4P% + ieiP8, XiPa, Xip,, Xipi — x^p,, x,pi, 
«3Pi + «ipi, «»P% — «iPit «spit XiPi — shPt + ^iPs — XiPi- 



These are all the primitive groups in space of four dimensions: only eleven in 
number. 



Line Congruences. 

By W. C. L. Gorton, Fellow at the Johns Hopkins University. 



This subject, which has already been otherwise treated by Hamilton and 
Kummer (Crelle, Vol. LVII), I propose to treat by quaternions. I have obtained 
all the results given by Kummer in the above-mentioned paper, and have also been 
enabled by the method employed to carry out certain steps which he has only 
indicated. Since in this paper the straight line is determined as a function of 
two independent parameters, there will be a double infinity of the straight lines 
in space, and through each point in space will pass one or more rays. Every 
ray will be determined by a point through which it passes which we call the 
initial point, and by its direction. We will take a surface cutting all the rays as 
the locus of the initial points, and then through each point of the surface will 
pass one or more rays of the system. Let a ^=^{t,u) be the equation of this 

surface, and let the direction of the ray be given by r = ^^ ^ , where ^ and -^ 

are vector functions of t and u. The locus of the extremity of t will then be 
a sphere of radius unity, and when we refer to the surface t we will mean this 
sphere. The equation of any ray then is of the form 

p = (T + ccr, 

§1. 

The Foci and Focal Planes. 

Let p=za + XT be the equation of any ray, then any consecutive ray will 
be of the form p=:a + da + y{r + dr) . 

In general this ray will not cut the ray r, which we will refer to as the primi- 
tive ray. In order that it may, we have the necessary and suflBcient condition, 

dp=: da + xdr + dxr = , 
which gives us Srdadr =0, (1) 

VOL. X. 
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a quadratic in dt and du\ which will therefore give us two values of the ratio 
oi dt io du. This quadratic may not always have its roots real. They will be 
real or imaginary according to the law which unites the straight lines into one 
system of rays. Therefore we have two kinds of systems of rays, one in which 
every ray is cut by two consecutive rays, and the other in which a ray is gene- 
rally cut by no consecutive ray. As a third kind of a system, we have that in 
which certain rays belong to the first and others to the second kind mentioned 
above. The points in which consecutive rays cut the primitive ray we will call 
the foci of this ray, and the planes of these rays and the primitive ray we will 
call the focal planes. To obtain the distances of the foci from the initial point 
of T we have 

da = dt^ dt + djsdu 
and dv^=^dttdt'\- d^rdu, 

d^z=ida + xd/t + dxr = 

= {'3t<y + xdtt) dt + {d^a + xd^r) du + dxt = 0, 
which gives us 

Sr (3,(7 + xdtt){d^a + xd^r) = . (2) 

If we call the roots of (1) — and — , then 

dri = 3,r dti + d^tdui , 

dr^ = dtt dt^ + dyTdu^ 
we will call the focal lines. 

For the ray in question we will take 

Sd^rdtr=0 and ra,r= Tdjt= 1. 

Since we have two independent parameters, if 3<r and d^r are not perpen- 
dicular, let us take t and u functions of two new parameters, say t! and w'. 

Let t = ri{if, u') = ai + a/ + a^v! + ...., 
u = ^ \t', u') = &i + hj.' + h^u' + 

Then dt = n'tdl' + Yi[,du' 

and du = i;[M+^idu' 

and dt = {r/t'^fl + ^/^9«r) dt' + (?7u'9tT + ^Ld^r) da'. 

We may assume any value of i and u' for this ray, say 0, 0; for if they had the 

values t'l and ii'i we could take t' — t^ and u' — ?*{ as new variables. Then for 

this ray we have 

>?/' = «2» Vw = «3» ^v = h and ^i, = 63, 
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since the derivatives of the terms containing t' and u^ to more that the first degree 
would contain t' or u^ and therefore vanish. We have then 

dn: = {a^dtt + h^du"^) dt' + {a^dtt + h^^r) dul. 

In any case Stdns = since ?V = 1 , and therefore dfc and 9„r are always 
perpendicular to t. If d{t and 9„t have not the same direction, since we have 
at our disposal four arbitrary constants, we can make 

d^it + &a9«T and a^f: + h^^ 

have any directions perpendicular to r and any lengths we please. It is evident 
that we can make dit and 9^r perpendicular for any ray since we have an 
infinity of constants at our disposal. We will so choose a^^a^^\ and 63 that 
d{t and 9^r' will be the bisectors (of length unity) of the angles between the 
focal lines. We can evidently always make this choice, since if the roots of 
(1) are not real they are conjugate imaginaries, and hence the bisectors of the 
angles between the focal lines are always real. Thus we have now 

/S'9ut9,t = 0, Td^n = Tdit = 1 

for the ray in question, and in every case, since the tensor of r is constant and 
equal to unity, Srdt =^ 0. Let us choose also as the surface a (the locus of 
initial points) the locus of the point midway between the foci on any ray. This 
point we will call the centre of the ray, and thus a is the locus of centres. Let 
us now see what simplification these assumptions will introduce itito our formulae. 
Since dt^ and 9^^ are the bisectors of the angles between the focal planes, we 
must have the sum of the roots of (1) zero, therefore 

S^dfidut — Srdttdyp = . 

Also, since we have taken the surface a as the locus of centres, the sum of the 
roots of (2) is zero, 

.-. /S'r9<(T9„T + Srdt<ydu<y = 0, 

which two equations give us 

and /S'r9^T9«(T= 0. 

Putting for r, d/rdu!^, we have 

Srdtadu'r = Sdtrdu'vdtadu't = — {du^YSdifydtr = Sdt^Jdfl since {d^t^ = — 1 . 
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Also 

.\ JSdt(ydtr = 0, (3) 

Sdu<ydu'^ = o. (4) 

§2. 
The Vertices of the Ray and the Principal Planes. 

We will now find the distance from the initial point to the foot of the 
common perpendicular to r and any consecutive ray. The direction of the 
common perpendicular is td/t. We must have 

ccr = cto + y (r -h dft) + T^tdr. 
Operating by /S'(t + &t)tdr and neglecting terms of the third order, we have 

X (dr)* = — Sdockf 
Sdffdr 

Since cb = dt<^dt + 3^(Tc?w 

and dr = dt'^dt + 9„tcZw, 

we have _ dtdujSdu^^tT+Sdtffdu'^) x.x 

For any value of the ratio of cU to du this expression gives the distance x of the 
centre of the ray from the foot of the common perpendicular to r and the con- 
secutive ray corresponding to this value of -j- . By giving -=- all values from 

— 00 to + 00 we will get all the difiFerent values of a. For real values of dt and 
du the denominator of x cannot become zero, and therefore x cannot become 

infinite ; hence it must vary between two limits, a maximum and minimum 

8x 
value. For a maximum or minimum value of x we must have -^ = 0, and 

therefore we have for a maximum or minimum 

dfi + du^—2d^=0, 

or /^_^V-i 

KduJ-^' 
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To obtain the two values of x corresponding to these values of the ratio of -^ , 
since we have ^i: = and -^j- z= o , we must have 

2xcH — {Sdfldu<y + Sdu'^diO) du=0 

and 2xdu — {SdtrdvP + Sdu'^dfl) dt =0, 

and therefore 

2a;, Sdtrdu(y + Sd^tdfi 



= 0, 



or ^ _ / SdtTdu^ + Sdu^dt^ \^_ ^ /gx 

The points so determined we will call the vertices of the ray. By taking 

dt 
^ = ±1 we get 

and dr J = (3<r — d^r) dt . 

These lines we will call the principal lines. The planes of r and the principal 
lines we will call the principal planes. 

From (2) and (3) we get the following theorems : 

I. The principal lines bisect the angles between 9<r and 3^r, and therefore 
the principal planes are at right angles. 

II. The point midway between the vertices coincides with the point midway 
between the foci. This point we have called the centre of the ray. 

Let us call the roots of (2), §1, pi and p,, and the roots of (3), §2, Ti and r,. 

pi = + V/Sa^Ta^a/Sa^racr , 
Ps = — ^SdttdjsSdu'^diC , 
Sdtrdrfl + Sdutdfl 

n= 2 ' 

Sdttdjy + SdutdtO 
n — 2 • 

we have ^ ^ ^ ^ _ r ^fid^t — Sdu^^dfl ^ / . n 

PiPi — Tin — (^ 2 / ' ^^ 

or since p^ = — p, and rj = — r, , 

r\-pi-{^ 2 ;• 
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We have thus the theorem that the distance of the foci from the centre is never 
greater than the distance of the vertices from the centre. We have for r, the 
distance from the initial point to the foot of the common perpendicular to r and 
any consecutive ray, 

*■" (dvf — d^ + du' • 

Let us call o the angle which the common perpendicular makes with the 
first principal line. cki = (9jT + 9»t') dti. 

, _ 8*dTdTi _ (dt-{- duf 
^^ "~(dr)'(drO* ~ 2(dr)« ' 
. , _ S'drdT, _ {dt—duf 
^^^ "~ (dr)«(dT,)»~ 2(dr)» ' 
, Sdt'^dvO + Sdu^dio (dt + duf 
r,cos«o= 2 WrT' 

. . SdtTdu'^ + Sdurdt'^ (dt—duf 
r,Bm*o= 2 2(d^' 

... r,cos'o + r,sin'<.= - ^-^m^S^ + ^d.rd.- 

= r. 

Therefore we have the neat formula 

r = ri cos*G) + r, sin*o. 

All these results have been obtained by both Hamilton and Kummer. 
For the foci we have 

for the principal lines 

We have then for the equations of the focal planes, 



and /S(p — a) r {dtr's^Sd^fld^ — du'^^M^) = . 

Putting r = df^tdit, we have for these equations 

^(P — (^)[d{t^Sdutdt<y — d^t^SduOdtr\ = 0, (6) 

and S{f — a) { dtWSd^^'+ d rs^Sd^adtt } = . (7) 
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For the principal planes we have 

S{^-a){dfl-dur)=0, (8) 

AS'(p-(T)(a,T + a,T) = 0. (9) 

These equations have not been given by Kummer. 

§3. 

The Surfaces connected with the System of Rays. 

The foot-points on every ray of the system, namely, the two foci, the ver- 
tices and the common middle point, determine five surfaces as their loci. The 
two surfaces on which the vertices lie present themselves analytically as but one 
surface, in so far as they are both represented by one equation, but they may 
be looked upon as two surfaces or the two parts of one surface. Let us call the 
two surfaces Fi and F^. These two surfaces so divide space that between them 
lie the feet of the common perpendiculars to any ray and all its consecutive 
rays, but outside of them none. 

When we have taken the surface a as the locus of centres and not making 
the assumption T^fl = 73 r = 1 , we have the equations of the principal 
surfaces, 



The two surfaces on which the foci of every ray lie, which we call the focal sur- 
faces and which we will designate by <^i and ^j, exist as real surfaces only when 
the roots of (1), §1 are real. Their equations are 

P = "+W^ (3) 

We may now find what relation the rays have to this surface. For the tangent 
plane to 4»i at the first focus whose distance from the centre is pi, 

dp = (dto + pidfl + T -^^ lit + (d^a + pia„T + T ^^u , 

Srdtpdup = 'Sr (dtO + pi^T + T |'|-)(a«(T + piduT + T ^) 
= Sr idtd + pidf^XduO + Pi8«t); 
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but since p^ is a root of 

Sr {dtp + ^d{t){djs + xdur) = 
we have SrdtpduP = ; (6) 

/. every ray touches each focal surface, and the system of rays may be 
therefore looked upon as a system of common tangents to two surfaces, or a 
system of double tangents to a single surface. If the two surfaces ^i and ^, 
intersect, then every straight line tangent to the curve of intersection will be a 
ray of the system since it touches each surface once, namely, in the point at 
which it is tangent to the curve. The middle points lie on a surface whose 

equation is _ ^ i /'i + ft ^ 

p— (T+-^— T, 

This surface is always real. 

All these surfaces may in special cases degenerate into lines or even into 
points. As a special case of a system of rays we may have all the straight 
lines through a point, in which case the focal surface is nothing but a point. 
Also the rays may be normals to a surface, in which case, as we shall see after- 
wards, the focal and principal surfaces coincide. 

§4. 

The Measure of Density. 

Since TV = 1 , the locus of the extremity of r is a sphere of radius unity. 
Then for each ray of the system we will have a corresponding point on the 
sphere, and for each continuous succession of rays a continuous curve on the 
sphere. If at any point of a ray we pass a plane perpendicular to the ray and take 
a closed curve in this plane, then to the group of rays which pass through this 
curve we will have a corresponding closed curve on the sphere. If we take the 
closed curve so that its points are at an inBnitesimal distance from the ray, then 
we will have a corresponding inBnitesimal curve on the sphere. The ratio of the 
area of the curve on the sphere to that of the curve in the plane (which in the 
case when the system of rays is normal to a surface, and the^ perpendicular plane 
a tangent plane, has been called by Gauss the measure of absolute curvature) 
we will call the measure of density. If at any point of a ray we pass a plane 
through it perpendicular to the ray, which will cut the bundle of consecutive 
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rajs in a curve whose area we will call /, and the area of the corresponding 

curve on the sphere we call ^, then the ratio -y- is the measure of density of 
the system of rays at this point. We have 

where dr = dtrdt + d^rdu 

and idr = dtrSdt + d^rhdu , 

.-. ^ = -^ndtSdu — du^dt) . (1) 

For the perpendicular da + x{r + dr) on r we have 

= rVr\da + xr + xdn:\ 
= — xd/t-^-^vVrda. 

Then for the equation of the section of the bundle of rays by a plane perpen- 
dicular to r and distant x from the centre we have 

pzzxcfe + rFdtTr, (2) 

.-. /= \fTV. (xdr + rVdar){x8dt + rV^dar) xdr + rVdar 

= d/t {xdt — duSdflduC) + d^t {xdu — dtSd^tdfi) . 
Let us write 

Sd/tdjy = B and Sd^rdtC = G. 

Then 

/= \f{xdt — Bdu){xUu — CMt) — {xdu — Gdt)(x8dt — BSdu) 

= -^y*(a? — BG){dmu - duSdt) , (3) 

.\f=(a? — BG)q>, 

or ^ _ 1 

jr~x'—BG' 

but pips= — J?C^> 

we have d> 1 • i ^ /^\ 

-^ = 7 ^7 X since pi + Pi = 0. (4) 

Therefore we get the following theorem : The measure of density at any point 
of a ray is equal to the reciprocal of the product of the distances of this point 
from the foci of the ray. The measure of density of a ray at any point is 
always real even if the foci are imaginary. For points lying outside of the 

TOL. Z. 
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focal surfaces the measure of density is always positive, while for points inside it 
is always negative. We can easily see from the expression that it has its least 
negative value for a; = or at the middle point, since pip, is negative, and at the 
foci it is infinitely great In the system of rays with imaginary foci the measure 
of density is always positive, since pip, is positive, and is a maximum for a = 0, 
i. e. in the middle point. If we now take a section of the bundle of rays at 
another point a/, we have for the measure of density at this point 



^' = 


. 4» 


•/' 




y 
» 



We thus have the theorem that the area of a section of a bundle of rays at any 
point (the plane of the section being perpendicular to r) varies inversely as the 
measure of density. All the points on the different rays of the system which 
have the same value of the measure of density, lie on a surface which we will 
call a surface of equal measure of density. Since the measure of density has 
all possible values, we will have an infinite number of such surfaces. For the 
equation of a surface with the constant measure of density ^, we have 



therefore the equation is 



=<^=*=^\/4-- 



^- pipp- 
in order that these surfaces be real it is necessary and suflScient that —r- should 

lie between p^p, and oo . ,Por ^ = oo the surface will be real if the foci are real 
We see then that the focal surfaces are surfaces of the constant measure of den- 
sity oo. The construction of these surfaces is very easy when the focal surfaces 
are given. 

§5. 
The Twist of a Ray. 

If we are given two lines in space, and as we pass along the second drop 
perpendiculars from each point to the first, then we will call the angle passed 
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through by the perpendicular from a point a to a point h in the first ray the 
twist of the second line about the first from a to 6 . 

For consecutive rays tiie twist for the length of the whole line is two right 
angles. If the two lines lie in a plane, the twist of the second about the first is 
zero or two right angles according as the segment of the first does not or does 
contain the point of intersection. 

We have for the perpendicular from dcf +x{r + dr) to r by §4, eq. (2), 

at the initial point x = 0, 

For brevity write B = Sdt'^du<^, G= /S'3«r9^(r. Oall oq the angle made by 
c?po with the principal line dr^ == {dtr + 9»T)<ft, 

COS 2ao = COS> Oo - Sm^ ao = ^^^^y^^y^^y - (^^^)»(^ y^y , 

where dr, is the other principal line OjT — 8«T)d<j, 

dp = 9,7 {pedt — Bdu) -{- 3,r {xdu — Cdt) , 

(2po = — Bdudt'V — Gdtdut , 
SHzivVdaT _ {Cdt + BduY 
{dT,y{TVdarf ~ 2 (£»d«» + (7»<ft») ' 

8*dTiTr«Un _ {Cdt—Bduf 
{dTtfirVdarf ~~ 2{&diJ?+ G^diP) ' 

iSCdudt 
COB 200= ^^^, _^^^ , (1) 

C*dP—B?dv? ' 
Bm2ao= ^^^,^^^ . (2) 

Let us call ^ the twist of the second raj about the first when we advance 
from the initial point a distance x along the first ray, then 

^ ~ Sdpdp^ ~ B*dv? + C^dfi—x{B -\-C)dudt' 



x=^ 



(^du»+C7»(«»)8in^ 



{CdlP—Bdv?) cos ^ -I- (£ + C) dudt sin ^ 



(3) 



2B0 
Multiply both numerator and denominator by ^ ^ and add to and sub- 
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tract from the denominator mj KLn ^d^ cosj3. We get 
2^(7 Bin j9 



a; = 



2BCem^ 

•*•*— (i_C)co8j9 + (5 + (7)8m(2a, + ^)- ^^^ 

Let us regard /9 as a constant angle and inquire along what rays we get a 

maximum or a minimum value of x . The maximum and minimum values are 

evidently given by 

sin (2ao + fi) = l and sin(2ao + i3) = — 1. 
Let us put 

_ 2BGia3i^ _ 2^0 Bin fi 

"^~ (B—G)ooB^ — {B + C)' ^* — (5 _C) 008/9 + (5+ (7) * 
Calling a the angle made by rfp with dtt + d»f, we have 
^ = a — Oo, 

1 1 _ 2cos»(ao + i-^-^)(^+(7), (g^ 

X xi 2BG&m^ 

, , _ 2sin»(a,+ 4-|-)(^+(7), (g) 



'(«.+4-") -•(«.+ 4-t) 



COS I oo f -s y } »iu' I a© 1 2 ^^ (7) 

~x~~ ^% Xi ' 

Thus if we proceed along any ray until its twist about the primitive ray is equal 
to a constant angle (if this equation gives us the relation between the distance 
along the primitive ray for this ray and the angle made by this ray with the 
principal line ck and the maximum and minimum distances. This relation 
becomes, when the rays are normal to a surface, the Eulerian theorem, 

1 cos* ao sin' a^ 

It xvn xvj 

where Ri and R^ are the radii of curvature in the principal section, and R the 
radius of curvature in any normal plane, and a© the angle made by this plane 
with one of the principal planes. In the case of the two focal rays the twist is 
either zero or two right angles. In the case where the foci are imaginary, the 



x 
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twist cannot be zero for a finite segment of the line, and therefore the twist of 
the ray cannot change its sense. Thus we have two kinds of systems of rays with 
imaginary foci, those in which the twist is to the right and those in which it is to 
the left. When the foci are real, the twist of any ray from one focus to the 
other is found as follows : 

d^ = d{t {xdt — Bdu) + 9„T {xdu — Cdt) 
for the foci x = ±»/BG= =b A, 

then d^ — d{t {AM — Bdu) + du'r {Adu — Cdt) , (8) 

— <?f, = a/r [Adt + Bdu) -\- a.-r {Adu + Cdt) . (9) 

Calling fi the angle between dpi and dp, , we have 
tan* 3- ^^P'^^P* 

7»dpidp, = 4A' {Bdu* — Cdfif, 
S*dpid^ = {B— Cf{Bdu* — Gde)\ 

and is therefore independent of -r- . 

We have the focal lines _ 

dPl\\VB^,t—^rG^,'r, 

de,\\VBdf; + */Cd,r. 
Calling /?o the angle between them, we have 



*a^ Po = - oTs-rr = 



48(7 



8*dzydTt {B—Cf' 
Since -4* = BC, we have 

/3 = /?„. (10) 

Therefore we have the following theorem : The twist ofr any consecutive ray 
from focus to focus of the primitive ray is constant and equal to the angle 
between the focal lines. 

§6. 

The Sections of the BvmUe of Bays. 

If we construct at any point of a ray a plane perpendicular to it, we get an 
infinitesimal curve lying in this plane which is the section of the bundle of con- 
secutive rays. The vector equation of this curve is 

p = xdr + rVdarf 
or p = dtr {xdt — Bdm) + dur {xdu — Cdt), 
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the origin being the point at which the perpendicular plane is constructed. 
To see the character of the eections at the foci, we put a;=± J., Writing 
a? = ji we have 

^ = dt't{Adt — Bda)'^d^t{Adu—Cdt)] 

but -^- = —r- since A? = BG, 

JtS A 



p = T-g- dt — d/u\{Bdtr — Ad^t) 
= V^ (^ dt — du^i^'Bdjt — sfGZ,^) . 



But the focal line dTi||V53^T — VT?3„t. Therefore we have the following 
theorem : The sections at the foci are lines coinciding in direction with the focal 
lines. The lengths of these lines are zero when 

and sTBdf: + sTCd^x — , 

.-. 5 = 0, a=o. 

But since riVf^ = — f ^ — ^— i- j 

and piP2= — ^<7, 

we have ri = r, = p^ = p, = 0, 

and therefore in this case the two foci and the two vertices coincide with the 
centre. Thus we have every consecutive ray going through the centre of the 
primitive ray. These rays we will call principal rays. Generally there are 
no principal rays sin^je we have three equations to be satisfied, namely, all the 
coefficients of §1, eq. (1) must be zero. These conditions are in general only 
equivalent to two; but there is also another condition, namely, that the foci 
must be real or 

In case only the two foci coincide with the centre, the section of the bundle of 
rays is only a straight line at the centre. The section in this case would lie in 
the plane in which the two focal planes have united. Because the condition 
that the two foci coincide with the centre only involves one equation between 
the parameters, there is generally a continuous succession of such lines which 
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form a ruled surface. All rays which are tangent to the curve of intersection 
of the two focal surfaces have their foci coinciding. 

Let us now investigate the character of these sections. Suppose dt and du 
are connected by the equation 

where x is an infinitesimal constant. We have 

dp = (xdt — Bdu) dfl + {xdu — Gdt) 9«r . 

Since 3<r and d^t are unit vectors perpendicular to each other, we may write 

xdt — Bdu^Xy 
and xdu — Gdt = F, 

., - xX-^BY , , xY+GX 

then ^^'-IfllBG ^^^ ^^= ^^^C"" 

Therefore the Cartesian equation of any section is 

Thus we see that under these conditions the section of the bundle of rays is 
always an ellipse with its centre in r. 

For jc = this is a circle. Therefore the perpendicular section at the 
centre of the ray is a circle of radius x. 

If we call ^ the angle made by the major axis on any section with X, we 

have , „^ 2BC 

tan 2^ = 



x{C—B)' 
or, since pip, = — BC, . ^^ _ 2p^ 

^""^^^Pi' tan 2^= ^^ . 

{B—C) ' 

fora; = p„ . tim 23 - ^* 

These give us the tangent of double the angle made by the focal lines with 8,'r. 
As we shall see further on, in the case when the rays are normal to a surface, 
B= C, .: tan 2^= », 
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.*. the principal lines are the principal axes of all sections in this case. Let us 
now obtain the expressions for the lengths of the axes in any case. When the 
equation of any ellipse is in the form 

auo* + <h^ + 088+ 2aua;y + 2ai^ + 2a^ = 0, 



the squares of the semi-axes are given by 
A = 



A 



and 



XiAn — Ms8 



, where 



Ou Ou Ou 




Oil 


Ou 


«n «M «» 


, ^8.= 


au 


a» 


«81 0» ««8 









a^ = asi, etc., and %i and X^ are the roots of 

^^ — {<hi + <hs)^+ OiiOm — o?, = 0. 
In our case we get 






we have 



^- 2 : ■ 



If we write 

2Xi = (^+ G')a?+2B'G^-x{B+G)Va?{B— Gf + 4^<7», 



and 2A«= (5» + (7») x« + 2J5»C» + » (5 + a)>v/a? (5 - (7)« + A.&G\ 



for the first focus x = \^BG. 

Substituting this value of x in the expressions for the two axes, we have 



We have 






XyAn — (5» + C) ai* + 2£^C*—x{B + O) V? (5 — 0/ + -LffCT* ' 





which is indeterminate, being of form -^ . 

Differentiating numerator and denominator twice, and substituting x=^\^BG, 
we obtain _ ^ _ ^(^ + g)' 

or the length of the major axis is .-Xy , the length of the minor axis being 
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zero. The lengths of the sections at the foci are therefore in this case, viz. when 
the section at the centre is a circle of radius x , 

2^(^ + g) ^^^ %c(B+C) 

Pi ft ' ■ 

we have dp = d{^ {xdt — Bdu) + 9„r {xdu — Cdt) ; 

at the foci x= =t s^^BG, 

:. (Jk^=z{VlOdt — \^Bdu)\VBdtr — VGdu'^\, 
dr^ =z {VGdt + a/ Bdu) \ sf^Zf: + V^a»r } . 
These are the focal lines, and it is interesting to observe that through ea<Jh point 
on the focal line two rays pass, namely, the two rays corresponding to the values 
of dt and du which we get from the two equations 

. V Gdt — ^Bdu = constant, 
or VOft + >/'Bdu = 

and B'du^+GHf^if) 

for a ray passing through the first focus 

^~Cdt — s/'Bdu = 0, 
or dt__ v^B 

du~ s^C 
Substituting in &di? + (7W = x*, we get the two pairs of values 

dt = —r^^=rvv=T=r;r< , du = 



\^C(B+C)' V'B{B+G) 

and - X , X 

'^~~VG{B+d)' '^''~ V'BlB+G)' 
We may inquire where these rays cut the second focal line dr^. Substituting in 
dft^ we get the lengths to lie 2x and — 2x. The case is then thus : 
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To obtain the values of dt and dti which give us the rajs passing through the 
extremities of the focal lines, we have for chi 

»/~Chdt—'>/BhdAji=:0 

and E^duHw + CHtUt =0, 

di__ B^/B 
" du.-~ GsfG' 

Substituting in &dni? + C W = **, we get 



and j^ , \^5x J «V(7 



For the other focal line 

and B'dAjt^du + C»(£<^ci< = , 

. dt _ B^B 

" du ~ G^G' 

and substituting in J5*dM* + (7*<ft* = x*, we get 

and J. x\/-B , «->/ (7 



CVif + (7' 5V^ + G 

We thus see that the rays passing through the extremities of the focal lines do 
not coincide. Let us now find where the ray 



G\^~B + G' BVB + G' 

passing through the extremity of tfej, cuts dr,. We have for the distance of 
this point from the second focus 



VB+G{\^Gdt + sfBdu). 
In this case we have this distance 

^ ^ "^ ^ 1 V C7 (^ +G) s^B{B+G)\~ * 's/'BG ' 
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For the principal rays dt 

dxh 

Substituting in B^dt? + C W = i^, we get for the four rays 



VB^ +C*' VB* + (7» ' 

For the points where I cuts the focal lines we have 



^^-VWTg^'^''"" VW^W ^' 



^B+G\»/Gdt — '^Bdu\ 
and s^~B + ^\»y~Cdt-\-'>/lBdu\, 

and substituting, we have 

For the ratio of the lengths cut ofiF on the focal lines by any ray we have, call- 
ing h that on one and e that on other, 

h _ ^'Cdt — '^'Bdv. 

§7. 
Systems of Bays Normal to a Surfax^. 

Let p = <T + aJ^, where a; is a function of t and w, be the equation of any 
surface to which the rays are normal. Then we must have 
Srdtif = and /SVa^p = , 

9«P = dfi + adtt + -gj-'^. 
Srdip= Srdttr ^ — ^' ^^°*^ t* = — 1 and SvOfr = 0, 



)55ra.p = Srd^ — -^ = 0, 
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.'. we must have 

/. we have as a necessary and sufficient condition 

Sdtrdu(y = Sdurdt<y' (1) 

When this condition is satisfied, we have of course a whole family of surfaces 
normal to the rays, since this is only one equation of condition between t and u. 
When Sdttdu<y=' Sdu'^dfi^ the roots of equation (1), §1 are the same as those of 
(2), §2, and also those of (2), §1 the same as those of (3), §2. Therefore, in 
those systems whose rays are normals to a surface, the focal and principal planes 
coincide, as do also the foci and vertices. If in this case we choose any surface 
which cuts the rays normally, we have the distances of the foci from the initial 
point equal to the two principal radii of curvature, and also have the theorem 

r = ri cos* G) + r, sin^ o . 

If we take the bundle of normals consecutive to the given normal, then we 
have seen that the perpendicular sections at the foci are in the direction of the 
focal lines. Therefore all the normals consecutive to a given normal pass 
through two lines, one perpendicular to the normal at one principal centre of 
curvature and the other at the other, and also since in this case the focal lines 
coincide with the principal lines, these two lines lie in the planes of principal 
section. In the case we are considering the principal and focal surfaces coincide 
and become the surfaces treated by Monge, namely, the loci of the principal 
centres of curvature. For the lines of curvature of the normal surface we have 

since r is normal to the surface and this is the condition that a consecutive 
normal cut the primitive one, but 

dp = da + Xidr + dxir, 

.•. condition is Stdad^=0, and /. we have the theorem that the focal 
lines give the directions of the lines of curvature on the sjirface. The 
umbilics of a surface, or the points at which the normal is cut by all consecu- 
tive normal and consequently the two principal centres of curvature coincide, 
correspond to the initial point on a principal ray in the general theory. Also in 
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the case considered the measure of density coincides exactly with Gauss' measure 
of absolute curvature. Our formula for the measure of density becomes the 
reciprocal of the product of the distance of the point from the foci ; in the case 
of normals, the measure of density at the initial point is the reciprocal of the 
product of the principal radii of curvature. 

In conclusion I would state that the arrangement of this paper is like that 
of Kummer, and also that I am indebted to Dr. Story of the Johns Hopkins 
University for many valuable suggestions. 



Some Theorems concerning the Centre of Gravity. 

By F. Franklin. 



Lagrange's two theorems on the centre of gravity may be expressed by the 

equations 

MXm, ( GAf = Xm^m, {AB)\ (1) 

Xm, {OAY = Xm,{GAy + M{OG)\ (2) 

where G is the centre of gravity of the particles of mass ?n„, ^n^, . . . . situated 
at the points A^ B, . . . . and M is the sum of the masses. These theorems 
admit of extensions, in which, instead of the distances GA, AB, . . . . , there 
appear the areas of the triangles GAB, ABG, . . . . ; or the volumes of the 
tetrahedra GABG, ABCD, . . . . ; and so on, in space of more than three 
dimensions. Namely, we have the series of relations 

MXm, ( GAY = 2m,m, {ABf, 
MXm^m^ {GABY = "Zm^m^m, {ABG)\ 
MXmafn^m, {GABCf = Xm^m,m,ma {ABGDf, 
etc 

^m,{OA)*-'Zm^{QAf + M{OG)\ 
2ni,»n» ( OAB)* - 2m.m» {QABf + MXm^ (OGAf, 
Xmam.m, ( OABCf = Xm^m.m, (QABGf + MXm^m, {OGABf, 
etc. 

These theorems may be proved almost instantaneously. I shall give the proof 
for the case of triangles, any other case being obviously demonstrable in the 
same way. 

I. Let the origin of coordinates be the centre of gravity, and consider 
the matrices 

1111 



I. 



II. 



wia »ij m^ ma . 
Wo^a Wjyj m4/„ mat/a. 
injia tn^Zi wijZ, m^Za , 



z„ 



y^ 

»» 



Vc 

Zr. 
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and the similar pairs of matrices in z, x and a?, y. The sum of the products of 
corresponding determinants in these matrices is evidently 4S,mami,m„{ABCy. 
On the other hand, multiplying the pair of matrices above written, we get 

Jf , , 
, 2m«y«z«, Sm^zJ , 



'fr^ijfa^ '"^bybJ ^c^cj 



Vay l/by I/ci 

2a » Zbi ^e 1 



Now, since G is the origin, the determinant ''^ "" is twice the projection, on 

the plane of yz, of the triangle GAB] hence the sum of the products of corres- 
ponding determinants in the last- written pair of matrices and in the similar pairs 
in a, a; and x, y is 4tMXmjn^ {GABf. Therefore 

M^m^m, {GABf = ^m^m^m^ i^ABG)\ 

11. Let the origin be at any point 0; let the coordinates of G^ be a, y, z; 
let those of ji be a; + «„, y + y^, z + z^, etc. Then on the one hand 



^a{y + ya)i ^b{y + yb)^ ^c{y + yc)f •• 



y + ya^y + yb^y + yci — 

Z +Za, Z + Zj, f a + z<, , . . . . 



added to the two similar products, gives 42m„wift ( OAEf. On the other hand, if 
we apply the process for the multiplication of matrices, and bear in mind that 
^'"^al/a = 0> Sm^Za = 0, it is plain that the product of the above two matrices is 
equivalent to that of the two following : 



'"^aVf rn^a^ rnt,y, mj,y^, m^y, m^y,, 

m^z , mjia I WftZ , wiftZft , m^ , m^^ , . . . . 



y, ya, y, 2^6, y, y^ 

Z , Za i Z, Zi, J Z J Zc J 



And the product of these, added to the two similar products, evidently gives 
4{2m,m, {GABf + MXma {OGAy\. Hence 

XmaTn, ( OABy = 2m„7w, ( GAB^ + MXm, ( OGAf. 

Any theorem under I is a suflBciently obvious corollary of the correspond- 
ing theorem under II; but it seemed worth while to give an independent proof 
of the former. The method of that proof gives rise also to a theorem con- 
cerning the principal moments of a system at the centre of gravity which seems 
not without interest. If, besides taking the origin at the centre of gravity, we 
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take for axes of coordinates,- the principal axes of the system of particles, the 
multiplication of the matrices 



WIfl 



» ^6 I »lc » ^d 



m^a, m^ajj, m^^, m^x^, . 
wifl^a, wi^yj, m^^, m^y^, . 



1,1,1,1, 

•^a, •^, 33^, "^d, 

2^a, 2^fr, 2^«, 2^<i, 



gives the equation 

Treating in the same way the similar pairs of matrices with three and two 
rows respectively, and writing 

Xm^m^(ABy = X^, ^Xmam^m,{ABCy = X9, 6^Xmam,m,ma{ABGDy = X4, 
we have 

' M{A' + B+ C70 = 2„ M{BC^ + C'A' + A'B^) = Xz, MA'B^C'-^,, 
so that ji', B^, (7' are the roots of the equation 

ifX« — 2,;i* + 2s^ — 24=0. 
Thus the principal moments at the centre of gravity are determined in terms of 
the masses and mutual distances of the particles. Of course a similar equation 
holds for any number of dimensions. 

The moments of inertia themselves are B^ -^ G\ G' + A', A' + B\ and 
the equation of which these are the roots is 



'MAYKK A 



Piil>H*«hot'*, Btn'ini. 
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